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PREFACE 

This book, designed for use in high schools and acade- 
mies, embraces all the topics in algebra usually required 
for admission to college. The aim has been to combine 
simplicity so far as practicable with scientific rigor; con- 
sequently, many assumptions which, though far from self- 
evident, are too often taken for granted, are here submitted 
to proof. 

The fundamental principles are stated and proved after 

the manner of theorems in geometry. Pupils are expected 

to memorize the statements of the propositions and to 

demonstrate them in a formal manner at the blackboard. 

The emphasis is placed upon principles rather than upon 

examples, under the conviction that if we " take care of the 

principles the examples will take care of themselves." The 

mere reading, without memorizing, of statements, or the 

mere discussion, without reproduction, of demonstrations 

never makes a definite or a lasting impression. The pupil 

who solves examples merely by models becomes an imitator 

instead of a thinker. When tested by the college examiner, 

he is found to possess many fragmentary and crude ideas, 

but little that is definite, accurate, and scientific. 
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4 PREFACE 

The developments (pp. 18, 28, 127, etc.) present the phi- 
losophy of numbers with clearness and conciseness. From 
the very nature of each subject certain needs are seen to 
grow, and expedients are suggested as means of satisfying 
these needs. Thus, from the self-evident truth that the 
whole is equal to all its parts, addition or subtraction is 
seen to arise as the whole or as a part is required ; multi- 
plication or division is seen to arise as the product or as the 
quotient is required; and so on. Pupils are expected to 
present these developments as wholes, because power to give 
full and comprehensive discussions without either questions 
or suggestions from the teacher is of prime importance. 

The same general plan has been followed that character- 
izes the other books of the series. The path of procedure 
is always from the known to the related unknown ; the solu- 
tion of every example is traced to its source in one of the 
fundamental principles ; definitions are placed in alphabetical 
order at the end of the book ; the pupil is never allowed to 
grope in the dark, but is taught to keep constantly in mind 
the end, to consider carefully the means, and to exercise his 
judgment. 

The pupil who has mastered this treatise has gained a 
power in close discrimination and logical analysis that will 
stand him in good stead in practical life, or that will enable 
him to follow with profit a more advanced course in the 
science of algebra. 

M. A. BAILEY. 
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ELEMEIN^TS OF ALGEBRA 



NOTATION AND NUMERATION 



THE PROVINCE OF ALGEBRA 

The province of algebra is to find expedients to satisfy some 
needs in connection with number that have not been fully satis- 
fied in arithmetic. Just as the problems of arithmetic might be 
solved by counting alone without the aid of the processes of addi- 
tion, subtraction, multiplication, and division, so the problems of 
algebra might be solved by the methods of arithmetic alone ; but 
just as the method of counting is more troublesome than multipli- 
cation for the finding of products, so arithmetic is more trouble- 
some than algebra for the solution of certain classes of problems. 

Algebra makes its chief advance over arithmetic in the use of 
letters for numbers, in the association of numbers with signs of 
direction, and in the nature of its attack upon problems. 

In a treatise on algebra it is not necessary to repeat all the 
definitions, principles, and operations that have been established 
in arithmetic, because they hold good in both sciences. It re- 
mains only to call special attention to those terms whose mean- 
ings have been extended, to replace illustrations of principles by 
proofs, and to apply the operations to complex expressions. 
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H NOTATION AND NUMERATION 

■UMBKKS BY LBTTEBS 
Pbopositiox L Ag&kkmkst 

The frgt letters of the alphabet, as a, b, c, may be tused 
for known nwmJbers; the last letters, as jc, y, z, far unr- 
known numbers. 

This expedient satisfies in one particular the need for a briefer 
nx^ation in the solution of problems. 

L Multiply 62^386 by 12 and divide the lesult by 3. 

WlTHOCT IjSTTBSfl WiTH LbTTBBS 

02,386 Let a = 62,386 

12 . 12 a = the product 

3 )748,632 product 4a = the quotient 

249,544 quotient 249,544 = the quotient 

At the light, a is used instead of the given number. It is easier to multi- 
ply a by 12 than to multiply 62,386 by 12, and easier to divide 12 a by 3 than 
Uf divide 748,632 by 3. Although the method with letters involves the final 
multiplication of 62,386 by 4, yet this labor is more than ofEset. 

2L If a certain number is multiplied by 6 and the product is 
divided by 2, the quotient is 72. Find the number. 

Without Letters With Lbttbss 

the number = the number Let x = the number 

6 times the number = the product 6 x = the product 

3 times the niunber = the quotient 3 x = the quotient 

3 times the number = 72 3 x = 72 

the number = 24 x = 24 

At the right, x is used instead of the required or unknown number. It is 
easier to say or to write x than the number ; it is easier to say or to write 
6x, than 6 times the number; and 3x, than S times the number, 

3. Divide 748,324 by 24 and multiply the result by 12. Repre- 
sent 748,324 by a. 

4. If a certain number {x) is divided by 12 and the quotient 
is multiplied by 6, the product is 144. Find the number. 



NOTATION AND NUMERATION 9 

This expedient satisfies the need for a briefer notation in the 
statement and discussion of general truths. 

5. By the use of letters for numbers, state the general rule for 

multiplying fractions. 

A a c a X c 

h d b X d 

- represents any fraction, because its numerator a stands for any num- 
b ^ 

ber, and its denominator b for any number. For the same reason, - repre- 

d 

sents any fraction. The above expression is interpreted: To multiply 

fractions, multiply the numerators for a new numerator, and the denomi- 
nators for a new denominator. 

6. Interpret the following general statement ; 

(a + b) x{a-b)=a^-W 

Ans. The product of the sum and difference of two quantities is equal to 
the difference of their squares. 

a + & is the sum of any two quantities ; a — &, their difference ; a^ — 6^, 
the difference of their squares. 

By the ibse of letters for numbers state : 

7. To divide fractions, divide the numerators for a new 
numerator, and the denominators for a new denominator. 

a To divide fractions, invert the divisor and proceed as in 
multiplication. 

9. Multiplying both numerator and denominator by the same 
number does not change the value of a fraction. 

Interpret the following general statements : 

13. 

14. 

15. 



10. 


axc__a 
b -ft''^ 


11. 


b X c b 


12. 


a-ir C ^ . f* 

b ~b ' 





a 


-XC 


b 


-i-C 


axe 
b xc 


a 

* 

b 


a 
b 


-f-C 


a 

m 

b 



10 NOTATION AND NUMERATION 

NUMBERS WITH DIRECTION 
Proposition II. Agreement 

The sign, '+/ hds an arbitrary meaning; the sign, ' -,* 
denotes the opposite of ' ■\^' in the same position. 

Thus, if ^ + ' means odd, ' — ' means suhtrdct; if ^ + ' means 
north, * — ' means south; if ^ + ' means up, ' — ' means down. 

This expedient satisfies in another particular the need for a 
briefer notation. 

16. By degrees, count backward from 3° above zero to 3° below 
zero. What need is felt ? 

Ans, 3° above zero, 2° above zero, 1° above zero, 0°, 1° below zero, 2° below 
zero, 3° below zero. The need for a briefer notation is felt. 

17. If ' -f- ' denotes above zero, how may bdcrn zero be indicated ? 
Write in this way, from 3° above zero to 3° below zero. 

Ans. Below zero may be indicated by * -.' + 3°, + 2°, + 1°, 0°, - 1°, 
-2°, -3°. 

la A man has $ 6, spends $ 2 three times and then runs into 
debt $ 2 three times. State his condition after each time. 

Ans. $ 4 in hand, $ 2 in hand, $ in hand, $ 2 in debt, $ 4 in debt, $ 6 
in debt. 

19. If ' -f- ' denotes in hand, how may in debt be indicated ? 
How may each of the conditions be expressed by a briefer 
notation ? 

Ans. In debt may be indicated by * — .» -f $4, + $2, $0, — $2, — $4, 

20. If ' H- ' means to the right, proceed from the point, A, on a 
horizontal line, -\- 4 spaces, then — 2 spaces, then + 6 spaces, 
then — 10 spaces. 

E A c B D 

I I I I I I I I I I I 

Ans, + 4 spaces, A\xiB\ — 2 spaces, J5 to C ; +6 spaces, C to Z) ; — 10 
spaces, Dto E* Eis —2 spaces from A, 



NOTATION AND NUMERATION 11 

Addition and subtraction denote movements in opposite direc- 
tions. Thus, to add 2^ to 6^ is to increase the amount; to 
subtract 2 ^ from 6 ^ is to decrease the amount by the same differ- 
ence. 'H-' may, therefore, denote addition and '— ,' subtraction. 
In this case, the signs are written before numbers. Thus, 

+ 2 means that 2 is to be used once as an addend. 
— 2 means that 2 is to be used once as a subtrahend. 

Multiplication and division denote movements in opposite direc- 
tions. Thus, to multiply 6 ^ by 2 is to increase the amount ; to 
divide 6 ^ by 2 is to decrease the amount in the same ratio. * H- ' 
may, therefore, denote multiplication and ' — ' division. In this 
case, the signs are written above numbers. Thus, 

2+^ means that 2 is to be used once as a multiplier. (See p. 14.) 
2-1 means that 2 is to be used once as a divisor. (See p. 14.) 

In arithmetic, the sign ' -f' is always the symbol of addition 
and the sign ' — ,' the symbol of subtraction. In algebra, these 
signs are sometimes so considered, but they are usually regarded 
as parts of the terms with which they occur. 

Thus, in algebra it is best to regard 8 + 6 as meaning the sum of + 8 and 
+ 6, or the resultant of taking some unit 8 times as an addend and the same 
unit 6 times more as an addend. It is best to regard 8 — 6 as meaning the 
sum of +8 and —6, or the resultant of taking some unit 8 times as an addend 
and the same unit 6 times as a subtrahend. If the expressions were written 
(+ 8) + (+ 6) and (+ 8) + (— 6), they would mean as just explained ; the 
' + ' outside of the parentheses would then be the symbol of addition while 
the signs within would belong to 8 and to 6. 

The algebraic integers, or integers with direction, may be ob- 
tained by counting forwards and backwards from 0. 

..., _5, _4, _3, _2, -1,0, +1, +2, 4-3, +4, +5, ... 

It follows that any one of these numbers is smaller than any 
number farther to the right. 

Note. The dots indicate that the operation may be continued without 
limit. 



12 NOTATION AND NUMERATION 

TBRMS ^ OOSFFiaSHTS 

PbOPOSITIOK III. AOKKEMENT 

A positive coefficient 8how8 how many times the bate 
ia used as an addend. 

Thus, +3as=a + a + a, where a is used three times as an 
addend. 

The expression, + da, is a term; +3, the coefficient; a, the 
base ; + 1, the exponent (p. 14). A term always consists of these 
three parts, but one or two parts may be understood. 

Proposition IV. Theorem 

A negative coefficient shows how many times the base 
is used as a subtrahend. 

To prove that — 3a=: — a — a — a 

+ 3 a means that a is used 3 times as an addend. Since ' — ' 
means the opposite of ' -f / — 3 a means that a is used 3 times in 
a sense opposite to an addend, or 3 times as a subtrahend, or 
— 3a = — a — a — a. 

Hence, the principle, q.e.d. 

NoTR. Q.R.D. means which moob to he proved. It is inserted simply to 
show that the demonstration is finished. 

Proposition V. Theorem 

A zero coefficient shows tha4} the base is used the same 
number of times both as an addend and as a subtrahend; 
the value of a term with zero coefficient is 0. 

=H-3-3 

0a = (4-3— 3)a = aH-a-f-a — a — a — a = 

In the same way, it may be shown that 0a = (-f4 — 4)a, 
(H- 5 — 5)a, and so on. 

Hence, the principle, q.e.d. 



NOTATION AND NUMERATION 13 

21. Analyze 4 b. Analyze ax, 

Ans. 4 6 is a term ; + 4 is the coefficient ; b is the base. It means 
& + & + & + &. oxisa term ; + a, the coefficient ; x, the base ; it means 
X + X + X + ••• where x is used a times as an addend. 

Note. A series of periods, •••, means and so on, 

22. Analyze -f- 3c; 7c; be, 23. Analyze + 6a; +ac. 

24. If 6 = 5, find the value of 4 6 ; of 6 6 ; of 8 5 ; of a5. 

25. If a = 6, find the value of +6a; of 4-3a; of 4- 125a. 

26. Express as concisely as possible that x is taken 5 times as 
an addend ; that 3 is taken 5 times as an addend. 

Ans. 6 X ; 6x3. 

27. Explain the meaning of abc. 

Ans, abc means that c is taken b times as an addend, and that the result, 
bCf is taken a times as an addend ; or it means a x b x c 

2a If a = l, 5 = 2, and c = 3, find the value of a6; of 6c; of a5c. 

29. If a = 2, & =: 3, and c = 4, find the value of 6 a ; of 6 a& ; of 
6abc; of 6c; of abc, 

30. Analyze —46. 

Ans, — 4 6 is a term ; — 4 is the coefficient ; b is the base. It means 

31. If 6= 5, find the value of — 4 6 ; of — 3 6 ; of — a6. 

32. Express as concisely as possible that x is taken 5 times as 
a subtrahend ; that 3 is taken 5 times as a subtrahend. 

33. Analyze 6. 

Ans, 6 is a term ; is the coefficient, b is the base. It means that b is 
taken the same number of times both as an addend and as a subtrahend ; the 
result is 0. 

34. In 6, is it possible to find how many times 6 is used both 
as an addend and as a subtrahend ? 

35. What is meant by the expression, multiply 6 by ? 



14 NOTATION AND NUMERATION 

TESMS — EXPONENTS 
Proposition VI. Agreement 

A positive exponent shows how mcuny times the base is 
used as a mulUplier. 

ThoB, a^^ =:^a X a X a, where a is used 3 times as a multiplier. 

The expression, a"*"^ is a term ; H- 1, understood, is the coeflScient 
(p. 12) ; a is the base ; H- 3 is the exponent. A term always con- 
sists of these three parts, but one or two parts may be understood. 

Proposition VII. Theorem 

A ne^oMve exponent shows how many times the base 
is used as a divisor. 

To prove that a+' = - X - X - 

a a a 

a~^ means that a is used 3 times as a multiplier. Since * — ' 
means the opposite of ' -f- ,' a~' means that a is used 3 times 
in a sense opposite to a multiplier, or 3 times as a divisor, or 

a- = ixixi. 
a a a 

Hence, the principle, q.e.d. 

Proposition VIII. Theorem 

A zero exponent shows that the base is used the same 
number of times both as a multiplier and as a divisor; 
the value of a number with zero exponent is 1. 

= + 3-3 

^0 __ ^+3-3 _. a X a X a __ -^ 
a X a X a 

In the same way, it may be shown that a^ = a"*^^, a"*"*"*, and 
so on. 
Hence, the principle, q.e.d. 
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36. Analyze 3 a^ 

Ans. 3 o^ is a term ; 3 is the coefficient ; a is the base ; + 4 is the expo- 
nent. It means a^ + o^ + a^, or that a is used 4 times as a multiplier, and 
the result 3 times as an addend. It is read 3 a to the 4th power, or 3 a to 
the 4th. 

37. In — 4 6, what is the exponent ? 

38. In — 6*, what is the coefficient ? 

39. Write a, expressing coefficient and exponent. 

40. Analyze —4 a®, stating coefficient, base, exponent, and 
meaning. 

41. Write in simplest form : 2 used as a multiplier 5 times ; 
a used as a multiplier 5 times. 

42. Write in simplest form : a used as a multiplier 6 times and 
the result as an addend 4 times; a used as a multiplier 6 times 
and the result as a subtrahend 4 times. 

43. If 6 = 5, find the value of: 6"^*; b^; 6«; h^. 

44. If a; is 3 and a is 2, find the value of : a^; 2aj"; Saf. 

45. Analyze 3a~\ 

Ans, 3 a~^ is a term ; 3 is the coefficient ; a is the base ; — 4 is the expo- 
nent. It means — | 1 — , or that a is used 4 times as a divisor and the 

a* a* a* 

result 3 times as an addend. It is read 3 a to the minus 4th power, or 3 a to 
the minus 4th. 

46. Find the value of : 2-^; S-^; 5"^; 5-8; 5-\ 

47. If a? is 3 and a is 2, find the value of: «~*; 9a;~*; 27a;-*. 

4a Analyze 3®. 

Ans. 3^ is a term ; 3 is the base ; is the exponent. It means that 3 is 
taken the same number of times both as a multiplier and as a divisor. 3*^ = 1 ; 
3° is read S to zero power. 

49. In 3® is it possible to find how many times 3 is used both 
as a multiplier and as a divisor ? 

50. What is meant by the expression, " use 6 times as a factor" ? 



16 NOTATION" AND NUMERATION 

SIGNS OF EQUALITY, INEQUALITY, AND AGGREGATION 

If two expressions are equal, the sign of equality, =, may be 
placed between them ; the whole is an equation. If two expres- 
sions are unequal, the sign of inequality, >, with the opening 
toward the larger, may be placed between them; the whole is 
an inequality. In each case, the part on either side of the sign 
is a member and may be made up of terms which are regarded 
as separated by ' -f ' signs understood. 

I. 8 + 6-4 = 10 n. 8H-6-4>6 IH. 8 + 6-4<16 

L is an equation ; II. and III. are Inequalities ; II. is read, 8 + 6 — 4 is 
greater than 6 ; III. is read, 8 + 6 — 4 is less than 16. In each case, the left- 
hand member is composed of the terms +8, +6, and — 4 which may be 
regarded as connected by ^ + ' signs understood. 

If two or more quantities are to be subjected to the same opera- 
tion, or are to be regarded as forming a single quantity, they 
may be placed within parentheses, ( ) ; brackets, [ ] ; or braces, 
{ } ; or under or above a vinculum, . Thus, 

+ 6(a; — yy is a term ; + 6, the coefficient ; jc — y, the base ; 2, the expo- 
nent ; it means that x — y is to be taken 2 times as a multiplier and the 
result 6 times as an addend. 

(o + 6)(x + y) is a term ; a + 6, the coefficient, z + y, the base ; 1, the 
exponent ; it means that x + y istohe taken a + h times as an addend, or 
that X + y is to be multiplied by a + 5. 

By the use of the proper signs, state that : 

51. The sum of 8 and 9 is equal to the sum of -|- a and — b, 

52. The sum of 8 and —4 is greater than the sum of 7 and —5. 

53. The sum of 8 and 3 is less than the sum of 16 and — 2. 

54. The sum of a, — 6, and — c is to be multiplied by 6. 

55. The sum of 6 a and — 7 6 is to be multiplied by a — 6. 
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SEQUENCE OF SIGNS 

When more than one sign occurs in the same member, an 
expedient is sometimes needed to prevent a double meaning. 

When the sign next after ^ -f- ' or ^ — ' is * x ' or ^ -^/ it is agreed 
that the signs of multiplication and division shall be used first. 
Thus, 

24 + 6 X 2 = 36 24 - 6 -^ 2 = 21 

The algebraic notation demands this because * + * and *■ — * signs are 
regarded as belonging to the numbers before which they stand. 24 + 6 x 2, 
the left-hand member of the first equation, is made up of the terms 24 and 
+6x2 ; in the same way, 24—6-7-2 is made up of the terms 24 and — 6 -j- 2. 

When the sign next after * -^ ' is ' x ' or ^ -«-,' a sign of aggrega- 
tion must be used to denote the order in which the signs are to be 
used. Thus, 

(24 -- 6) X 2 = 8 24 -^(6 X 2)= 2 

(24 ^ 6) -- 2 = 2 24 ^ (6 -^ 2) = 8 

24 -^ 6 X 2 is ambiguous 

Mnd the value of: 

56. 10 + 5x6-8-^2 59. (48^-6)x3-3x2 

57. 12 - 2 X 3 + 4 X 6 W 48 ^ (6 X 2) -f- 3 X 2 
sa 16-5-2 + 8^-4-6 61. (6.^2).-3h-6x6 

If a = If b = 2f c = 3f d = 4} fi'f^ ^he numeincal values of: 

62. ^{cd-ac)-2Q)d-hc) 66. 3d«- 2a8- 3c*- 468 

63. 8(a6c-.d) + (c + 6cd) 67. 2 a^^c^d - 16 (6« - a*) 

64. bed - {acd -- ahd - ad) 6a ^{(^ -by ->t2(a-\-h-^c) 

65. 2(a6cd-3a^>c-}-4cd) 69. {a^ -\-^a^b -\-^aV -{-by 

70. (6-f-a)2-(6-ay-(62 + a6-f a2)4.c». 

71. (p^af-{b-a)^+{l^ + a')(p'-'d^-(?. 

BLSH. ALO. — 2 
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ADDITION AND SUBTRACTION 



DEVELOPMENT 

The fact that the whole is equal to the sum of all its parts 

may be illustrated : 

9a = 5a-f- 4a 

By the omission of each term in succession, thi'ee problems arise : 

1. What = 5a 4- 4a? 

2. 9 a = what H- 4 a ?, or what = 9 a — 4 a ? 

3. 9 a = 5 a -f- what ?, or what = 9 a — 5 a ? 

Problem 1 gives rise to addition. It means what is the whole 
when the parts are 5 a and 4 a, or what is the sum of 5 a and 4a? 
Addition is the process of finding the whole when the parts are 
given. The whole is the sum or amount ; the parts to be united 
are addends. The sign of addition is * H-/ read plus. 

Problems 2 and 3 give rise to subtraction. The former means 
what must be added to 4 a to produce 9 a, or what is the differ- 
ence between 9 a and 4a? Subtraction is the process of finding 
one of two quantities when the other and their sum are given. 
The sum is the minuend ; the part given is the subtrahend ; the 
part required is the remainder. The sign of subtraction is * — / 
read minus. 

Note. In algebra, 9 a — 4 a is usually regarded as (+ 9 a) + (— 4 a), or 
as the sum of + 9 a and — 4 a. 

18 



ADDITION AND SUBTRACTION 19 

The use of the signs ^ + ' and ^ — ' to denote opposite directions 

broadens the notation of addition and subtraction. 
* 
To add a number with either sign is to subtract the same num- 
ber with the opposite sign. To subtract a number with either 
sign is to add the same number with the opposite sign. If the 
signs outside the parentheses are used to denote addition and sub- 
traction, these laws may be expressed : 

1. H-(H-a) = -(_a), +(_a) = _(4.a) 

2. _(+«) = + (-«), -.(-a) = + (H-a) 

The first law may be illustrated : To add $ a sayings is to subtract 3 a 
expenses; to add $a expenses is to- subtract $a savings. The second law 
may be illustrated : To subtract ^ a savings is to add $ a expenses ; to sub- 
tract •$ a expenses is to add 3 a savings. 

Hence, the rules for addition and subtraction might be stated : 
To add a number with direction, change its sign and proceed as 
in subtraction; to subtract a number with direction, change its 
sign and proceed as in addition. The latter is generally employed 
for subtraction, but a different rule is substituted for addition. 

For convenience, the coefficient of a term may be regarded as 
any one of its factors or as any combination of them. All of the 
term except its coefficient may be regarded as its unit. 

Thus, the coefiicient of — 4 a^b^c is usually regarded as — 4 and the unit 
as a^b^c ; the term then means that a^b'^c is taken 4 times as a subtrahend. 
The coefficient may be regarded as — 4 a^ and the unit as h^c ; the term then 
means that b^c is taken 4 a' times as a subtrahend. If a' is the coefficient, 
— 4 b^c is the unit ; and so on. See p. 29. 

In order that terms may be added or subtracted their units 
must be the same. In this event the terms are said to be similar. 

Thus, 3 a2 may be added to 5 a^ ; 3 a^b^c may be subtracted from 6 a^b% 
because their units are the same. 3 a^ cannot be subtracted from 6 a', because 
their units are not the same. 
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ADDITION — COEFFICIENTS 
Proposition IX. Theorem 

To add when the signs are alike, write the sum and 
use the common sign; to Ojdd when the signs are unlike, 
write the difference and use the sign of the greater. 

Sum, difierence, and greater are here used without reference to signs. 

4-3 -3 4-3 -3 

Let us take ±2^ --_2 —2 4-2 

To prove the smnB 4-5 — 5 +1 — 1 

4-2 added to 4-3 means that some unit is taken 3 times as 
an addend and then 2 times more as an addend. 2 times as an 
addend increases 3 times as an addend and the result becomes 
3 H- 2, or 5 times as an addend, or 4- 5. 

— 2 added to — 3 means that some unit is taken 3 times as a 
subtrahend and then 2 times more as a subtrahend. 2 times as 
a subtrahend increases 3 times as a subtrahend and the result 
becomes 3 4- 2, or 5 times as a subtrahend, or — 5. 

— 2 added to 4- 3 means that some unit is taken 3 times as an 
addend and then 2 times as a subtrahend. 2 times as a subtra- 
hend cancels 2 times as an addend and the result becomes 3 — 2, 
or 1 time as an addend, or 4- 1. 

4- 2 added to — 3 means that some unit is taken 3 times as a 
subtrahend and then 2 times as an addend. 2 times as an addend 
cancels 2 times as a subtrahend and the result becomes 3 — 2, or 
1 time as a subtrahend, or — 1. 

Hence, the principle, q.e.d. 

Add: 



1. 



2. 



-8 


6 


8 


-6 


-8 


-6 


9 


3 


-4 


-3 


-7 


+ 7 


+ 4 


3 


6 


-6 


-9 


+ 9 


9 


-9 


7 


-8 


-5 


-8 


+ 8 


-8 


8 


-3 
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ADDITION — T£SMS 

Proposition X. Theorem 

To add terms having a cormnon unit, retain the com- 
mon unit and add the coefficients, 

ma 
Iiet us take na 



To prove the sum {inh-\-n)a 

ma + na means that a is taken m times as an addend and then 

times more, or m -f n times ; the result is (m -f 'n)a. 

Hence, the principle, q.e.d. 



Add: 












3a 
3. -4a 


a 

-2a 


7x 
— Sx 


y 

~3y 


9a; 
— 4a; 


— 4a6c 

+ 9abc 



4. 


9a; 
-3a; 


-96 
66 


-ly 

-Sy 

-4.by 
— 6by 

a>cz 
-bdz 


5a6 
-6a6 


-exy 

— Sxy 

7ab 
-6ab 

— obex 

— bcdx 


— Soeyz 

— 7xyz 


5. 
6. 


7y 

8y 

ax 
-bx 


-6c 

+ 5c 

acy 
acy 


9xy 
-9xy 

-aby 
+ CLby 


— 7 abed 
+ %ahcd 

abcdy 
— abcdy 



-3a«H-462 _7a6 + 6 ^a^l^-2x 5oi^-xy 

7. ea^- 6* -2a6-4 -Sa^b^-{'2x -2a? -^xy 

Ex. 3. The common unit is a ; the sum of the coefficients, — 1 ; the 
result, — a. 

Ex. 7. We begin at the left and add one column at a time. 

(-.3aa) + (+6a«) = + 3a2; (+46a)H-(-62) = H-36«. Ans, 3a« + 362 
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ADDITION ~ POLYNOMIALS 

Add: 

a 9. 10. 

Sa? + 3ab'^4:V x'-2xy + f 2 a^'h - 3 a^ + b"" 

3a^-2a6-46' ix^ + 2xy-^f 2 a^6 -f 3 a6^ - 6^ 

11. 12. 13. 

~5aj8_5aj2-_ a;+7 3a?'-4a^- x+ 7 a*+2a2- 5a- 3 

-7 3584.3 aj2-}_8aj~2 2a^- a^+3a;-10 --3a*-f7a2-10a+12 

3a^-8a^-9a;+8 6a^-2a^-4g?- 5 -3a*+5a'- 2a-13 

14. 15. 16. 

3a2-6a64- &* 3aj2-6ajy + 3/ jr*-2a^-f / 

-7a* + 8a6-962 3a^ + 6icy + 3y= _3aJ8 + 2ajy- / 

-5a*-8a6 + 962 g^ ^ xy -{- f 5 a^ H- 6 ajy + 3 3/^ 



17. 4iC* + 3aV + a*, -3iC*-3aV-5a*, 6iC* + 5aW, -2aV- 
7iC* + 3a*, a^~a*, -5a*-.3aV~7a*. 

la a»-3a% + 3a62-58, a8 + 3a%-f- 3a6* + &^ a«-6», a»4-&^ 
4a26-6a62, 3a8-.76» + 6a62 -7a%. 

19. jr* — 2icy + /, a^4-2a^ + 2/^, a^ — f,a^+fy 5iB*— 10a^ + 5y', 
3iB« + 6a^ + 32/2^ 4a?y, 7 jr*- 72/2^ 8a^ + 8y=. 

20. a« + 3a%-3a62-f 68, 6a26 + 12a62, a^-ft^, a^ + ft^ Sa^-f- 
lla^ft-f. 6a62-76«, 17a6^7a8 + 6a26 + 86«. 

Ex. 14. In the first column, the sum of 3 and — 7 is — 4 ; of — 4 and 
— 5, — 9. Or, the sum of the ' — ' coefficients is — 12 ; of the * + * coeffi- 
cients, + 3 ; of the results, — 9. 

Note. A polynomial is an algebraic expression of more than one term. 
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SUBTRACTION — COEFFICIENTS 

Proposition XI. Theorem 

To siwbtract, change the sign of the subtrahend and pro- 
ceed as in addition. 

+ 2 -2 -2 +2 

Iiet 118 take +3 — 3 -|-3 — 3 

^^^^^^^^ ^^^^^^^^ ^^Baa^^^ ^MNB^-^M^— 

To prove the remainden --1 +1 --5 -\- 5 

» 

By definition, the remainder is what must be added to the 
subtrahend to produce the minuend. This will be the sum of 
what must be added to the subtrahend to produce and of what 
must be added to to produce the minuend. 

The subtrahend with its sign changed will cancel the subtra- 
hend, and the minuend added to will produce the minuend ; i.e., 
the remainder is the sum of the subtrahend with its sign changed 
and of the minuend. 



Hence, the 


principle, 










Q.E.D. 


Subtract : 
















-6 


-3 


-6 


-9 


-6 


+ 6 


-3 


2L 


+ 4 


-8 


+ 7 


-6 


-9 


-8 


-7 




+ 8 


8 


-8 


6 


8 


-3 


3 


22. 


-4 


-8 


8 


^ 


-3 


-8 


7 



Proposition XII. Theorem 

To siibtra^t terms having a common unit, retain the 
comw/on unit and subtract the coefficients, 

ma 
Iiet 118 take na 



To prove the remainder (m — n)a 

ma — na means that a is taken m times as an addend and then 
n times less, or m — n times ; the result is (m — n) a. 
Hence, the principle, q.e.d. 
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SUBTRACTION — TERMS 

Subtract : 

— 4x — a —7y b — 2aj 4 abc 

23. -|-3a; -\-2a -|-8y 36 — 7aj 9a6c 

c — 5 a -h 8ar 
9c -|-3a -10 a; 

7a; — 5y —7b -\-7b 
-(-6y -36 -1-36 





— 6y 


24. 


-7y 




7x 


25. 


-Sx 



-2ab 


5bxy 
-Sbxy 


-db 
-1-9 aft 


7 axy 
— 9 axy 



Ex. 23. The common unit is x ; the coefficient of the minuend minus the 
coefficient of the subtrahend, — 7 ; the result, — 7 ac. 



Subtract : 

26. 27. 2a 

3a2-|-6a6-36* a^j^2ab^V^ a^T? - 2 ahx -\- 1^ 

4a2-8a6-46* a^-2ab^V - a^a^ -\- 2 abx - b^ 

29. 5 a» -h 6 a% -h 5 052 -h 6 68 from a^ -\- S a^b -^ S ab^ + 6«. 

30. a2-f-62_|-c2-|-2a6-|-2ac from aft -h oc - c^ -h a^ - 61 

31. 3 a* - 6 a«6 -h 7 a262 - 8 06^ from 2 a62 - 3 6* -h 3 a* -h 7 a^b\ 

32. 3 a* - a^ -h 7 a - 14 from 11 a* - 2 a^ -|- 3 a^ - 8 a. 

33. a6cajy -|- 2 a6y — 4 6a; from 2 a6ca;y — ci^y + bx — 3. 

34. 10c-a-b-\-5d-\-6a — 15c-^3d from 25a-6 — 6c 
-h 8 d - 20 a. 

Ex. 26. .4ns. - a^ + 14 (,5 4. 52. );v'e begin at the left and subtract one 
column at a time. 
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MISCELLANEOUS 

Add: 

35. 36. 37. 

(3a- 6-1- 3 c) a; 
(3a -1-2 6 -h 3 c)aj 
(4:a-2b-\-2c)x 



ax -h a^ 


(2a-3 6)aj 


hx -h h^y 


(3a-26)aj 


ex -f- c^y 


(4a-|-66)a; 


Subtract : 




38. 


39. 


ax — hy 


(2a-3 6)a; 


hx — cy 


(3a-|-2 6)a; 



40. 



(4a — 2 6-1- c)x 
(3a-|-36-2c)a; 



41. From the sum of 2o? — Qi^y — bxjf and 3aj^y — 5a^ — 4^ 
take the sura of — 2aj* — 7a^y — 63/^ and — 6 ajy^ -f- 5 1/^. 

42. From the sum of a* — 1, 3 a* — 5, a^—^ a^, and 2 a^ — 10 a* 
—7 a subtract the sum of — 3 a* -h 2 a^—6 a and —5 a^— 12 a*-f-3. 

43. From 16 aV -12 be- 14 W subtract the sum of a'b^ -Sbc 
+ 4, -2aV-\-5bc-ey 5a^b^-6bc + S, Sa^b^ -\-2bc-7, and 
10 a%2 + Sbc + 5b^ 

44. From the sum of a?* — 4 a^y -\- 6 a^y^ — 4 a^ + y*, 05* -|- 4 aj^ 
4- 6 a^y^ — 4: xr^ -{- y*, a^ — 3 a^y^ -\- 3 ocy^ — y*, and oj* -h 3 aj^y -|- 3 ary 
-h xy^ subtract the sum of aj* -|- 2 ar4/* -|- y*, aJ* — 2 a^j^ + y*, aj* -|- aj*i/* 
-h y*, aj* — aj^y^ -|- y*, 3 aj^^ — 3 a^ , and — 8 aj*y — 9 xy^, 

Ex. 35. In the first column, the common unit is x ; the sum of the coeffi- 
cients, rt + 6 4- c ; the result, (a + b-\-c)x. 

The result in the second column is (a* + 6^ + c^) y. Atis. (a 4- 6 4- c) x + 
(a2 + 62 + c2)y. 

Ex. 36. The common unit is x ; the sum of the coefficients, 9 a 4- 6 ; the 
result, (9 a 4- 6) z. 
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SOLUTION OF PROBLEMS 

The representation of numbers by- letters not only satisfies the 
need of a briefer notation in the solution of problems but also 
simplifies the form of explanation. 

1. If a number is increased by 5, the sum is 9. Find the 
number. 

If the number increased by 5 equals 9, the number must be 9 diminished 
by 6, or 4. By the representation of the number by x, this becomes, If 
a; + 6 = 9, ic = 9 — 5, or 4. 

2. If a number is diminished by 6, the remainder is 3. Find 
the number. 

If the number diminished by 6 equals 3, the number must be 3 increased 
by 6, or 9. By the representation of the number by a, this becomes, If 
X - 6 = 3, X = 3 + 6, or 9. 

From these explanations, it appears that a term may be trans- 
posed to the other side of an equation by changing its sign. This 
law renders a simpler explanation possible. Thus, 

Ez. 1. Bx. 2. 

Let X = the number Let x = the number . 

then x H- 5 = 9 then a; — 6 = 3 

transposing, x = 9 — 6 transposing, sc = 3 + 6 

uniting, x = 4 imiting, x = 9 

In the explanation of a problem after it has been solved, the 
following directions should be observed : 

1. State the problem without looking at the book. 

2. After every statement give a reason unless the reason adds 
nothing to clearness. 

3. After the equation is formed, do not explain the solution, but 
declare the result. 

4. In the proof, state the first condition and show how it is met ; 
state the second condition and show how it is met ; and so on. 
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3. After purchasing 75 sheep a farmer had 243. How many 
sheep did he have at first ? 

Let X = number sheep at first, 168 
x + 76 = number after the purchase 

243 = number after the purchase Proof. 168 + 75 = 243 
.-. a; + 76 = 243 

X = 243 - 76 = 168 

Explanation. Let x equal the number of sheep at first, x + 76 must 
equal the number after the purchase ; 243 equals the number after the pur- 
chase ; therefore, x + 76 = 243, and x = 168, the number of sheep at first. 

Proof. The condition is that he was to have 243 sheep after purchasing 
76 sheep ; 168 sheep -j- 76 sheep is 243 sheep. 

Note. * . •. ' is the sign for therefore. The answer, 168, is not placed on 
the first line until the solution is finished. 

4. A and B together have f 105 and A has $ 75. How much 
has B ? Let x = B's money in dollars. 

5. A and B together have $ 105 and B has $ 30. How much 
has A ? Let x = A's money in dollars. 

6. A invests $ 2100. How much must he gain to have f 3600 ? 

7. In a pasture containing cows and sheep there are 23 sheep 
and in all 34 animals. How many cows are there ? 

a If A had $365 more he would have $570. How much 
money has he ? 

9. If a farmer buys 200 sheep and then sells 75 he will have 
235 left. How many sheep did he have at first ? 

10. James has 9 marbles less than Joseph ; Joseph has 7 more 
than Henry; Henry has 27. How many marbles has James? 
Let X = the number James has. 

11. A man saved $ 200 more the second year than the first ; 
$300 less the third year than the second; and saved the third 
year $ 500. How much did he save the first year ? Let x = the 
number of dollars he saved the first year. 



MULTIPLICATION AND DIVISION 



DEVELOPMENT 

When the addends ate equal, the fact that the whole is equal 
to the sum of all its parts, may be illustrated : 

Sa=2a-\-2a-\-2a'\-2a, or 8a = 2ax4 

By the omission of each term in succession, three problems 

arise: 

1. What = 2a x4? 

2. 8 a = 2 a X what ?, or what = 8 a -h 2 a ? 

3. 8 a = what x 4 ?, or what = 8 a -5- 4 ? 

Problem 1 gives rise to multiplication. It means, what is the 
sum when 2 a is used 4 times as an addend ? or what is 4 times 
2a? Multiplication is the process of finding the sum of equal 
quantities from one of them and from the number of times it 
occurs. The sum is the product ; the equal addend, the multipli- 
cand ; the number of times, the multiplier ; either multiplicand 
or multiplier, a factor. 

Multiplication may be expressed by the sign ' x ' before the 
multiplier, by the sign * -|- ' over the multiplier and the sign * x ' 
before it, by the sign ' — ' over the multiplier and the sign ' -*- ' 
before it, or by juxtaposition when a letter follows another letter 
or an Arabic numeral. Continued multiplication may be expressed 
by periods ; continued multiplication of the natural series of num- 
bers 1, 2, 3, 4, ..., by writing the largest number of the series in 
the symbol !__. Thus, 

28 
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X 2 = 6fJ X 2+1 axbxc = abc 

6fx2=6f-r-2-^ 4 X (a + 6) = 4(a + 6) 
4xa = 4a 6x8x6 = 6.8.5 

4xax6 = 4a6 Ix2x3 = [3^ 

In a term, every factor or every factor except one denotes times, 
or is a multiplier. Thus, 

abc means that some unit is used c times as an addend, that the result is 
used h times as an addend, and so on. $ abc means that $ 1 is used c times 
as an addend, that the result is used b times as an addend, and so on. 

Each of the other problems gives rise to division and suggests 
both a common and a distinctive definition. By the definition 
common to Probs. 2 and 3, division is the process of finding one 
of two numbers when their product and the other number are 
given. The product is the dividend; the number given, the 
divisor; the number required, the quotient. 

Problem 2 means, how many times must 2 a be used as an 
addend to produce 8a? or how many times does 8 a contain 2a? 
One case in division is the process of finding how many times one 
quantity contains another of the same kind. It is expressed by 
the sign *-5-,' by the sign *:,' or by the dividend above and the 
divisor below a bar. Thus, 

2^ 

Problem 3 means, what must be taken 4 times as an addend to 
produce 8 a ? or what is one part when 8 a is divided into 4 equal 
parts ? One case in division is the process of separating a num- 
ber into equal parts. It is expressed by the sign * -h ' before the 
divisor, by the sign ' -|- ' above the divisor and the sign ' -f- ' before 
it, by the sign ' — ' above the divisor and the sign « x ' before it, 
or by the dividend above and the divisor below a bar. Thus, 

6^-^2 = 6^^-2+1 60-2 = ?^ 

6/^^2 = 6^^x2-1 2 
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MULTIPLICATION — SIGNS 
Proposition XIII. Theorem 

The product of like signs is ' + ' \ the product of uvMke 
signs is ' -.' 

+ 3 -3 -1-3 -3 

Let 118 take +_2 --2^ --2 +2 

To prove the products -|-6 +6 — 6 — 6 

-h 3 X -h 2 means that 4- 3 is taken 2 times as an addend, or 
-h 3 -h 3, or -I- 6. 

— 3 X — 2 means that — 3 is taken 2 times as a subtrahend, or 

- (- 3) - (- 3), or -h 3 -f 3, or -h 6. 

-h 3 X — 2 means that -|- 3 is taken 2 times as a subtrahend, or 

- (+ 3) - (-h 3), or - 3 - 3, or - 6. 

— 3 X -h 2 means that — 3 is taken 2 times as an addend, or 
-h (- 3) -h (- 3), or - 3 - 3, or - 6. 

Hence, the principle, q.e.d. 

1. Declare the product: — 4x— 8; — 4x-|-8; 4x— 8; 4x8; 
3x4; +3X-I-4; -3x-|-4; -3x-4; -|-3x-4. 

Proposition XIV. Theorem 

There must he three cases in multiplication: when the 
bases are the same, when the exponents are the same, and 
when neither bases nor exponents are the sams. 

To multiply we must have two terms, a multiplier and a multi- 
plicand. If we have two terms, the bases must be the same, as 
4^ x 4'^ ; or the exponents the same, as 4^ x 5' ; or neither bases 
nor exponents the same, as 2^ x 4^ 

Hence, the principle, q.e.d. 

Note. 4^ x 4^ may be regarded as the case when the bases are the same, 
or the case when the exponents are the same. 



MULTIPLICATION AND DIVISION 31 

MULTIPLICATION — BAS£S THE SAME 
Proposition XV. Theorem* 

To multiply when the bases are the same, write the com- 
mon base, and over it, the exponent of the multiplicand 
plus the exponent of the multiplier. 

Let 118 take 4? x 4^. 

42 = 4 X 4 

4^* = 4 X 4 X 4 

42 X 4^ = 4x4x4x4x4 

= 4* 

Analyzing the product, we see thg^t the base, 4, is the common 
base; that the exponent, 5, is the exponent of the multiplicand 
plus the exponent of the multiplier. 

Hence, the principle, q.e.d. 

Simplify : 

2. 22x28; 2x2* 6. ai^xa^; fxf 

3. 6^ X 6^ 72 X 7* 7. a" X a"; af X a^ 

4. a^xoi^; oc^xa^ a (a + 6)* x (a + 6)' 
^' fx^', fxy 9. (x-yyx(x^y) 

Ex. 8. The common base la a -\-b; the product, (a + 6)*. 

Simplify : 

10. -3a^hx2ab la -4a6cx-6a% 

11. -4a;y'x-5ajy 14. -- S a^bc^ x S a%<^ 

12. -^SaVx-eab^ 15. - 6 a^b^<^ x ab^c^ 

Ex. 10. - 3 X + 2 = - 6 ; a^ x a = a^ ; h xb = b^; the entire product 
is -6a^b^. 

♦ For negative and fractional exponents, see p. 167. 
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MULTIPLICATION — BASSS THE SAME 

Multiply : 

16. a3-3a%-f 3a62-6«by a 20. 5a^3(-10aj»2r* by 4aj8y 

17. a*-4a»6«-6a26«by-a22^ 21. 6 cc^y - 15 «V by - 5a^y» 
la 6a26-4a6»-6*by a6« 22. 3a^y-3a^ by 3a^ 

19. a?-{'2ab-\-b^hj -ah 23. 2a^-3a^ by -a^ 

Ex, 16. a« - 3a26 + 3a62 - 6« 

a 



a*-3a86 + 3a262-a6» 
We begin at the left and multiply each term in succession. 
a^y.a^a^\ -3a2 x a = - 3a«; 3a62 x a = ^a%^\ -b^x a=-abK 

Multiply : 

2^. x-\-yhy x — y 28. a^-\-2osy -\-y^hy a^ — 2ocy+y^ 

25. X -\- y by X -\- y 29. a^-\-xy-{'y^ by a? — xy-\-y^ 

26. a^-^-y^ by a^-^j^ 30. a^ — 3xy-\-j^bya^-{'3icy-\-y^ 

27. a^ + y* by aj^ — y* 31. aj* — a^ + y* by aj* -h oth^ -\- y* 

32. Sa?y — 2xy^by 2ix^ — 5x7f 

33. a?* — 4aj*y-|-6a^2^ — 4a^-|-y* by «* — 2a^ + ^ 

Ex. 32. 3a;3y-2xya 

2x2y _5xy2 






We arrange the terms according to the descending powers of x. We begin 
at the left, multiply by each term of the multiplier in succession, and add the 
several products. 
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MULTIPLICATION — OTHER CASES 
Proposition XVI. Theorem 

To multiply when the exponents are the same, write the 
product of the hoses, and over it the common exponent, 

Iiet 118 take 4^ x 6\ 

4^ = 4 X 4 X 4 

5^ = 5_x_5_x_5 

4»x5« = (4x6)(4x5)(4x5) 
= 20 X 20 X 20 
= 20» 

Analyzing the product, we see that the base, 20, is the product 
of the bases ; that the exponent, 3, is the common exponent. 
Hence, the principle, q.e.d. 

Simplify : 

34. 2* X 3*; 2' X 3* 36. (x -|- y)* X (» - y)» 

35. 3* X 4*; 5« X 6- 37. (a^ + by X (a* - Vf 

Proposition XVII. Theorem 

To multiply when neither bases nor exponents are the 
same, fulfill one of these conditions, 

Iiet 118 take 2^ X 41 



2« = 8^ 




2» = 28 


4« = 16^ 




4« = 2* 


2»x 4^ = 8^x16* 




2»x4« = 2«x2* 


Here, the exponents are 


the 


Here, the bases are the same 


same and we can multiply. 




and we can multiply. 


Hence, the principle, 




Q.E.D. 


Simplify : 




' 


3a 23x3«; 3*x2 




40. 2« X 4»; 2 X 4* 


39. 52x2»; 4?x& 




41. 3«x9«; 3x9» 



BLBM. ALO. — 3 
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MULTIPLICATION 

To remove signs of aggregation, it is necessary only to perform 
the indicated operations. 

In every case, the pupil should determine all of the operations 
that are required before he performs any of them. 

Simplify : 

42. 6(3m — n)--8(m-|-n)— (2m— 3n) 

43. 8(m-|-n) — 4(m-n)-6(3m — 2n)-|-7(m-|-2n) 

44. 5(a-6-|-c)- (2a-36-2c)-2(a-36+2c) 

45. 6 (2 m — n) (3 m — 2 n) — (m — n) (m — 3 n) 

46. {a -\-h){h -\- c) -- {c -{- d){a + d) -- {a -{- c)(p -- d) 

47. (x -h 1) (a? - l)(a!' + l) - (« + iy{x - l)^ - (2aj« - 2) 
4a (a-36-2c)-6(2a-|-&-c)-(a-6-c) 

49. (a -h 6)8- (a - hf -Sahia - b) +3cU)(a-\-h) 

Ex. 42. This means that 3 w — n is to be multiplied by 6 ; m + n by — 8 ; 
2m — 3nby — 1; and that the results are to be united. Each term may be 
written in a vertical column as soon as the multiplication is performed. Thus, 

• 18wi— Gn _. «.,« «. . ^ «. 

Q ^ Q ^ 6 times 3 w IS 18 w : 6 times — nis — on; — 8 times m 

— o til — on ' ' 

--2m+ 3n is— 8m;— 8 times n is — 8 n ; — 1 times 2 w is —2m; 

— — — — 1 times — 3 n is + 3 n. 

8 w — 11 n 

Ex. 45. This means that the continued product of 3m — 2 n, 2m — n and 
6 ; and the continued product of m — 3 n, m — n and — 1 ; are to be united. 
It is read, 6 times the expression 2 m — n times the expression 3 m — 2 n, 
minus the expression m — n times the expression m — 3 n. 

The work may be performed without rewriting the factors, and the terms 
of the products may be arranged as in the explanation of Ex. 42. By this 
method, 3 m — 2 n must be multiplied by 2 m x 6, or 12 m, and then by 

— n X 6^ or — 6n; m — 3n must be multiplied by m x — 1, or — m, and 
then by — n X — 1, or n. 
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One sign of aggregation may occur within another ; to remove 
them it is necessary only to perform the indicated operations. 

Simplify : 



50. 3aj-{2[5a;-(-4aj-a?-|-y)]-(-a?-3y)} 



51. 6»-[2(3aj-2y)-(2aj-3y-4aj)-2a?] 

52. aj2_5[-(aj8-a?)-3(a^-|-a;)-2aj]-.3(2aj2«a;)} 



5a -[-2a?-{-(2a?-3y)-3a?-2y}-f 2»] 

54. -[(a-|-6)«-(a~&)«] + [(a + &)' + (a-&)']+4a6 

55. -3[(a»-|-2a6 + 6*)(a»-2a6+&0~(a'-^V] 



Ex. 50. 3«-{2[6x-(-4a;-x-f y)]-(-x-3y)} (1) 

3«-2[6x-(-4x-xTy)] + (-aj-3y) (2) 

3«-10a5 + 2(-4x -x-fy)-aj-3y (3) 

8x- lOx - 8«- 2 X xTy-a;-3y (4) 

8x-10a;-8a;-2x-2y-x-3y (6) 

-18x-6y (6) 



(1) The two terms within { }, viz., -f. 2[5x — (— 4x — x + y)], and 
— (— X — 3 y), must be multiplied by — 1 ; this gives (2). 

(2) The two terms within [ ], viz., + 6x, and — ( — 4x — x + y), must 
be multiplied by — 2 ; the two terms within ( ), viz., — x, and — 3 y, must 
be multiplied by + 1 ;. this gives (3). 

(3) The two terms within ( ), viz., — 4x, and — x + y, must be multi- 
plied by + 2 ; this gives (4). 

(4) The two terms under , viz., + x, and + y, must be multiplied 
by — 2 ; this gives (6). 

(5) The terms in (6) must be united; this gives (6), the result in its 
simplest form. 

Note. In reading the explanation of a complex process, the pupil will 
find it of advantage to perform each part on a piece of paper and to compare 
his result before proceeding to the next. Each step by itself is simple ; the 
seeming complexity arises from viewing all the results at once. 
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DIVISION — SIGNS 
Proposition XVIII. Theorem 

The quotient of like signs w ' + ' ; the quotient of unlike 
signs is ' —.* 

Let 118 take 4--^+^ — s — > +-s — y — *- + 

To prove the quotients +9 + ^ — ^ — 

By definition, the quotient is what must be multiplied by the 
divisor to produce the dividend. 

In 4--*--!-, to produce the dividend, the divisor must be multi- 
plied by 4-. Therefore, + -*- -|- = + . 

In — ! — , to produce the dividend, the divisor must be multi- 
plied by 4". Therefore, —-*- — = -f. 

In 4-H — , to produce the dividend, the divisor must be multi- 
plied by — . Therefore, -}--*- — = —. 

In — h 4-, to produce the dividend, the divisor must be multi- 
plied by — . Therefore, — r- -|- = — . 

Hence, the principle, q.£.d. 

1. Declare the quotient: 32 -5-- 4; -32 -J-- 4; -32-^4; 
32-f-4; 12-r-3; 4-12-r-4-3; -12-I--3; 4-12-*-~3; 
-12-f-4-3. 

Proposition XIX. Theorem 

There must he three cdses in division: when the bases 
are the same, when the exponents are the same, and when 
neither bases nor exponents are the same. 

To divide we must have two terms, a dividend and a divisor. 
If we have two terms, the bases must be the same, as 4^* -^ 4* ; or 
the exponents the same, as 20* -5- 4'; or neither bases nor exponents 
the same, as 2* -^ 4*. 

Hence, the principle, q.e.d. 

Note. 4* -f- 4* may be regarded as the case when the bases are the same, 
>- xv^ Q^^^ when the exponents are the same. 
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DIVISION — BASES THE SAME 

Proposition XX. Theorem* 

To divide when the bases are the same, write the com- 
mon hose and over it the exponent of the dividend minus 
the exponent of the divisor, 

Ziet 118 take 4^ -i- 4?. 

4^_ 4x4x4x4x4 
4« 4x4 

= 4 x4 x4 

= 4* 

Analyzing the quotient, we see that the base, 4, is the common 
base ; that the exponent, 3, is the exponent of the dividend minus 
the exponent of the divisor. 

Hence, the principle, q.e.d. 

Simplify : 

2. 2«-s-2«; 2«-!-2* 6. aj» -^ aJ* ; / h- 2/» 

3. 6''-^6*; 7«^-7» 7. a"'+*-!-a»; aS^^af 

4. oj^-s-oj^; ajio-hoj* a (a + &)« -^ (a -|- 6)* 

5. y^-i-f-yf-i-y 9. (aj~y)*-5-(a-y) 
Ex. 8. The common base is a + b; the quotient, (a + 6)*, 

Simplify : 

10. -6a»6»-^-3a*& la 24a»6*c-!---6a*6 

11. 20aj»2/*-!--4ajy* 14. - 24 a*6V -^ 8 a'dc" 

12. - 18 a»6* -h 3 aV 15. -6a*6V-!-- 6aWc» 

Ex. 10. — 6 -i- — 3 = 2 ; 0^-9-0:^ = 0; 6^ ^ 5 = ft ; the entire quotient is 2 ab. 

*For negative and fractional exponents, see p. 169. 



t^ 



r-^ 



••■ 



• • .— 



* ■ *' 



iLt- ir. 



IT, ^s3*:jL a iM' 



,^ * 



^-'/^ 



-r "-T -^-z 






M j^ ' f r ^ — / m ^_-j-^_ r .^ 






-^^-^f 









We 



'*'♦ if^''4A<fA *h^ n^Tiw swv^riine to the iesoendin^ powwo- of 
^ f'A^ *fA f,'*t, v*rm r»f the div-jierjd by uie ±st term of ^e 
^z*/' '- '^f'Af - Z'/^v m-ii'-sly the whrie divisor fcy the qaoCKnC (3a^ — 
;< //", / I'Af - ^f />f — 4 zy ; subtract the xesah from the diTidrnd, and ao 

*'v)»f fr^ *MVrj»i*.tinsr each partial product, care should be taikm to use 
•♦ /• 'Af rr,* if, /"/r^er 6f the deseending powers of x. See pc 41. 
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DIVISION— EXPONENTS THE SAME 

Proposition XXI. Theorem 

To divide when the exponents are the same, lurite the 
quotient of the bases and over it the common exponent. 

Let us take 2a>^4^ 

20»^ 20x 20x20 
4* 4x4x4 
= 5 x^x^ 

= 5» 

Analyzing the quotient, we see that the base, 5, is the quotient 

of the bases ; and that the exponent, 3, is the common exponent. 

Hence, the principle, q.e.d. 

Simplify : 

34. 6* -J- 3*; 6'-5-2« 36. (qi? - ff -^ {x - yf 

35. 12*-h4*; 30«-h6* 37. (a* - 6*)« -s- (a« + &0* 

Proposition XXII. Theorem 

To divide when neither ba^es nor exponents are the 
same, fulfill one of these conditions. 

Let us take 4^ -$-2^. 

^ = 15! §! = ?* 

2» 8^ 2^ 2^ 

Here the exponents are the Here the bases are the same 
same and we can divide. and we can divide. 

Hence, the principle, q.e.d. 

Simplify : 

3a 6»-s-2«; 18* -h9 40. 2«-!-42; 4*-^2 

39. 10*-j-2«; 36* -5-6 41. 3* -5- 9^ 92-*-3 
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DIVISION 

It is sometimes necessary to diminish the number of terms in 
an expression without changing its value. This is done by divid- 
ing the terms by common factors and introducing signs of aggre- 
gation. 

Escpress as one term; Jirst, with a common * + ' factor and second 
with a common ^ — ' factor : 

42. 5a — 5 6 46. — 3a%4-3a6 

43. -6a; + 6y 47. 36*c-36c» 

44. oft — ac 4a — aa — 6a -f a 

45. —ah'\-ac 49. ab-{-a^W — ab^ 

Ex. 42. + 5 is a common factor ; 6 is contained in 6 a, a times, 6 is con- 
tained in — 6 6, — 6 times ; 6 a — 6 6 = 6(a — 6). 

— 5 is a common factor ; — 6 is contained in 5 a, — a times ; — 6 is con- 
tained in — 6 6, 6 times ; 6 a ~ 6 & = — 5(— a + 6). 

Express as two terms; of the four possible forms f select one that 
has the same unit in both terms : 

50. ax — ay -{- bx — by 53. oa?* + 6y* + ajf + boi? 

51. bx — by — ex -\' cy 54. aa? -[- by^ ■— ai^ — ba^ 

52. bx -^ by -i- ex -i- cy 55. aa^ — boi? — bjf •{• ay* 

Ex. 60. The four possible forms are : a{x — y)-\-h{x — y)\ — a( — a; + y) 
-6(-x + y); a(x-y)-6(-a;4-y); and - a( - x 4- y) -|- h{x-y). Either 
the first or the second answers the requirement ; the first is preferable. 

Express as one term: 

56. a(x--y)^b(x-y) 59. a(a^ + y*) + 6(»* + 2^ 

57. b(x-y)-c{x-y) 60. a{a^ -f)-b(a^ -f) 

5a b{X'^y) + c(x + y) 61. a (ic« + /) - 6 (aj* + 1/) 

Ex. 66. The common factor is jc — y ; a; — y is contained in a(x — y), 
a times ; in b(z — y), & times ; a(x — y) ■}■ b(x — y) = (x — y)(a -{■ b). 
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The terms in both dividend and divisor must be arranged 
according to the descending powers of some letter. It is interest- 
ing to note, however, that if this law is disregarded for any time 
and then strictly observed, the right quotient may still be found. 
Thus, 

We will arrange the terms incorrectly, find two terms of the quotient, 
rearrange the divisor and the last remainder correctly, and observe the law 
strictly to the end. 

ar^y^ + X* + y* (xy - x^\-\-2x^ ^2xy -^ ffl 
a; V + a;^ + xy8 | 



xy + x^-\-y^ 



— sc^y — a:y« + x* + y* 

— a% — g* — g^y^ 

xV _ a;y8 ^ 2 X* + y* 

2 X* + x2y-^ _ xy9 4- y* 

2 x^ 4- 2 x8y + 2 x V 

— 2 x^y — a:2y2 — xy^ 
>- 2 x8y - 2 X V - 2 xy» 
x2y2 + scys + y* 

Although the quotient reduces to x^ — xy + y^i yet much unnecessary 
labor has resulted. 

Divide : 

62. a* 4- a^b + ah — a5c — 5^c — 5c* by a* — 6c 

63. 3a*-10a364-22a%2_22a63 4-155* by a2-2a6 + 36« 

64. 6a*-a«6 4-2a2624-13a68 + 46* by 2a2-3a6 + 46* 

Divide the product of: 

65. a* -f- cwj + ic* and a' 4- aJ* hy a* + aV -f a?*. 

66. a;*— 4aaj'H-6aW— 4a*aj4-a* and 0*4-2 a«+a* by a?*— 2aaj*4- 
2 0^05 — a*. 

67. aj^4-3a:*y4-3a;^4-2/^ and x"— 3a^4-3ajy*— 2/^ by the product 
of a^ 4- 2 icy 4- y* and a — y. 
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SOLUTION OF PROBLEMS 

The form of explanation in the solution of problems involving 
multiplication and division may also be simplified by the notation 
of algebra. 

1. If a number is multiplied by 5, the result is 20. Find the 

number. 

If the number multiplied by 5 equals 20, the number must be 20 -^ 6, or 4. 
By the representation of the number by x, this becomes, If a? x 6 = 20, 
sc = 20 -J- 6, or 4. 

2. If a number is divided by 2, the result is 12. Find the 

number. 

If the number divided by 2 equals 12, the number must be 12 multiplied 
by 2, or 24. By the representation of the number by ar, this becomes. If 
X ^ 2 = 12, X = 12 X 2, or 24. 

The change from 'ajx5 = 20' to ^x = 20-^5' may be accom- 
plished by reasoning as above, or by dividing both members of 
the equation by 5. The change from 'a: -^ 2 = 12' to ^ a; = 12 x 2' 
may be accomplished by reasoning as above, or by multiplying 
both members of the equation by 2. These second methods of 
making the changes render a simpler explanation possible. 



£z. 1 

Let X = the number 

then 5x = 20 

dividing by 5, x = 4 



£z. 2 

Let X = the number 

then X -^ 2 = 12 

multiplying by 2, x = 24 



In the direct or algebraic solution of problems, the required 
terms are represented by the letters x, y, 2, •••, and various opera- 
tions are performed upon them just as if they were known num- 
bers. In the complete solution there are two steps : first, to form 
equations by placing equal to each other expressions equal to the 
same thing ; and second, to find the values of the unknown quan- 
tities in the equations. 

Note. The pupil should read p. 26 again. 
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3. If 9 colts cost $ 225, how much will 1 colt cost ? 

Let X = cost in dollars of 1 colt, 25 

then 9x = cost in dollars of all 

225 = cost in dollars of all ^^^^' 

.'. 9x = 225 ^ ^ ^^^ = #225 

x=25 
Explanation. Let x = the cost of 1 colt in dollars ; then 9x most equal 
the cost of 9 colts ; 225 equals the cost of all in dollars ; therefore, x = 225, 
and X = 25, the cost of 1 colt in dollars. 

Pboof. The condition is tbat colts shall cost $ 225. At (f 25 each, 9 
colts will cost 9 225. 

4. Solve Ex. 3 indirectly or by analysis, and study the differ- 
ence between the two solutions. 

If 9 colts cost 9225, 1 colt will cost } of ^ 225, or $ 25. 

5. At $25 each how many colts can be bought for $225? 
Let X = number of colts. 

6. If a number is divided by 63, the quotient is 567. Find 
the number. Let x = the number. 

7. Solve Ex. 6 indirectly or by analysis. 

8. A boy on being asked how old he was, replied, "If you 
add to my age in years 3 times my age, and 5 times my age, and 
subtract twice my age, the result will be 49 years." How old 
was he? 

9. In a company of 60 persons there are 3 times as many 
women as men. How many women are there ? Let x = number 
of men. 

10. In a certain pasture containing horses, oxen, and cows, there 
are 3 times as many horses as oxen, twice as many cows as oxen, 
and 120 animals in all. How many horses are there ? Let x = 
the number of oxen. 

11. A man has 4 times as many dollar pieces as he has dimes, 
and altogether he has $ 28.70. How many pieces of each kind 
has he ? Let x = number of dimes. 
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SOLUTION OF PROBLEMS 

12. The sum of two numbers is 80 ; if the larger is increased by 
8 and the smaller is diminished by 3, 3 times the first result is 14 
times the second. Find the numbers. 

Let X = the larger, 162 

then 80 — X = the smaller, 18 

Proof 

X + 8 = larger increased by 8 1 62 4- 18 = 80 

77 — X = smaller diminished by 3 ^ 3 r62 + 8^^ = 14 ri8 -- S^ 

3(x + 8)=14 (77 -X) 
x=62 

Explanation. Let x = the larger ; then 80 — x must eqiial the smaller 
because their sum is 80 ; x + 8 equals the larger increased by 8, and 77 — x 
equals the smaller diminished by 3 ; 3 (x + 8) = 14(77 — x) because 3 times 
the first result is 14 times the second ; whence x = 62, the larger, and 80 — 
X = 18, the smaller. 

Proof. The first condition is that the sum of two numbers is 80 ; 62 + 
18 = 80. The second condition is that if the larger is increased by 8 and the 
smaller is diminished by 3, 3 times the first result is 14 times the second; 
8(62 + 8)= 14(18 -3). 

13. A has 80 marbles and B has 15. How many must A give 
to B in order that he may have 4 times as many as B ? 

14. A pole is divided into three parts ; the second part is 3 times 
as long as the first, and the third part is 6 feet longer than the 
first ; the length of the pole is equal to the excess of 60 feet over 
the length of the smallest part. What are the lengths of the parts, 
and the length of the pole ? 

15. If the length of a square field is increased 20 rods and its 

width by 30 rods, the area will be increased 2200 square rods. 

What are its dimensions ? 

Suggestion. The area of a rectangle is equal to the product of its base 
and altitude. Let x = the length of one side of the square in rods. 
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16. Find four consecutive integers whose sum is 94. 



Let 


X = the first, 22 


then 


X + 1 = the second, 23 




X + 2 = the third, 24 




X + 3 = the fourth, 26 




4 X + 6 = the sum 


- 


94 = the sum 




.-. 4x + 6 = 94 




4x = 94-6 = 88 




x = 22 



Proof 

1. 22, 23, 24, 25, are con- 
secutive integers. 

2. Their sum is 04. 



17. Solve Ex. 16 indirectly. The superiority of the direct 
method becomes apparent. 

la The sum of five numbers each of which is greater than the 
preceding by 4 is 165. Find the numbers. 

19. The first of four numbers is 6 less than the second, the 
second is 8 more than the third, and the fourth is equal to the 
sum of the other three ; their sum is 26. Find the numbers. 

2a Find three consecutive numbers whose sum is 102. 

21. The sum of three numbers is 75; the second is 5 greater 
than the first, and the third is 5 greater than the second. What 
are the numbers ? 

22. One number exceeds another by 5, and their sum is 29. 
Find the numbers. 

23. A saved $ 105 in 5 weeks ; each week he saved $ 2 more 
than during the preceding week. How much did he save the 
second week ? 

24. A student decides to read a volume of 450 pages in 3 days 
and to read 50 pages less each day than on the preceding day. 
How many should he read the first day ? 

25. Find the first and last of five consecutive numbers whose 
sum is 150. 
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SOLUTION OF PROBLEMS 

26. The sum of two numbers is 28, and their difference is 4. 
Find the numbers. 

Let X = the greater, 16 

then 28 — X = the less, 12 

— 28 + 2 X = the difference Proof 

4 = the difference L 16 + 12 = 28 

.-. -28 + 2a; = 4 2. 16 - 12 = 4 

2a; = 4 + 28 = 32 
a; = 16 

27. Solve Ex. 26 by letting x equal the smaller. 

2a Discover the relation of the terms and solve Ex. 26 indirectly. 

Since the sum of two numbers plus their difference is twice the greater, 
twice the greater is 32, or the greater is 16. 

Note. After the law is established the solution by the indirect method is 
the simpler, but considerable ingenuity is required to discover the law. 

29. A and B together have $35; A^s money plus $9 equals 
B's. How much has each ? 

30. A man weighs 29 lb. more than his wife ; the sum of their 
weights is 315 lb. What is the weight of each ? 

31. A and B formed a partnership with a joint capital of 
$5000; A's investment exceeded B's by $200. How much was 
invested by each ? 

32. A is 25 years older than B, and A^s age is as much above 
20 as B's is below 85. Find their ages. 

33. A has $125 and B has $45. How many dollars must A 
give B in order that they may have equal amounts ? 

34. Three boys, A, B, and C, pull 100 pounds ; A pulls 20 lb. 
more than B, and B 8 lb. less than C. How many pounds does 
each boy pull ? 

35. The sum of two numbers is a ; their difference is b. Find 
the numbers. 
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It is often wise to represent the unknown quantity by 2 05, 3 x, 

4 a?, •••, instead of by a;. 

36. Three times A's age is equal to 7 times B's age; 9 years 
hence 3 times A's will equal 5 times B's. How old is each ? 

Suggestion. Let 7x = A's age in years; then Sx must equal B's age, 
because 3 times A^s age, or 21 x, equals 7 times B*s age. 

37. Three times A's age is equal to 4 times B's age ; the sum of 
their ages is 70 years. How old is each ? 

38. Five times B's money was equal to 11 times A's money. 
After B gave A $60, 11 times what he had left was equal to 

5 times what A then had. How much had each at first ? 

39. A watch and chain are worth $185, and the watch lacks 
9 19 of being worth twice as much as the chain. Find the value 
of each. Let x = value of chain in dollars. 

40. The sum of three numbers is 263 ; the first is 3 times the 
second, and the third is 23 more than 5 times the sum of the other 
two. Find the numbers. 

41. A is 3 times as old as B ; 12 years ago he was 5 times as 
old. How old is each ? 

42. If twice a number is diminished by 12 and the result is 
subtracted from 3 tinges the number, the remainder multiplied by 
4 will equal 96 plus twice the number. What is the number ? 

43. A doubles his capital every year, but at the end of each 
year deducts $2500 for living expenses; at the end of four years 
he has 11 times his original stock. How much had he at first ? 

44. Two men received the same sum for their labor ; if one had 
received $ 15 less and the other $ 15 more, one would have received 
4 times as much as the other. How much did each receive ? 

45. A horse and carriage cost $ 252 ; the cost of the horse was 
$12 more than 3 times the cost of the carriage. Find the cost of 
each. 
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THE SQUAKB OF AH EXPRESSION 

Expressions constructed on certain distinct plans occur so fre- 
quently in algebraic manipulations that it is a saving of effort to 
unite them into products or to separate them into factors by 
methods other than those that have already been discussed. The 
most important of these forms are : The square of any expression ; 
the product of the sum and difference of two quantities; the 
product of such expressions as a; ± a and x ±b\ the binomial 
theorem ; and the a" ± ^** theorem.* 

Proposition XXIII. Theorem 

To sqiuare any algebraic expression, to the sum of the 
squares of the several terms add twice the product of ea/ih 
term by ea^ch of the terms that follow it. 

Let us take (a — 6 -f c)*. By multiplication in full, 

a — 6 -f c 
a — 6+ c 

-. ab ^V"- he 

ac — 5c -f- c* 



a« - 2 a5 + 2 ac 4- 5' - 2 6c -f c* 

Examining the result, we see that a^, 6*, and c* are the squares 
of a, — 6, and c ; that — 2 oft, 2 ac, and — 2 6c are twice the prod- 
ucts of a and — 6, a and c, and — b and c. 

Hence, the principle, q.e.d. 

* X i: a is read x plus or minus a ; x* ±if^ is read z to the nth plus or 
minus y to the nth. 

48 
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Mnd the product : 

1. (a-by 7. (a-64-c-d)« 

2. (x-^yf a (a-hb-j-cy 
a {x-yy 9. (a-b-cy 

4. (x-^-Syy la (a-64-c)* 

5. (2aj-3y)» U. (a-b-c-d)* 
a (5a^-26y 12. (a+ft-c + d)* 

Ex. 1. (a-by = a^-2ab + b^. The gum of the squares is a^ + fta ; 
twice the product of the terms, — 2 ab, 

Ex. 7. (a - 6 + c - d)2 = a» + 6-2 + c» + <P - 2a6 + 2ac - 2 acJ - 2 &c + 
2 2>d — 2 cd The sum of the squares is a^ + &^ + •*• ; twice the products, 
— 2a6 + 2ac — •••. 

Find the factors : 

la a^-2ab-\'V 20. 49 a%* - 56 a6cd + 16 c«d* 

14. iB* + 2ajy-fy* 21. 4 ajy- 24 0^2; + 36 y*2;* 

15. aj»-2ajy + y» 22. 25j»y -f 60 a^«-f 862* 

la a'-f8a + 16 23. a»-2a5 -2ac + 6* + c*4-26c 

17. a'-8a + 16 24. a* + 2a6-2ac4- 6'-f c*- 26c 

18. a?*-f 2a5y + y* 25. a^ 4.2a6 + 2ac4- 6* + 0*+ 2 6c 

19. a«-20a-fl00 26. a*-f 6* + c*- 2a5 -f 2ac - 26c 

Ex. 26. (»a + 6* + cs - 2 a6 + 2 ac - 2 be 

a, -b, +c 
(a — 6 + c) (a — 6 4- c) 

The square root of a* is a ; of 6*, — 6 ; of c*, c. Twice the product of a 
and — 6 is — 2 a6 ; of a and c, 2 ac ; etc. 

Note. The square root of a* is 4- a or — a ; of 6*, 4- 6 or — 6. It is 
customary to consider the first root positive and to give other roots the signs 
needed for the products. 

ELElf. ALO. — 4 
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PRODUCTS AND FACTORS 



PRODUCT OF SUM AND DIFFERENCE 
Proposition XXIV. Theorem 

T}ie product of tJie sum and difference of two quantities 
v$ ttve difference of their squares. 

Let us take the quantities a and 6; their sum is a + 6^ their 
difference, a — h. By multiplication in full, 

a +6 
a—h 

Examining the result, we see that a^ is the square of a ; that 
— b'^ is minus the square of b. 



Hence, the principle, 

Find the product: 

27. (2a + 36) (2a -36) 

28. (aJ-f y)(aJ-y) 

». i^ + y^i^-f) 

30. (6aj« + y2)(6a^-20 

31. (3a; + 2y)(3aj-2y) 

32. (2x-j-y)(2x-y) 

33. (3aj + 2y)(3a;-2y) 

Ex.27. (2a + 36)(2a-36) 
2 a, 3 5 
4a2-9&2 

Ex. 34. {a + b -c)ia -b-c) 
a — c, 6 
o2-2ac + c2-62 



Q.E.D. 

34. (a-i'b'-c)(a-'b — c) 

35. (a + 6H-c)(a— 6 4-c) 

36. (a — 6 4" c) (a — 6 — c) 

37. (a»-a6-f 6«)(a« + a6 4-6*) 
3a (a* + a 4-1) (a* -a 4-1) 
39. (a^4-aJ4-l)(aJ* — a4-l) 
4a (iB^4-a52^4-y^(a5* — «y4-y*) 

The quantities are 2 a and 3 b ; the 
product is 4 a* — 9 62. 

The quantities are a — e and 6 ; 
the product is o* — 2 ac 4 c^ — b^. 



Note. The first quantity must be made up of the terms which have the 
same sign in both factors. 
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Find the factors : 

41. a^-W sa jB»-(a-6)« 

42. a^-y* 54. (a4-6)*-c^ 

43. a* -4 55. 4aV-(a-f &4-c)« 

44. 6«-16 56. (a4-6)'-(c + d)* 

45. a* -6* 57. (a - 6)« - (c - d)' 

46. a«-6« 5a »«-f 2^-2*-2a?y 

47. a* — 6® 59. iB* — y»4-2!*4-2aa 
4aa«-l 60. a* -62 + m«-n2 + 2am4-26n 

49. 43^2-92^ 61. a«-f 6«-c^-(P-f 2a6-2cd 

50. l-36a2 62. a«4-6'-c»-(P-2a6-f 2cd 

51. 9a*-256* 6a df -2ay ■\'f -oi? -2xz--^ 

5X 36»»-49y* 64. a2 + 2ay4-2r'-a^-2a»-2» 

Ex. 41. a« - 6« 

a, 6 
(a+6)(a-6) 

This is the product of the sum and difference of two quantities. The 
quantities are a and h ; their sum is a + & ; their difference is a — 6. 

Ex. 60. a2 - 62 + ^2 _ ^2 + 2 am + 2 hn 

(aa + 2 am + m9)-(62 - 2 6n + n») (1) 

a + m^ 6 — n 
(a + w + 6 — n) (a + m — & + n) 

Arranging this in the form of the difference of two squares to get the 
product of the sum and difference of two quantities, we have (1). The 
quantities are a + m and h — n\ their sum is a + m-\'h — n\ their differ- 
ence isa + m — 6 + n. 

Note. The perfect squares may be selected by observing that 2 am must 
go with a^ and m^, and that 2 hn must go with h^ and n^. 
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PRODUCT OF SUM AND DIFFERBNCE 

Find the factors : 

66. (a^--b^-(^^^4:bV 71. a* + a*6* + 6* 

67. 4 a«6* - (a^ 4- 6^ + c*)« 72. l+4aJ* 

ea ^aV-{a^-b^-c^^ 7a 4a*-28aW + 9 6* 

69. 4aV-(a2-62 + c^« 74. 4a*-48a%2 + 96* 

Ex. 66. 4 x2y2 -(x2 + y2 ^ aj2)2 

2xy, x^ + y^-z^ 
(2xy + x^ + y^- z^)(2 xy - x^ -y^-\- sfl) 
[(a;2 + 2 xy + y2) - a!2 J [^-Q _ (a;2 _ 2 xy + y^)] (1) 

X + y, 25 Zy x — y 

(x + y + 2;)(x + y -«)(« + X - y)(« - x + y) 

This is the product of the sum and difference of two quantities. The 
quantities are 2 xy and x^ + y^ — «2 . their sum is 2 xy + x* + y^ — 2^2 . t^eir 
difference is 2 xy — x* — y2 + «2. 

Arranging these factors in the form of the difference of two squares, we 
have (1). The quantities of the first factor are x + y and z ; of the second 
factor, z and x — y ; their sums and differences respectively are x-\-y + z, 
x + y — z, and z + x — y, z — x-\-y. 

Note. The square brackets are necessary because the two factors are to 
be multiplied. 

Ex. 70. X* + x2y2 + y* 

(X* + 2 x2y2 + y4) - x2y2 (2) 

x2 + y2, xy 

(x2 + xy + y2)(«2-a;y + y2) 

Arranging this in the form of the difference of two squares, we have (2). 
The quantities are x2 + y2 and xy ; their sum is x* + xy + y2 ; their differ- 
ence is x2 — xy + y2. 

Note. The form x* 4- x2y2 + y* should be carefully analyzed. Exb. 7X to 
74 may be solved in the same way. 
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THE {m ±a)(x ±b) THEOSBM 
Proposition XXV. Theorem 

To multiply such expressions as x±a and x±h, for 
the first term write the prodiuct of the two first terms; 
for the second term, write the sum of the two last terms 
multiplied by the first term; for the third term, write 
the product of the two last terms. 

Let ufl take x-\-b and a; — 3. By multiplication in f ull^ 

X +6 
X -3 



a? + bx 
-3a; -15 

a2 + 2a;-15 

Examining the result, we see that x* is the product of x and a?; 
that 2aj is the sum of 4- 5 and -r- 3 multiplied by x\ that — 16 
is the product of + 5 and — 3. 

Hence, the principle, q.e.d. 

Find the product : 

75. (aj-6)(a? + 8) 81. (ax-5y)(ax + Sy) 

76. (a?-.3)(aj-7) 82. (bx ^ y) (bx -\- S y) 

77. (a?-9)(aj + 8) 83. (2x-Sb)(2x + 2b) 
7a (aj+8)(aj + 6) 84. (3 a^ - 3 6*) (3 a* -f- 4 &«) 
79. (a^-3)(a^ + 6) 85. (Sa + 5b)(3a- 3b) 
fla (x^2y)(x + Sy) 86. (4a^ + 22^(4aj«- 7y«) 
Ex. 81. (aa;-6y)(ax + 8y) 

The product of the two first terms is a^^ ; the sum of the two last terms 
multiplied by the first is 3 axy ; the product of the two last terms is — 40 ^. 
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THE (x±a)(x±b) THEOSSM 
Find the factors : 

87. aj*-.10aj + 16 9a a*-3a5-10&« 

8a 3p^-\-7x + 12 99. a? + 3xy + 2y^ 

89. a'~4a-f3 100. a V + H a5c -f 30 c* 

90. a* - 7a 4- 10 Id. a* - a5c- 30 W 

91. aj*-f6a?~7 102. l-a6c-30a%V 

92. a*-3a-28 103. a%V~a6c-30 

93. f-7y-lS 104. a%* + 7 a6aj + 10 ic» 

94. a* + 5a-84 105. a« + 3a«-4 

95. a*-7a + 12 106. > + 15c* -100 

96. 62-.9&-36 107. (a-6)«-10(a--6)+16 

97. a^a?-10abx + 16b^ loa (» - 2^)« + 3 (» - 3^) - 10 

Ex.87. aa-10a; + 16 

-2, -8 
(a;-2)(a;-8) 

We are to find two numbers whose product is 16 and whose sum is — 10 ; 
the numbers are — 2 and — 8 ; the factors are x — 2 and x — 8. 

Ex. 107. (a - 6)a - 10 (a - 6) + 16 

-2,-8 
(a - 6 - 2) (a - 6 - 8) 

We are to find two numbers whose product is 16 and whose sum is — 10 ; 
the numbers are — 2 and — 8 ; the factors are a — b — 2 and a — b — S. 

A monomial is an algebraic expression of one term ; a binomial, 
of two terms ; a trinomial, of three terms. 

Thus, a is a monomial ; a + & is a binomial ; a + 6 + c is a trinomial. 

The binomial theorem is the statement of laws by which a 
binomial may be raised to any power. 
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THS BINOMIAL TH£OSBM 
Proposition XXVI. Theorem 

The exponent of the leading letter in the first term of 
the product is the same as the exponent of the binom/iaZ 
and decreases by one in each succeeding term. 

The exponent of the second letter in the first term of 
the product is zero and increases by one in each succeed- 
ing term.* 

The coefpAslent of the first term is one; the coefp/Cient 
of the second term is the same a^ the exponent of the 
binomial; the coefficient of each succeeding term may be 
found by multiplying the coefficient of the preceding term 
by the exponent of the leading letter, and dividing by the 
exponent of the second letter increased by one. 

If the second term of the binomial is minus, the sign 
of every alternate term in the product, beginning with the 
second, is changed. 

(a±by 
(a±by 



a+b 

a^+2ah+V 
a 4-& 

a'6+ 2ay+y 
a 4-6 



(a±by 



a —b 

a2_ 2ab-\-V 

a —6 

- an)+2ab*^V 
a«-3a«&+3a6«-68 
a —b 

a^^Sa^b+Sa^V- a6« 

- a^b-^Sa^b^-Sab^-hb* 



a*+4a%-f 6a%2-|-4a6»4-&* (a±by a*~4a«6+6a%*-.4a6»-|- ¥ 



Hence, the principles, 



Q.E.D. 



* The second letter does not appear in the first term of the product ; hence, 
its exponent is 0. a + 6 may be written ab^ + 0^6 ; a^ + 2 a6 + 6* may be 
written a^b^ + 2 a6 + cfib^ ; and so on. See Prop. VIIL, p. 14. 
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THE BINOMIAL THEOREM 

Find the product : 

109. (a-f6)« 115. (1-fa)* 

HO. (a -by 116. (a-iy 

Ul. (a -by 117. (2x + Syy 

112. (a-f 6)« Ua {m-\-2ny 

Ua (a- 6)8 119. (2x''Syy 

114. (a;-fyy° 120. (a-f6)* 

Ex. 110. (a - 6)6 

(a - 6)6 = a6 - 6a*6 + 10a»62 - 10a268 + 6a6* - 6« 

We proceed as if the base were a + 6, and then change the sign of each 
alternate term beginning with the second. 

In the development of (a + &)• on p. 66, we observe that when the ex- 
ponent is odd the last half of the coefficients are the same as the first half in 
reverse order. Therefore, we may compute the first set of coefficients and 
write them in reverse order for the last set. 

Ex. 112. (a + 6)6 

(a + 6)6 = a6 + 6 a66 + 16a*62 + 20a868 + 160254 + 6a66 + 66 

In the development of (a + 6)* on p. 66, we observe that when the ex- 
ponent is even, the coefficients of the terms after the middle term are the same 
as those before this term in reverse order. Therefore, we may compute the 
first set of coefficients and write them in reverse order for the last set. 

Ex. 116. (1 + ay 

(1 4- a)* = 1 + 4a + 6a2 + 4o8 + a* 
Since 1 to any power is 1, it is not necessary to write the exponents of 1. 

Ex.117. (2x + 3y)* 

(2 X + 3 y)* = (2 X)* + 4 (2 x)8 (3 y) + 6 (2 x)2 (3 y^ + 4 (2 x) (3 y)« + (3y)*, 
or 16x* + 96x8y + 216 x^y^ 4. 216 xyS + 81 y*. 

Whatever is within a parenthesis is regarded as a base, 2x Is for a ; Sy 
is for 6« 
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Mnd the factors : 

121. a^-Sa'b + Sab^-l^ 122. a« + 3a% + 3a6« + 6« 

123. of -7 afiy + 21a^f ■-' S5a^ -^ 35a^y* - 21a^ '\- 7 a^ -- f 

124. a« + 6a'^ + 15a* + 20a» + 15a2-f 6a-|-l 

125. a«-5a*6 + 10a%«-10a*68 + 6afe*~6« 

126. a8 -f 8a'+ 28a« + 56a*+ 70a* + SGa^ ^2Sd'-^Sa + l 

Ex. 121. o8 _ 3 fljaft 4. 3 ^52 _ 58 

a, —b 
(a - 6)8 

The cube root of a" is a ; of —68 is —6 ; the factors are a — 6, a — 6 and 
a — b; the cube of a — 6 is the expression. 

THE x"±y" THSOSBM 

Since the exponents of cc* ± y** must be either odd or even, four 
types are possible. These are given below with the lowest type 
of each first. 

I. X -\-yf ^ -h y^, ixl^ + 1/^, ••• exponents odd, sign ^ + ' 

11. X —y, a:^ — 2/*, a^ — y*, ••• exponents odd, sign ^ — ' 

III. a^ + y^, aj* -f y*, a^ + 2/*, ••• exponents even, sign ^ + ' 

IV. 05* — ^, xl^ — y*, x^ — j^, ••• exponents even, sign * — ' 

The laws for the divisibility of these types are often stated 
as below, but it is better to merge them into one law, as in 
Prop. XXVII. 

The sum of the same odd powers of two numbers is divisible 
by their sum. The difference of the same odd powers of two 
numbers is divisible by their difference. The sum of the same 
even powers of two numbers is divisible by neither their sum nor 
their difference. The difference of the same even powers of two 
numbers is divisible by either their sum or their difference. 
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THE X" ±y" THEOREM 
Proposition XXVII. Theorem 

of ±Tf* is divisible by x±y if the lowest type is so 
divisible. 

The exponent of the leading letter in the first term of 
the quotient is one less than the exponent in the dividend, 
and decreases by one in ea^h succeeding term. 

The exponent of the second letter in the first term of 
the quotient is zero, and increases by one in each suc- 
ceeding term,* 

The coefficient of each term is one. 

If the divisor is x + y, the signs of the qiuotient are 
alternately * -V * and ' - '; if the divisor is x-y, the signs 
of the quotient are all ' + .' 

Let MB divide a?" -f y" by x -\-y and then hy x — y 

0? -h y ) a;** -I- y" (af "^ ■— o?**"^ a? — i/) «" + y^ (a?""* -|- mf^'^y 

of" + a^~*y a^ — Qff^~^y 

— a^~^ — af ~y a^~^ — aj*~ V 



Thus, a^ -h y" is divisible by a? ± y if a?""* -f j^"* is so divisible ; 
g5«-2 _!_ yn-% ig divisible by a; ± y if a^~* -h y""* is so divisiblp ; and 
so on to the lowest type. That is, a;" -h y" is divisible by a; ± y if 
the lowest type is so divisible. 

* The second letter does not appear in the first term of the quotient ; 
hence, its exponent is 0. The quotient of a^ — ^ by as — y may be written 
x6yo + a4y + acSys + xV + a;y* + ^^^ see Prop. Vni, p. 14, 
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Let vm divide of* — p^ by x -\-y and then hy x — y 

^ + y ) a?** — y" (a5**"~^ — a5""*y x — y)x^ — y** (aJ"~^ + aJ"~^ 
0^ + a^"~*2/ ^ — x^~^ 

— Qf^~hf — y* Qif*~^y — 2/** 

— af~^y — af^~^y^ af~h/ — af^~^ 

af^"^ — y* or QS^~hf^ — y" or 

Thus, af — y* is divisible by » ± y if »""' — y*~' is so divisible ; 
af*-2 _ yi»-8 ig divisible by » ± y if a5"~* — y*~* is so divisible ; and 
so on to the lowest type. That is, a?" — y is divisible by a? ± y if 
the lowest type is so divisible. 

If the division in each of the four cases is continued, the quo- 
tients are : 

(a?" ± ^) -8- (a? -f y) = Tf-^ — Qf-^y + af"y — a5""V + a*~V 

(aj* ± 2/») H- (a? - y) = a?—^ + »*"V + ^~Y -f «*"y + ^'Y + — 
Hence, the principles, q.e.d. 

Illustrations : 

a* - y* = (a - y) («* + a^y + a5*y^ + a^ + 2^) 

a^ — y" = (aj + y) (a^ — ^ + ar^ — o^ + ^ ~~ 3/*) 

= (aj~y)(a^ + ajV + ay + ay + i»y* + yO 

aj* -f y* is divisible by a? + y because the lowest type, a? + y, is 
so divisible; a^ — y* is divisible by a? — y because the lowest type, 
a? — y, is so divisible ; aj* — y* is divisible by either a; + y or aj — y 
because the lowest type, 7? — y^, is so divisible; aj^-j-y* is not 
divisible by a? + y nor by a? — y because the lowest type, aj* 4- y^, is 
not so divisible. 
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THS jr":^/" THEOREM 
Find the factors : 

127. a^ + f 131. nd^ — y^ 

128. 0^ — 3/* 132. a^ — 3^ 

129. a* — y* 133. x^-^y' 

130. a^-4-y* 134. a^ — f 

Ex. 129. ic4 - y4 = (a; + y) (jB« - a;2y + XV2 _ yS)^ or (x - y) (x« + x«y + 
a^ + y*). By the method of p. 62 the second factor of each set may be 
further resolved. Ans. (pfi + y^) (x + y)(x — y). 

Find the product : 

135. (x-\-y)(Qi:^-xy-\-f) 137. (x ^ y) {a? -^ a?y + ocf - f) 

136. (x'-y)(7? + xy + f) 13a (x - y) {t? -^t ^y -{- ^ + f) 

139. (x + y){of-y^ + v?f-7?f + xy^'-f) 

140. (a;-y)(a^ + a^2^-f iBy + aj*y» + icy*-fy«) 

Ex. 136. (x + y) (05^ — 5cy + y2) = 05^ — y«. Observe that the value of 
(* + y) (*^ 4- xy + y2) and the value of (x — y) (x^ — xy + y^) cannot be 
found in this way. 

The difference of the same even powers of two numbers may be 
factored more readily by regarding the binomial as the product 
of the sum and difference of two quantities. 

Find the factors : 

141. aJ* — 2^ 143. aj* — y8 

142. a"-/ 144. 0^0 — y^o 

Ex. 141. X*- y* = (x2+y2) {x^- y^) = (x^-\- y^) (x + y) (x - y). See Ex. 129. 

Ex. 144. xio - yio = (x* 4- y*) (x^ - y«) = (a; + y) («♦ - ic»y + xV - acy* + V*) 
(x - y) (x< + x«y + xV + xy8 + y*). 



149. 


H-a^ 


153. 


aj2-l 


150. 


l-m» 


154. 


a^ + 1 


151. 


l + m« 


155. 


ar^-l 


152. 


1-aj* 


156. 


ai»~l 
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Some binomials may be changed to the form of ±y^ and then 
factored. 

Find the fdctors : 

145. 16 a* -81 6* 

146. 32 a* -f 243 ft'^ 

147. 16aj*-81 
14a 27aj8-64i/3 

Ex. 145. 16a*-816*=(2a)*- (3 6)* 

= [2a-36];[(2a)8+(2a)2(3ft) + (2a)(36)2+(36)»] 
= (2a - 36) (8a8 + 12 0^6 + 18a62 + 27 68). 

A second solution. The first term of the second factor may be found by 
dividing the first term of the binomial by the first term of the first factor. 
Each succeeding term may be found by dividing the preceding term by the 
first term of the factor and multiplying the result by the second term of the 
factor. Thus, 16o*-^ 2a = Sa"; (8o8-f-2a)x 36 = 12 0^6; (12a26-^2a)x 
36 = 18o62; (18a62-^2a)x36 = 27 68. 

Ex. 149. H-x6 = 16 + a6= (1?+ x) (1 - « + «« _ sc? 4. x*) 

The sum of the same even powers of two numbers can be 
factored when the exponent has an odd factor other than 1. 

Find the factors : 

157. aj« + / 160. a^ + l 163. o^^ + y" 

3,58, a^^-^-y^^ 161. a^^ + 1 164. x^^ + t/^ 

159. a^-^-y^ 162. jB^-fl 165. a^-\-y^ 

Ex.157. «^+y«=(xHy2)(JC*-a;2yHy*); 6=2x3; 7fi+tfi={x^)^+(y^y, 

Ex.159. xi2+y"=(a*+y*)(a*-xV+y®); 12=4x3;xi2+j/i2=(x*)8+(y4)8. 

Note. Observe that the binomial factor has the even exponent and 
that the exponents of the second factor increase and decrease by this even 
number. 
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OTHSR CASES — FACTORS 

There may be a common factor in all of the terms. It may be 
found by inspection. 

Factor: 

166. 7a»-76« 171. 12a^-\-12a?f + 12t/* 

167. 4a2-.12a6 + 1662 172. 6a* + 66* 

16a 3a2-12a6 + 126« 173. 3aj« + 6a?-106 

169. 6a?-12ab-\-6b* 174. S aa? - 2^ axy + IS a f 

17a 12a^-24»y-f36a^ 175. 10 a^y - 20 «V + 30 aY 

Ex. 170. 12 a«y - 24 xV + 36 xy^ 

12 xy(aj2 _ 2 xy + 3 ^) 

12 xy is contained in 12 x^, x^ times ; in — 24 x^^, — 2 xy times ; in 
36 xy«, S^ times. 

There may be a common factor in at least two of the terms. 
Factor : 

176. a?-a*6 — a6* + 6' 182. a^ -j- bx + ax -\- db 

177. ax-^ay — xy — y^ 183. aj* + a^ -f a»^ + ^ 
17a by '\- bx ■— xy — a? 184. »*y* — ajV — 3^ + 2* 

179. aibc^ — axe -f bxc — a;* 185. a* — o?b — 06' -h 6* 

180. ax-^-by — bx-^ay 186. 6aW— 4aV— 36ar*+2&y2 

181. aV 4- aV— ^^^ — ^V 18^- «y — 2 m/i + 2my — nx 
Ex. 176. a8 - a26 - ad^ + h^ 

(o-6)(a + 6)(a-6) 

a^ is contained in a^, a times ; in a^&, — b times ; — 6^ is contained in 
— a6^, a times ; in + 6', — 6 times. 

a — 6 is contained in a^{a — &), a^ times ; in — 52 (a — 6), — 6^ times, 
a^ — 52 may be resolved into tlie factors a + 6 and a — 6. 
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HISCELLAN£OnS 

Perform the indicated operation : 

18a (l-f 3 aa?) (1 - 3 aa?) 193. (4a- 2fe)(4a -|-26) 

189. (3a;" — 3r)(3a^-f3r) 194- (4m'-f6n)(4m* — 6n) 

190. ^±^ 195. t±f 

191. ^ + ^^ -«- ^-^^ 



a; + 2 a; — 3 

192. (x-yf^ 197. (a + &)* 

19a (Q? + 2x-l)(a^-'2x-^l) 

199. (a"^** + 6"^") (a*"-*-" — ft*"-*-**) 

200. (a + 6)(a2-a6-f6^ 

201. (a-6)(a« + a«6 + a6* + 6») 

202. (aJ^ + j^X^^-fjOCa^ + ^/X^-y) 

203. (a* + a6-f&*)(a*-a6 + 6^(a4-&)(a-6) 

204. (a-c)(a + 6) 2ia (5a2^4)(5aj2_4) 

205. (7-a)(3-a) 211. (a -f 6)(a + 6)» 
20a (a + 8«»)(a-8ar») 212. (a-&)*(a-6) 
207. {x-^y-z){x-^y + z) 2ia (a* + 6*) (a» - 6^ 
20a (a + 6 + 3)(a + 6-7) 214. (a-h-^-cf 
209. (a; — y + 3«)(aj — 2/ — 6«) 215. (a — 6 — c — d)« 
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nSCBLLANBOUS 

Factor : 

216. iB2_j_(ct-c)aj-ac ,222. y* - {a^ '\- b^f -{- aV 

217. a^ + a?*-5a8-5ic2 223. (a*-f3a)2-14(a*-f3a)+40 

2ia aV-ay-6V-f 6V 224. (a* - 6*)* - m* - 2 mn - n« 

219. (6* + 24 6 -f 144) - 121 225. a^ ^2ay -\-f + 2a'h2y 

220. a^ -{- 22 ab + 121 b^ 226. a^ft* + 4 a6c - 45 c^ 

221. 25a2-4(6-f c)2 227. (a - 6)* - (c - c?)* 

22a 2mn~m*-w*-f a'-f62_2a6 

229. 64 a» + 240 a^ft -h 300 aft* + 125 6» 

230. 8 a'nW - 12 anV + 4 aVaj» 

231. (m*-f3m)2-14(m* + 3m)-f40 

232. a*-f62_^__^^2a6 + 2cd 

233. aj*-2«3^ + y2-f 9aj-9y + 18 

234. aa^ + axy — ba^ — bxy 240. 28 aJ^ + ^4 ic^y — 60 oj^ 

235. ar»-f 3ar^ + 3aj + l 241. a^ - 2 a?f -i- j/* 

236. a(a-c)-6(6-c) 242. 8 (a? + y)' - (2 a? - 3^)* 

237. 9a^-40ajy-f 16y* 243. aj« + 2ajy + / 

238. 9aj*-88aj*y«-f 16y* 244. (aj* + a? - 4)« - 4 

239. 9«*-|-24a^ + 16y* 245. 3aj»-12aj8y'- 4y« + 1 
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DIVISIBILITY OF NUMBERS 

Rules for the divisibility of numbers (integers) may be developed 
by the use of letters for numbers. The method of procedure is to 
find a literal expression for any number in the decimal system, 
to separate it into two parts such that the second part shall be 
divisible by the number in question, and to interpret the first part. 
Their proof is based upon the first of two self-evident truths : 

1. A factor of each of two numbers is a factor of their sum. 

2. A factor of each of two numbers is a factor of their difference. 

Proposition XXVIII. Theorem 

Any nwrvvber in the decimal system may he represented 
hy a + 10& + 100 c + 1000 d-¥ -- where a is the digit in units* 
order; b, the digit in tens' order; and so on. 

Every number in the decimal system is equal to its digit in 
units' order, plus 10 times its digit in tens' order, plus 100 times 
its digit in hundreds' order, and so on. 

Hence, the principle, q.e.d. 

Proposition XXIX. Theorem 

A numiber is divisible by 2 when the nwmber denoted 
hy its last digit is divisible by 2. 

Let a -I- 10 6 -f 100 c -h 1000 d-\ = any number. 

Let us separate the number into two parts such that the second 
part shall be divisible by 2. 

a I -f 106 -f 100c -I- lOOOd H = any number 

Since the second part is divisible by 2, the whole is divisible by 2 
if the first part is also divisible by 2. 

(A factor of each of two numbers is a factor of their sum.) 

The first part is the number denoted by the last digit. 

Hence, the principle, q.e.d. 

ELBM. ALO. — 5 
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DIVISIBILITT OF HUMBBRS 

Proposition XXX. Theorem 

A number is divisible hy 3 when the sum of its dibits is 
divisible by 3. 

Let a-f-10 6-fl00c-fl000d+ ••. = any number. 

Let us separate the number into two parts such that the second 
part shall be divisible by 3. 106 = 6 + 96; 100c = c-h99c; 
every subsequent term can be separated into two parts, of which 
the second part is divisible by 3 and the first part is the base 
taken once, because 1 with any number of ciphers is 1 more than 
a multiple of 3. That is, 

a-|-6-fc + d+...| -f96 + 99c-f999d+ ••• = any number 

Since the second part is divisible by 3, the whole is divisible by 

3 if the first part is also divisible by 3. 

(A factor of each of two numbers is a factor of their sum.) 

The first part is the sum of the digits. 
Hence, the principle, q.e.d. 

Proposition XXXI. Theorem 

A number is divisible by 4 when the number denoted 
by its last two digits is divisible by 4. 

Let a + 106-hlOOc-l- lOOOd H = any number. 

Let us separate the number into two parts such that the second 
part shall be divisible by 4. 100 c and each subsequent term is 
divisible by 4. That is, 

a-f 106| -flOOc-f lOOOdH = any number 

Since the second part is divisible by 4, the whole is divisible by 

4 if the first part is also divisible by 4. The first part is the 
number denoted by the last two digits. 

Hence, the principle, q.e.d. 
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Proposition XXXII. Theorem 

A. nurnher is divisible by 11 when the difference between 
the sum of its digits in the even orders and the sum of 
its digits in the odd orders is divisible by 11. 

Let a + 106 + 100c -f lOOOd H = any number. 

Let us separate the number into two parts such that the second 
part shall be divisible by 11. 10 6 = 11 6 - 6 ; 100 c = 99 c + c ; 
every subsequent term can be separated into two parts, the second 
of which is divisible by 11 and the other alternately ^ — 1 ' and 
' + 1 ' times the base, because 1 with an odd number of ciphers 
lacks 1 of being a multiple of 11 and 1 with an even number 
of ciphers exceeds by 1 a multiple of 11. That is, 

a — h-\-c — d^ |-fll6 + 99c + 1001 d-\ = any no., or 

(a+c+--) — (6+d+...) I -f 116-h99 c-f 1001 d+... = any no. 

Since the second part is divisible by 11, the whole is divisible by 
11 if the first part is also divisible by 11. The first part is the 
difference between the sum of the digits in the even orders and 
the sum of the digits in the odd orders. 

Hence, the principle, q.e.d. 

1. Prove that a number is divisible by 5 when the number 
denoted by its last digit is divisible by 5. 

2. Prove that a number is divisible by 25 when the number 
denoted by its last two digits is divisible by 25. 

3. Prove that a number is divisible by 8 when the number 
denoted by its last three digits is divisible by 8. 

4. Prove that a number is divisible by 9 when the sum of its 
digits is divisible by 9. 

Note. is regarded as being divisible by every number. has the nature 
of an even number as appears by naming the even numbers backwards: 
8, 6, 4, 2, 0, - 2, - 4 .... 
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HIGHEST COMMON FACTOR 

"Highest common factor" (H. C. F.) is used with letters in- 
stead of "greatest common factor" as in arithmetic, because it 
is impossible to tell which of two algebraic expressions is the 
greater. 

Thus, a* + &* IS higher than afl -\- 2 ab -\- b^ because a* has a higher exponent 
than a^, bat it is impossible to declare which is the greater. 

Pboposition XXXIII. Theorem 

27ie highest common fdctor of two or more quanMties is 
the prodiLct of all their common prime factors, each taken 
the greatest number of times it is fownd in all of them. 

By definition, the H. C. F. of two or more quantities is the 
highest expression that is contained in each of them without a 
remainder. Thus, the H. C. F. of a*6* and a'fe*, or of axjibhh and 
aaabb, is aabby or a*6*. 

Hence, the principle, q.e.d. 

It follows that it is necessary to resolve expressions into their 
prime factors in order to find their H. C. F. The subject natu- 
rally presents itself in two cases, where the expressions can be 
factored by inspection and where they cannot be factored by 
inspection. 

68 
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FACTORS BY INSPECTION 
Find the H. G. F. : 

1. IS a?b% 24a»6*, 36 aW 

2. 24 a^fta?*, 42 oo^, 18a»a^ 

a a« + 2a6 + &', a^-b\ a^-2aV)^ + b^ 

6. a«6V, a%V, a*6V, a^o^ 

6. a«-6«, a«-2a6-|-6^ a*-6* 

7. aj*-2aj-24, a^ + 9x-\-20 

a 12aaj»(a-6), 16aV(a2-6^, 8aV(a2-2a6 4-^) 

a af-V, a^-ab, a^-2db + l^ 

10. a? + 5x + 6, aj«-|-7aj + 10, 0^-1-12 a? + 20 

11. aj«-l, (a?-l)«, a»-l 

la a5*-3aj, a^-9, aj«~6aj + 9 

13. a?-l, a?*- 1, aj»-2a^ 4- « 

14. a* — db + ac — be, a* — oft — oc -|- 6c, ac — 6c 

15. 2aj« + 10aj4-12, 3aj*-3a?-18, 4a:2 + 24aj + 32 
la aV — a*, 2aaj^-|-2aaj — 4a, 4aaj^ — 12aaj + 8a 

Ex. 1. The H. C. F. of the numerical parts is 6 ; of the a% a^ ; of the 6^s, 
6* ; of the whole expressions, 6 a^b\ 

Ex. 8. a« + 2 aft + 6* =(a + 6)* 

a* - 6* =(a2 + 62)(a + 6)(a - 6) 
04 _ 2 a^fta + M =(a + 5)2(0 _ 5)2 

The H.C.F. of the (a + 6)'8 is a + 6 ; of the whole expressions, a + 6. 
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H.C.F. — HO FACTORS BY mSFECTRHI 

TI'biEm no tjfjzi^jnon factor can be found by ins^ieotion, it is neces- 
saiy to £>eek for lower expressions which have the same highest 
e^r^rnn^on factor because lower expressions are easier to analyze. 
They are fonnd by means of the next three propositions. 

Pbopositiox XXXIV. Thsorsm 

Multiplying cne of two ejcpressians by a number prime 
to the other does not affect their H, C F. 

3f oltiplying the first by a number prime to the second cannot 
introduce into the first any factor found in the second, and cannot, 
therefore, affect their IL C. F. 

Hence, the principle, q.e.d. 

17, Find expressions having the same H. C. F. as 2aE^— 7x + 3 
and3a5^ — 7« — 6. 

Ant. 2a5*-7x + 3 and 6a? -14x- 12. 2 is prime to 2x«-7x + 3; 
/.^/^-Ix-k-Z and (3a?-7x-6)x2 have the same H.C.F. as the 
original expressions. 

NoTB. These resalts are not lower than the original expressionB, but this 
process is a step toward such a condition. See p. 72. 

Proposition XXXV. Theorem 

Diidding one of two expressions by a number prim^ to 
the other does not affect their H. C, F. 

Dividing the first by a number prime to the second cannot take 
from the first any factor found in the second, and cannot, there- 
fore, affect the H. C. F. 

Hence, the principle, q.e.d. 

la Find lower expressions having the same H. C. F. as 2 ai^ — 7 a? 

+ 3 and 7aj— 21. 

Ans, 2 x^ - 7 a; + 3 and a; - 3. 7 is prime to 2 x^-1 a; 4-3 ; .-. 2 ac«-7 x+3 
and (7z-21)+7 have the same H. C.F. as the original expressions. 
See p. 72. 
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Proposition XXXVI. Theorem 

The highest common factor of two expressions is the 
highest com/Tnon factor of the divisor and of the remainder 
found by dividing one of the expressions by the other. 



Let 6 X 9 and 17 x 9 be two 
expressions of which 9 is the 
H.C.F. When 17x9 is di- 
vided by 6 X 9 the quotient is 
2; then, the remainder must be 
(17-12)9. 

To prove that 9 is the H. C. F. 
of 6x9 and (17-12)9. 

6x9)17x9(2 
12x9 



Let nF and mF be any two 
expressions of which F is the 
H. C. F. When mF is divided 
by nF the quotient may be q ; 
then, the remainder must be 
(m — nq)F. 

To prove that F is the H. C. F. 
of nF and (m — nq)F, 

nF)mF{q 
nqF 



{17-12)9 

9 is a common factor of 6 x 9 
and (17 — 12)9 by inspection. 
It is the H. C. F. if 6 and 17-12 
are prime to each other. This 
condition is met because 6 is 
prime to 17 by hypothesis and 
is a factor of 12. 



(m — vq) F 

jp* is a common factor of nF 
and (m — nq) F by inspection. 
It is the H. C. F. if n and m—nq 
are prime to each other. This 
condition is met because n is 
prime to m by hypothesis and 
is a factor of nq. 



(If a number is prime to one of two numbers but a factor of the other, 
it is prime to their sum or to their difference.) 

Hence, the principle, q.e.d. Hence, the principle, q.e.d. 

NoTB. At the left is given a proof for two particular expressions ; at the 
right, a proof for any two expressions. The particular proof may be made 
general by the statement. In a similar manner the principle may be demon- 
strated for any two expressions. 
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H.C.F.— NO FACTORS BY INSPECTION 

Find the H. C\ F. : 

19. 2a^-7x + 3 and 3a?-7x-6 

20. 4a^-16a?-t-15 and 4 a?* + 4 a? - 15 

21. iB»-5aj*4-llaJ-15 and 2aj»- 7 o^-j- 16aj- 15 

22. a3-4a«-f-9a-10 and a^ + 5a2_9a-t-35 

23. a»-2a2 + 2a-l and a«-3a* + 3a-2 

24. 2a8-5a2-5a-7 and 2a»-9a2 4-5a-t-7 

25. 2a3-a«-5a-t-3 and 2a«-a2-a-3 

26. 3iB»- 0:2-20? -16 and 2o:»-2o:2-3oj-2 

27. 6a3-t-13a2aj-9aaj2-10a;8 and 9a3-t-12a*oj-llaaj»-10«' 

Ex, 19. 2 x* - 7 X + 3)3 x2 - 7 x - 6( 

2 x* - 7 X + 3)6 x2 - 14 X - 12(3 
6xg-21x+ 9 
7X-21 
X- 3)2x«-7x + 3(2x-l 
2x^-6x 

-x + 3 
-x-f 3 

The H. C. F. of 2 x«-7 x+3 and 3x«-7 x-6 is the H. C. F. of 2 x«-7 x+3 
and 6x2-14x-12 (XXXIV). We do not, for the first step, employ 
XXXVI because the first term of the dividend, 3 x^, is not exactly divisible 
by the first term of the divisor, 2 x^. 

The H.C.F. of 2x2-7x + 3 and 6x2-14x-12 is the H.C.F. of 
2 a;2 _ 7 x + 3 and 7 X - 21 (XXXVI). 

The H. C. F. of 2 x2 _ 7 X + 3 and 7 X - 21 is the H. C. F. of 2 x^ - 7 x + 3 
and X - 3 (XXXV). 

The H. C. F. of 2 x^ - 7 X + 3 and x - 3 is x - 3 (XXXVI). .% x - 3 is 
the H, C, F. of the original expressions. 
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L. CM.— PRINCIPLE 

Proposition XXXVII. Theorem 

Hie lowest common multiple (L. C, M,) of two or rrwre 
ea^pressions is the product of all their prime factors, each 
taken the greatest number of times it is found in any one 
of them. 

By definition, the L. C. M. of two or more expressions is the 
lowest expression which will contain each of them without a 
remainder. 

Hence, the principle, q.e.d. 

It is evident that expressions must be resolved into their prime 
factors as a preparation for finding their L. C. M. 

FACTORS BY INSPSCTION 
Find the L. a M. : 

28. 18 a^^c, 20 a*6c8, and 40a%V 

29. ^ix?y^, 5iB*2/V, 15a^, and 20ary«' 

30. 21 ahhf, 35 a^aj^, 2Sc^ix?j/^y and Ucfa^ 

31. 10a^«, 20a^fz, and 25ix?y^ 

32. a?--f, a?-\-2xy + f, a?-{-f 

Ex. 28. 18 a^}^c = 2 . 2^a^l^ 

20a*6c» =22.5a*6c^ 

40 a268<^ = 28 . 5 a%^(^ 

The L. C. M. of the 2's is 2« ; of the 3's, 32 ; of the 6's, 5 ; of the o's, a* ; 
of the 6's, 68 ; of the c's, c8 ; of the whole, 28 . 3« • 6 a*68c8, or 360 a^lfiifi. 

Ex. 32. a;2 - y2 =(x + y){x - y) 

a;2 + 2a:y + ya = (a; + y)(a; + y) 

«8 + y« =(a; -f y){x^ - xy + y^) 

The L. C. M. of the (a; + y)'s is (a; + y)^ ; of the (x - y)'8, x - y ; of the 
(x2 - ay + ya)'8, flp" - xy + y3 J of the whole, (x + y)a(x - y)(xa - xy + y^). 
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L. CM.— FACTORS BY INSPECTION 
Find the L. C. M.": 

33. 12aj-36, a^-9, andaj2-5x-|-6 

34. 6 a:'(a - xf, 8 a* (a - «)», and 12 aV(a - a?)* 

35. aj^-t-ic — 6, ic* — 4a;-t-4, and as* — 9 a; 

36. a:2-3/», 3(x-y)«, andl2(»*-|-3^ 

37. a' + a5 -t- &*, a' — &*, and a — 6 

NO FACTORS BY INSPECTION 

When the expressions cannot be resolved into their prime fac- 
tors by inspection, it is best to get the H. C. F. of two or more of 
them and to find the other factors bj dividing each expression by 
the H. C. F. 

Find the L. C. M. : 

3a aj»-|-aj«-2andaj»-t-2aj*-3 

39. 6aj* — 5aa; — 6a* and 4 «* — 2 aa? — 9a? 

40. 4a*-5a6-t-&*and3a»-3a%-|-a62-&8 

41. 2«»-12a:2-|-19a?-12and2aj»-6x»-|-7aj-3 
42.aj»-9a* + 23aj-15and«2-8aj-|-7 

4a 6aj«-|-13aj-28andl2a^-31a; + 20 

44. 3aj«-13a; + 12,6a*-17aj-|-6,and5a^-t-3a;-2. 

Ex. 38. The H. C.F. of x» + x^ - 2 and x» + 2a;2 - 3 is x - 1. 
Hence, x» + x^ - 2 = (x - 1) (x^ + 2 x + 2) 

a4i + 2x2-3 = (x- l)(x2 + 3x + 3) 
(X - l)(x2 + 2x + 2)(xa + 3x + 3)= L. C. M. 
NoTis. The answers may be expressed afi the prodncts of their factors. 
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SOLUTION OF PROBLSMS 

1. To find the L. C. M. of two numbers, divide one of them by 
their H. C. F. and multiply the quotient by the other. Prove. 

2. Solve Ex. 38, p. 74, by the method of Ex. 1. 

a The product of the L. C. M. and H. C. F. of two numbers is 
the product of the numbers. Prove. 

4. The L. C. M. of two numbers is 360 and their H. C. F. is 12. 
Find the numbers by the use of the principle in Ex. 3. 

Let 12 X and 12 y equal the numbers, x and y being prime to each other. 
144 xy = 12 X 360 ; xy = 30 ; i.e., we are to find two numbers prime to each 
other whose product is 30. They are 1 and 30, 2 and 16, 3 and 10, or 6 and 6. 
12 X and 12 y are 12 and 360 ; 24 and 180 ; 36 and 120 ; or 60 and 72. 

5. The H. C. F. of two or more numbers is the product of all 
their common prime factors, each taken the greatest number of 
times it is found in all of them. The L. C. M. of two or more 
numbers is the product of all their prime factors, each taken the 
greatest number of times it is found in any one of them. By 
these principles, solve Ex. 4. 

The H. C. F. 12 = 23 . 3 ; the L. C. M. 360 = 2» • 3^ . 5. Therefore, 2 must 
be found not less than twice in each and 3 times in one ; 3, not less than once 
in each and 2 times in one ; 5, once in one of them. The possible combina- 
tions are : 

Onb Thb Othbb Onb Thb Othbb 

2».3a.5 22.3 22.32.6 2« • 3 

2«.3 .6 22.32 22.3 .6 2«.32 

6. A can walk around a half-mile track in 10 min. ; 6, in 12 min. ; 
C, in 15 min. If they all start from the same point, at the same 
time, and in the same direction, how many times must A walk 
around the track before they are all together at the starting point 
a second time ? Let x = number of times. 

7. Solve Ex. 6 by finding the number of minutes before they 
'are all together again. 
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PRINCIPLES 

Proposition XXXVIIL Theorem 
Multiplying the numerabar multiplies a fracticn. 

Multiplying the numerator multiplies the number of equal parts 
that are taken without affecting the size of the parts, and thus 
multiplies the fraction. 

Hence, the principle, q.e.d. 

Proposition X X XIX. Theorem 
Multiplying the denominator divides a fraction. 

Multiplying the denominator multiplies the number of equal 
parts into which the unit is divided, thereby dividing the size of 
each part without affecting the number of parts taken, and thus 
divides the fraction. 

Hence, the principle, q.e.d. 

Proposition XL. Theorem 

Dividing the numerator divides a fraction. 

Dividing the numerator divides the number of equal parts that 
are taken without affecting the size of the parts, and thus divides 
the fraction. 

Hence, the principle, q.e.d. 
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Proposition XLI. Theorem 

Dividing the dencfrriinator multiplies a fracbion. 

Dividing the denominator divides the number of equal parts 
into which the unit is divided, thereby multiplying the size of 
each part without affecting the number of parts taken, and thus 
multiplies the fraction. 

Hence, the principle, q.e.d. 

Proposition XLIL Theorem 

Multiplying both numeroitor and denomincutor by the 
same nurnber does not change the value of a fraction. 

Since multiplying the numerator multiplies the fraction, and 
multiplying the denominator divides the fraction, multiplying 
both terms by the same number first multiplies and then divides 
the fraction by the same number, and does not, therefore, change 
the value of the fraction. 

Hence, the principle, q.e.d. 

Proposition XLIII. Theorem 

Dividing both numjerabor and denominoibor by the same 
number does nab change the value of a fracbicfn. 

Since dividing the numerator divides the fraction, and dividing 
the denominator multiplies the fraction, dividing both terms by 
the same number first divides and then multiplies the fraction 
by the same number and does not, therefore, change the value of 
the fraction. 

Hence, the principle, q.e.d. 

Note. A general proof may sometimes be given without the representa- 
tion of numbers by letters. 
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PRINCIPLES 
Proposition XLIV. Theorem 

To multiply fracttons, multiply the numerators fcnr a new 
numerator and the denominators for a new denominator. 

To prove that b^d~b~^ 

(Multiplying the numerator multiplies the fraction.) 

Since c is d times -, multiplying by c is multiplying by a num- 

d 

ber d times too large and the result must be d times too large. 
Since the result is d times too large, it must be divided by d. 

g X c , ^ _ a X c . a c _ a x c 
b ' b X d " b d b X d 

(Multiplying the denominator divides the fraction.) 
Hence, the principle, q.b.d. 

Proposition XLV. Theorem 

To divide fractions, invert the divisor and proceed as in 

multiplication. 

a c _a d 
To prove that l d~b c 



h b X c 

(Multiplying the denominator divides the fraction.) 

Since c is d times -, dividing by c is dividing by a number d 

d 

times too large and the quotient must be d times too small. Since 
the quotient is d times too small it must be multiplied by d. 

a _, ax d a c a xd 
X d = 



b X c b X c b d b x c 

(Multiplying the numerator multiplies the fraction.) 
Hence, the principle, q.k.d. 
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TO LOWBST TERMS— BY INSPECTION 

A fraction is reduced to its lowest terms when both numerator 
and denominator are prime to each other. The result is obtained 
by dividing both terms by all their common factors. The subject 
divides itself into two cases, where common factors can be found 
by inspection, and where common factors cannot be found by 
inspection. In the latter case, we find the H. C. F. 

Reduce to lowest terms : 

2 Z2ab(? ^ a^^9a;-f-20 

' a* + 2a6-|-6« 24(aj«-|-3^) 

_ g' ~ 5 g 4- 6 , _^ a^ — y* 

• a* 4- 3a -10 ' v^-f 



g* 4- g*5* -t-6* oc^ — ax -{- bx — ab 

g»-h&' 16 a8^y4-cg-2gc 

• a^^a'b^'i-b* ' a'-^b^-c'^2ab 

^ g« + a^ 17 ia±bl--^ 

a^-\-2ax-\-ix^ ' (a'{-b-\-cy 

g^-6^ ^ (g-h&y-(c-hcZ)' 

' g* -f 2 g«i>2 4- ft* • (a -t- c)2 - (5 + d)« 

Ex 16 x^ ^ax — bx + ah _ (x — a)(x — b) _ x — h 

z^ — ax + bx — ab (x — a)(x + 6) x-\-b 
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TO LOWEST TSRMS — NO FACTORS BT INSPECTION 

Reduce to lowest terms : 



Sar^-f- 15a? -42 2a8-3a*-a-2 

2Q a?- 8a;« + 19a?-~12 ^ 5a^ -^20^ ^15x-6 



a;8_i0aj2^29a;-20 7aj»-4a;*-21» + 12 

Ex. 19. The H. C. F. is aj + 7. Dividing both terms by x +.7, |^-i|- 

005 — 6 

TO HIGHER TEEMS 

As a preparation for addition and subtraction, it is necessary to 
reduce fractions to equivalent fractions having a common denomi- 
nator. The result is obtained by multiplying both terms by the 
same expression. 

Reduce to equivalent frdctions having their least common denomi- 
nator: 

5a^b' 3aV 2ab ' a + fe' a«-&*' a-6 

24 A A. _A_ 2a ^ 3a? 4 -13 a? 
* 3a?' 5^' 7a^y 1 + 2a?' l-2a?' l-4a?2 

25 _i 3 5_ 23 __J 1 

•a._3'a?2-9'3a?4-9 " (a-5)(i>-c)' (a-b)(a-c) 

6 12 a?— 2 a?4-2 

26. -— ^^, --^, . _ 30. ^ 



2-2a?2' l-a?2' 3a?-3 ' a?^-}- 6a?4- 8' a?2-t-a?-12 

Ex. 23. The least common denominator (L. CD.) is 30a^6^ ; L. C. D. -j- 

6a26 = 6a62; ^ = i®«51 ; and so on. 

5a25 30a»6» 

Ex.29. TheL.C.D.is (a- 6)(6-c)(a-c); L.C.D. -^(a-6)(6-c) = 

a — c\ = a — c ^^^ g^ ^j^ 

' (a-6)(6-c) (a-6)(6-c)(a-c)' 
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TO WHOLE OR MIXSD NXTMBERS 

This is the case in division in which the dividend does not 
exactly contain the divisor. The quotient forms the integral 
part of the mixed number ; the remainder and the divisor form 
the fractional part. 

Beduce to a whole or mixed expression : 

31. il^' 



32. ^^^ 

6 

3a "^-y* 

Ex.86. (a*-aia)-&-(a;a + l) = a;-l+^:^^^-±-i,orx-l-4^- The 
latter is the better form. ^^^ ^ ^^ 



WHOLE OR MIXED NUMBERS TO FRACTIONS 

This is the case where the quotient, remainder, and divisor are 
given to find the dividend. We multiply the quotient by the 
divisor and add the remainder. 

Reduce to a single fraction : 

37. 5a« + ?|L^ • 40. a.-t-l+?|^ 

3a 4aj*2/* + ^ 41. a;-l-^ni 

39. aj^-ajy-t-y*-— ^ 42. 3aj-6-^^^:i5 

x-\-y ix?-\-2 

BXiEM. ALO. — 6 



34 


yS^^T^^l 


A. 


aj2-2 


35. 


7? — a? 
o^ + l 


3fi 


3aj»-5ar^ 


ov. 


a^-k-'Z 


"■*"*■ ^. or a; 1 
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ADDITION AND SUBTRACTION 

In addition and subtraction, the addends are reduced to fractions 
of like denominations and united. 



Simplify : 






^^ 2aj-5 3a;-ll 
^ 12 18 


47. 


Sz + 5y 2z-\-Sy 
6 4 


^ 2a-4-3 3a4-5 
**• 6 8 


4a 


2a4-6 5a-46 
3 c 12c 


„ 6 — 4a , a + 66 
■ 24a ' 306 


49. 


3aj4-5 3a;-l 
3 2 


^^ 2xy 4xy Sxy 
15 ' 5 7 


50. 


5aaj 2aaj 5aaj 
6 9 12 


-- Bx — l 3x- 
^^- 8 7 


-2 x-5 

' 4 




2x-^y 5x 
5 


+ 2^-321 
10 "^ 


05 4-16^ — 621 
15 


3a-46 2a 
^- 7 


— 6— c . 15a--4c a — 46 
3 12 21 


3a-t-l 26- 
■ 12a 86 


-1 4c-l 
' 16c 


6(Z + 1 
24 c2 


Ex. 43. 36 = L. C. D. 




3(2aj- 


6)_2(3a;-ll)D 




6x-15 




- 


-635 + 22 






7 






36 





12 is contained in the L. C. D. 3 times; 3 times 2x - 5 is 3 (2x - 6) ; 18 
is contained in the L. C. D. 2 times ; 2 times - (3 x - 11) is - 2(3 x - 11). 

The denominator belongs under each of these expressions and is indicated 
by D written at the right. 

By simplifying, the new numerator is found to be 7 ; the L. C. D. is written 
beneath it. 



Simplify : 
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a a . 3a^ 



55. 



56. 



57. 



5a 



59. 



60. 



61. 



62. 



^' l-2a l + 2a (l-2a)« 

Ex. 66. a^ - 6^ = L. C. D. 

a(a-6)-a(a + 6) + 3a2 D 

-a^-ab + Sa^ 
Sa^-2ab 
a^-b^ 

a + biB contained in the L. C. D. a — b times ; a — b times a is a(a — b) ; 
a — 6 is contained in the L. C. D. a -f 6 times; a+b times — o is —a^a-^b); 
a^ — 6' is contained in the L. C. D. once ; once 8 a^ is 3 a^. 

The denominator belongs under each of these expressions and is indicated 
byD. 

By simplifying, the new numerator is found to be 3 a^ — 2 ab. 



a-\-b 


a-b a?-h^ 




m-f n 


m — n 4 wi^ 


I 


7/1 — n 


m -f w vn? — 


n« 


5 


Zx 4- 
l-2ic 1- 


13 a? 


1-f 2aj 


.4a^ 


x-2a 


^x-\-2a^ 8 
x — 2a a^- 


ax 


x-\'2a 


-4.a^ 


3-x 
l-3ic 


S-\-x 1- 
l + 3a5 ' 1- 


1605 
9iB« 


11 


1 


aJ^-3/^ ^ 


('^-\-yy («- 


-3^)' 


a — x 


3a 2ax 

a-\-x a^ — a? 






5aJ + 7 
a^ + aj + l 


2 
aj-1 


l-f-2a 


l-2a 


8a 
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ADDITION AND SUBTRACTION 

Simplify : 

34 h-\-c c-j-g a-l-6 



(a — 6) (a — c) (6 — c) (6 — a) (c — a) (c — 6) 
gg 5-l-c g-l-c aH-6 



(a — 6) (a — c) (6 — c) (a — 6) (a — c) (6 — c) 

^ x-{-2 1 3 2 

iB»-aj 2aj + 2 2aj-2 a? 

Ex. 64. (a - 6)(a - c)(6 - c) = L. C. D. 

(6 + c)(b -c)'-ia'\- c)(a -c) + (^a + b)(a - 6) D 

- 6« + g' 

^ =0 



(a — 6) (a — c) (b — c) 

The L. C. D. must contain (a — &) (a — c) ; it must contain & — c and 
6 — a; we retain & — c, but not b — a, because & — a is contained in a — 6 ; 
the L. C. D. must contain c — a and c — & ; we do not retain them, because 
e — a is contained in a — e ; and c — 6, in & — c. 

(a — b)(a — c) is contained in the L. C. D., b — c times ; b — c times 
6 + 6 is (6 + c)(6-6). 

(6 — 6)(6 — a) is contained in the L. C. D. — (a — c) times ; — (a — c) 
times (a + c) is ^(a + c){a — e). 

(c — a) (c — 6) is contained in the L. CD. (a — 6) times ; (a — 6) 

times a + 6 is +(a + &)(a — 6). 

By simplifying, the numerator becomes ; hence, the result is 0. 

Note. As a preparation for the solution of such examples, they may be 
written in symmetrical form. Thus, the denominator of the first fraction 
is arranged symmetrically already ; in the denominator of the second, b — a 
occurs instead of the symmetrical form, a — b. Both terms of the second frac- 

— a — c ^^ a + c 



tion may be multiplied by - 1, making "^^ , . or — — — , 

(6 — c)(a — 6) (6 — c)(a — 6) 

and so on. 



Simplify: 
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MULTIPLICATION AND DIVISION 

a? — 4: ocy — 21 y^ aj* — 43^ 
^^- a?-2xy + f' x-y 



1 12 
« — 1 — 



^ ^ ,_^ 12 ^^' 1 ^ 1 



aj + 3 1 — a 1 +a 



72. g^-y a'4-y 74, 



4a& 



g-f 6 g — 6 ij.^!jlli^ 

g — 6 g-f 6 2g6 

\^a» 4- 2>' g - 6 y g2 - g6 + 6* 
(gH-3y)(a! + 2y)^^ g(g-7y) _ x 



Ex. 68. ^ ^^C) — T-7^ X 



(a;-7y)(x+8y) (a; + 2y)(x -2y) a;-2y 

. ._ (a; + 8)(a;-l)-12 _ a;« + 2g-16 _ z4-5 
^ ^~(a;-6)(a; + S) + 12" x^-2x-Z "x+l 

We multiply both numerator and denominator by the least common mul- 
tiple of the denominators of both terms, or by a; + 3. We could have reduced 
each term to a fraction, inverted the divisor, and proceeded as in multiplication. 

^^•^2- (> Sr364 ^TTP 

X ~ 



a* -6* 4a6 a^ + fea 

When the least common multiple of the denominators divided by any 
denominator gives a long quotient, it is best to proceed in this way. 
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MISCELLANEOUS 

Simplify : 

• f^^y-m '(^4.2y-16 7^-\-Qy) 

6a^-j-27a^-j-21a-9 (a!» - a^ (ar^ + a^ 

' 6a» + 10a2-30a + 8 * a^-a^ 

^ a^ - a^ + a» - yg 03 4a?^-9y^ 

Q?'\-^ -\-xZ'\-yz ' {2x — 3yy 

m — w , wM-w g 4- ag a — x 

«^m + w m — 71 «B<* — 3J a + a; 

oQ. _^— ^— ^— — o9. 

m — n m-^-n 4aa; 



m + nm-rw a^ — t? 

a^ + 5a;4-6 g'-9a; + 20 

87 «-46 3a-h56 . 2a-36 Sa-7b 

4a 6a 8a 3a 



aa 4a» 2__ 2a 



89. 



a* + a2 + l a^ — a + l a^-\-a + l 
2aj — 6 aj4-2 aj-f-l 



a:24-3a; + 2 aj*-2a;-3 a^^^j^g 



90. -=; --\-- rir, h 



91. 



(a — 6) (a — c) (6 — c) (6 — a) (c ■— a) (c — 6) 
m* — bx mx — h^ mb — a^ 



(m -f 6) (m 4- a;) (6 4- a?) (^ H- wi) (a; -\-m)(x-\- b) 
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SOLUTION OF PROBLEMS 

Multiplying or dividing both members of an equation by the 
same number cannot affect the equality. 

Thus, i = i*+ 1 ; multiplying both members by 6, 5 = 3 + 2. 

1. One half of A's money plus J of his money is. $100. State 
the relation. 

2. Solve the equation of Ex. 1 by uniting the fractions. Solve 
by clearing of fractions ; i.e., by multiplying both members by 6, 
the least common denominator. Which method do you prefer ? 

Uniting First Clbabing First 

1 + 1 = 100 1 + 1 = 100 

|x = 100 3x+2x = 600 

x = 1004-5 5x = 600 

6 
= 120 X = 120 

3. Find how much A had in Ex. 1 by the indirect method. Do 
you prefer the direct or the indirect ? 

One half of A^s money plus } of his money is ^ of his money ; since { of 
his money is $100, I of his money is ^ of (^100, or (^20 ; }, or the whole, is 6 
times $20, or $120. 

4. Find the number whose third and fourth parts together 
equal 14. 

5. Find the number whose third part exceeds its fourth part 
by 5. 

6. A stake is ^ in the mud, f in the water, and 18 feet above 
the water. What is the length of the stake ? 

7. One third of a number added to 3 times the number is equal 
to 50. What is the number ? 

a Three fifths of a certain number exceeds | of it by 7, 
What is the number ? 
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SIMPLS PROBLSHS 

9. Divide 207 into two parts such that \ the greater shall 
exceed ^ the less by 3. 

Let as = the greater, 116 

then 207 - X = the less, 01 

X 1 

^ = -, the greater 

4 4 Proof 

I (207 -«)=?, the less 1. '116 + 01 = 207 



7^ ' r 

|-f(207-x)=8 (1) 



2. }olll6-f of 01 = 3 



7a;-.8(207-a;) = 84 

a; = 116 

Explanation. Let x equal the greater ; then 207 — x must equal the less, 

X 2 
because their sum is 207 ; - — - (207 — x) = 3, because ^ of the greater ex- 

4 7 
ceeds f the less by 3 ; whence a; = 116, the greater ; and 207 — as = 01, the less. 

Proof. The first condition is that their sum is 207 ; the sum of 116 and 
01 is 207. The second condition is that \ of the greater exceeds f the less 
by 3 ; ^ of 116 exceeds f of 01 by 3. 

NoTB. We multiply both members of (1) by 28, the least common de- 
nominator. 

10. Solve Ex. 9 by letting x equal the less. 

11. A man spends | of his yearly income for house rent^ ^ of 
the remainder for provisions, J of the remainder for miscellaneous 
expenses, and lays up $240. Find his income. 

12. A son's age is | of his father's age, but in 16 years he 
will be ^ as old as his father. Find the present age of each. 

la What is the time of day if | of the time before noon equals 
the time since midnight ? • 

14. A spent ^ of his money, then received $ 8 ; after spending 
J of the sum, he had $ 40 remaining. How much had he at first ? 

15. B is 72 years old, and | of his age is equal to C's age. How 
long is it since B was 5 times as old as C ? 
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SIMPLE PROBLEMS 



16. In a mixture of wine and water the wine was 25 gallons 
more than ^ of the mixture, and the water 5 gallons less than ^ 
of the mixture. How many gallons were there of each? Let 
X = gal. in mixture. 

17. Twelve men engaged a supper for $ 20 ; but before paying 
the bill a number of them withdrew, by which each person's bill 
was increased f |. How many withdrew ? 

la Out of a full cask of wine, ^ part had leaked away ; after- 
wards 10 gallons were drawn out, when the cask was found to be 
I full. How much did it hold ? 

19. Eight persons hired a coach for $ 48 ; but before starting 
they took in an additional number, by which each person's bill 
was diminished $ 2. How many were added ? 

20. A's age 10 years ago was ^ of what his age will be 10 years 
hence. Find his present age. 

21. A man bought a cow, a colt, and a horse. The cow cost 
9 40 ; the colt, as much as the cow and ^ as much as the horse ; 
and the horse, | as much as the colt and cow together. What 
was the cost of each ? 

22. Find the number the sum of whose ^, ^, and ^ exceeds the 
sum of its I, J, and | by 482. 

23. If a certain number is increased by 2, the sum multiplied 
by 3, the product diminished by 4, and the remainder divided by 
5, the result is 4. What is the number ? Let x = the number. 

24. Solve the example indirectly. It will be necessary to begin 
at the end and to proceed backwards. If the result is 4 after the 
division by 5, before such division the number was 5 x 4, or 20 ; 
and so on. 

25. State clearly the difference between a direct or algebraic 
solution, and an indirect solution or solution by analysis. 
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PROBLEMS — BUYING AND SELLING 

26. A boy bought apples at 3 for a cent and the same num- 
ber at 2 for a cent ; he sold them at 5 for 2 cents and thereby 
lost 10 ^. How many of each kind did he purchase ? Solve both 
directly and indirectly. 

Let X = the number of each kmd, 300 

- = cost of one kind in cents * 
3 

- = cost of other kind in cents 
2 

2 X — =^ = selling price of both kinds in cents 
5 

6a_4x _ ^Q 

6 6"" 

x = 300 

Note. The indirect solution is quite simple after the plan of procedoie 
has been discovered, but more skill is required to form the plan. 

27. A woman sold eggs and apples; the eggs were worth 5 
cents a dozen more than the apples, and 8 dozen eggs were worth 
as much as 13^ dozen apples. What was the price of each per 
dozen ? 

2a A girl bought one dollar's worth of postage stamps, receiv- 
ing a certain number of five-cent stamps, 3 less than 2 times as 
many two-cent stamps, and 2 less than 3 times as many one-cent 
stamps. How many stamps of each kind did she buy ? 

29. If I gain 1 ^ apiece by selling oranges at 60 ^ a dozen, how 
much apiece do I gain by selling them at 54 ^ a dozen ? 

30. By selling oranges at 5 ^ each, I shall lose 12 ^ ; by selling 
them at 8 ^ each, I shall gain 24 ^. How many oranges have I ? 

31. I sell 12 melons for a certain price ; had I sold 4 more for 
the same money, the price of each melon would have been dimin- 
ished 4 ^. For how much did I sell each melon ? 

32. A boy bought apples at a for a cent, sold them at h for a 
cent, and gained c cents. How many apples were there ? 
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PROBLEMS — PSRCBNTA6E 

3a A farmer had 150 sheep and sold 60 of them. What per 
cent of the whole did he sell ? 

34. A farmer sold 60 sheep, or 40% of his flock. How many 
did he have at first ? Let x = number at first. 



33 Ex. 34 

Let a; = per cent, 40 Let a; = number at first, 160 

^ X 150 = number sold .40 x = number sold 

60 = number sold 60 = number sold 

xl 
100 



-?-x 150 = 60 .-. .40a; = 60 



150a;=:6000 a; = 60-^.40 

a; = 40 a; = 150 

35. A dealer bought a horse for $90 and sold him for $99. 
What per cent did he gain ? 

36. A man bought a farm for $ 2000. At what per cent above 
cost must he sell it to gain $ 400 ? 

37. An agent's commission from the sale of goods was $200 
at 2%. What was the selling price ? 

3a In percentage the base is J5; the rate, R; and the percent- 
age P. Find R in terms of P and B. Solve Ex. 33 by substitut- 
ing in this formula. 

39. Find B in terms of P and R, Solve Ex. 34 by substituting 
in this formula. 

40. What per cent of my investment will I realize by buying 
6% stock at 115 ? Let x = the per cent. 

41. Suppose 10% state stock is 20% better in market than 4% 
railroad stock ; and A's income is $ 500 from each. How much 
money had he paid for each, the whole investment bringing 

42. A farmer had a sheep and sold b of them. What per cent 
of the whole remained ? 
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PROBLEMS — PERCENTAGE 

43. By selling a horse for $99 a dealer lost 10%. How much 
did the horse cost ? 

44. By selling a horse for $99 a dealer gained 10%. How 
much did the horse cost ? 

Ex. 43 Ex. 44 

Let X = cost in tj^, 110 Let x = cost in 9, 90 

.10 a; = loss in $ .10 g = gain in (j^ 

.00 a; = selling price in (^ 1.10 x = selling price in ^ 

09 = selling price in ^ 99 = selling price in ^ 

.•. .90a; = 99 .-. 1.10a; = 99 

X = 110 a; = 90 

45. By selling silk for $330 I gained 10%. What was the 
cost? 

46. By selling silk for $270 I lost 10%. What was the cost? 

47. A merchant marked goods at 20% above cost and sold them 
at this price for $ 240. What was the cost ? 

4a A merchant marked goods at 20% above cost and sold them 
at a reduction of 10% from the marked price for $1080. How 
much did he gain ? 

49. An agent's commission at 2% for purchasing goods, plus 
their first cost, is $ 1020. What was the first cost ? 

50. By selling goods for $376 a merchant gained 25%. What 
would have been the selling price if the gain had been 20% ? 

51. By selling goods for $375 a merchant lost 26%. What 
would have been the selling price if the loss had been 20% ? 

52. A man sold an article at 20% loss ; had it cost $ 300 less, 
he would have gained 20%. What was the cost ? 

53. A quantity of sugar was sold at 10% gain; if it had cost 
$ 120 more, the same selling price would have entailed a loss of 
10%. Find the cost of the sugar. 
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PROBLSHS — SIMPLE INTBSSST 

54. At what rate will $ 50 amount to 965 in 5 yr. at simple 

interest ? 

Let X = number of per cent, 6 

60 X 5 X -^ = — = interest in dollars 
100 2 

60 + 5^ = 66 
2 

2 = 6 
ExPLANATioir. Let x equal the number of per cent ; the gain in dollars of 

$ 50 in 5 yr. at x per cent is 60 x 5 x — , or — : the amount in dollars is 

6 6 ^ 

50 + -^; /. 60 + — = 66; whence x = 6, the number of per cent. 

Pboof. The condition is that the 960 shall amount to (^66 in 6 yr. In 
5yr. at 6%, $60 amounts to (^66. 

55. At wliat per cent will $ 100 gain $ 18 in 3 yr. ? Let aj=the 
per cent. 

56. In what time will $ 125 gain $ 22.50 at 6%? Let a; = the 
number of years. 

57. Find the time in which $ 340 will produce $ 13.60 interest 
at 5%. 

sa What principal will gain $22.60 in 3 yr. at 6%? Let 
X = the number of dollars. 

59. At what per cent will a sum double in 10 yr. ? 

ea At what per cent will $ 260 amount to $ 289.90 in 2 yr. 
3 mo. 18 da. ? 

61. What principal will amount to $ 289.90 in 2 yr. 3 mo. 18 da, 
at5%? 

62. In what time will $ 260 amount to $ 289.90 at 5% ? 

63. At what per cent will P dollars gain 1 dollar in t years ? 

64. In what time will P dollars amount to A dollars at r% ? 

65. At what rate will P dollars amount to A dollars in t years ? 
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ONE UNKNOWN QUANTITY 

An equation containing one unknown quantity is of the first 
degree if the only exponent of the unknown quantity is one. To 
find the value of the unknown quantity, it is necessary to reduce 
the equation to the general form, ax = bf and to divide both 
members by a. Thus : 

FiBST Degree Form €tx= b Divided by a 

1. 3x + 2 = 20, 3x = 18, x= 6 

2. 3aj-4 = x + 6, 2x = 10, x= 6 

The principles which govern these operations have been illus- 
trated and practiced in the solution of preceding problems, but it 
remains to prove them and to apply them to complex expressions. 

1. To reduce to the form, ax = b, it may be necessary to trans- 
pose the terms containing the unknown quantity to the left-hand 
member and all other terms to the right-hand member. 

Proposition XL VI. Theorem 

To transpose a term from one mernber of an equaMon to 
the other, change its sign. 

Let UB take oo; — 6 = 

To prove that ax = b 

Adding the same quantity to both members of an equation cannot 

affect the equality. By adding b to both members of cue — 6 = 0, 

we obtain ajx:=b. 

Hence, the principle, q.b.d. 
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Find the value ofx : 



1. ax—a = cx — c 



2. ax-\-bx = cx — d 
a. <zx-\-c = bx — 2c 



4. 2x-\'hx — a = Sx — 2c 

5. ax — C'\-d = bx-\'2d 

a 56c -8aa: = 10ax — 136c 



Ex. 6. 


ax — c + d=:bx-\-2d 


Transposing, 


ax — bx = c — d-^2d 


Uniting, 


(a — 6) X = c + d 


Dividing by a — 6, 


«=«+f 



i^ind tJie value of x : 

7. (aj-2)(7-aj)-f (»-5)(a:-|-3)-2(a;-l) + 12 = 15 
a 8(aj-'3)-6(a;-7) = 2(a5-f2)-|-2(aj-5) 
9. n = 6aj — a (c — »). 10. m = a(aj — 6) -f ca; 

U. (a;-l)(aj-2)(a;-f4) = (a; + 2)(aj-f3)(a-4) 
12. 14-a;-6(a;-3)(a-f2)-f (5-a?)(4-5a)=46a-76 

Ex. 7. (X - 2)(7 - x) + (a; - 6)(x + 3)- 2 (x - 1) + 12 = 16 



7x-x-^' 




' 14 


2x 




15 


3x + xa 


.. = ^ 


- 2 


-Sx 




-12 


-2x J 




16 

V 


6x = 30 




x = 


6 



It is well to transpose each term at the instant of multiplication. See p. 34. 

xx7 = 7x;xx~x = -x*; ~2x7=— 14, transposing, -}- 14 ; — 2 x 
~x = 2x;xxx = x2;xx3 = 3x; — 6xx = — 6x; — 6 x 3 = — 16, trans- 
posing, + 16 ; and so on. 
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CLEARING OF FRACTIONS 

2. To reduce to the form oa; = 6, it may be necessary to clear 
the equation of fractions. 

Pboposition XL VII. Theorem 

To clear an equation of frojctions, multiply both mem- 
bers by the lea>st common multiple of the denoTninaiors. 

Multiplying both members of an equation by the same number 
cannot affect the equality. 

Multiplying each term by the least common multiple of the 
denominators must give an integer for each product, and must, 
therefore, clear the equation of fractions. 

Hence, the principle, q.e.d. 

Find the value of x : 

,^ Sx , x-3 Sx S-Bx ,« 2aj 22 a? a 
13. — -\ = 18. = 

2^3 46 6 362 

.. 2x Sx o .- Sx X 2x , 4S 

Sx-T 3x-5 _ 5 x-1 a;-2 _ a;-3 , 3 

4 3 "12 3 4 "" 5 "*"10 

2X'-S Sx-T ^ 3 a^-i x'-\-l ^ Ba^-^x 

5 4 5 ' 3 8 24 

__ 2a;-l . 6x-4: _ 7 x-\-12 „ 3a;-4 _ 6a;-5 . 3ar-l 
^^- '^~^~7~'"^r' ^ ~2 "T""*"~16~ 

Tj,^ 1Q Sx . x—S Sx S — 6x 

Multiplying by 12, 18a; + 4 (a; - 3)= 9x - 2 (3 - 5x) 

a; = 2 

x — S 
Note. In multiplying - — - by 12, it is better to indicate the result as 

•5 

4 (a; — 3) than to perform the multiplication in full, because there is less 
liability to err. 
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Find the value ofx: 



aj-a a? -6 6a;+12 8aj-10 6(a?+2) 

6a;-j-l 2a;-4 ^ 2a;~l I . _5_ = A 

15 7aj-16 5 * 8"^3-aj 21 

^ :^ + -^ = T^ «^ -^ = ^-^ 

aj»-l aj + 1 1-aj a; + 6 4 4 

Ex.23. ,^-^^ + .^L-^=:0 

1-x 1 + x x2_i 
(l-x)(H-aj) = L.C.D. 
Mul. by L. C. D., 8(1 + x) -2(1 - x) - 1 = 

x = 

NoTB. -5— X (1 -xa)= 3(1 + x)...-i-- X (1 - {B«) = - 1 
1 — X x^ — 1 



The device illustrated in Ex. 64, p. 84, of arranging the terms 
in symmetrical form, is often employed as a preparation for clear- 
ing of fractions. Thus, 

Ex. 23. Multiplying both terms of by — 1, we obtain ~ , or 



1 
— =— - , and we may write the equation, 

1 — X* 



1 =0 



1-X l+X 1-X2 

Clearing of fractions, we obtain the same result as above. It is simpler to 

multiply than —-= — by 1 — x*, but this gain does not offset the 

*^l-xa x^-l 

labor of arranging the terms. 

ELBM. ALG. — 7 
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CLEARING OF FRACTIONS 

2. To reduce to the form ax = b,it may be necessary to clear 
the equation of fractions. 

Proposition XLVII. Theorem 

To clear an equation of fra/^tions, multiply both mewr 
hers hy the leaM common multiple of the denomiTiators. 

Multiplying both members of an equation by the same number 
cannot affect the equality. 

Multiplying each term by the least common multiple of the 
denominators must give an integer for each product, and must, 
therefore, clear the equation of fractions. 

Heuce, the principle, q.e.d. 

Find the value of x : 

3a; a;~3 _3a; 3-5a; .^ ^_??_?_? 
2 "^ 3 " 4 6 5 3 ""6 2 

-- 2x 3aj o .^ ^x X 2x , 46 

"• T"T = "^ ^^^"5 = ^ + 21 

"• ~4 3~"i2 ~3 r"""5""^i0 

2a;--3 3g-7 ^ 3 ^ a?-l g' + l ^ gg'-a? 

5 4 5 • 3 8 24 

-_ 2a;- 1 . 6g~4 _ 7a;4-12 «^ 3a;-4 _ 6a;-5 . 3ar-l 
~5~"^^^ ir~ ^- ""2 8~'^""l6~ 

Ft 1 Q §^ 4. ^ ~ 3 _ 3^ __ 3 •— 5x 

23-4 6 

Multiplying by 12, 18 x + 4 (a; - 3) = 9x - 2 (3 - 6 x) 

x = 2 

Note. In multiplying by 12, it is better to indicate the result as 

»■> 

4 (x — 3) than to perform the multiplication in full, because there is less 
liability to err. 



EQUATIONS OF THE FIRST DEGREE 97 

Find the value ofx: 

24. -i?^ = ^L. 2a 11 ^ -1^ 



x-a x-b 6aj4-12 8a;-10 6(a?4-2) 

25 6a?4-l 2a;-4 ^ 2a;-l 7 3 ^5 

' 15 7aj-16 5 ■ S S-x 21 

ar — 1 aj + l 1 — « x-{-o 4 4 

Ex.23. _§__^^ + .^_=0 

1-a 1 + x a^-l 

(l-x)(l + a;) = L.C.D. 
Mul. by L. C. D., 3(1 + x) -2(1 - x) - 1 = 

x = 
NoTB. -5— X (1 -xa)= 3(1 + x)--T^ X (1 - x2) = - 1 

1—05 X^ — 1 



The device illustrated in Ex. 64, p. 84, of arranging the terms 
in symmetrical form, is often employed as a preparation for clear- 
ing of fractions. Thus, 

Ex. 28. Multiplying both terms of —^ — by — 1, we obtain ~ , or 
• J X* — 1 1 — X* 

, and we may write the equation, 



1-aJ^ 

3 2 1 



= 



1-X 1+X 1-X2 

Clearing of fractions, we obtain the same result as above. It is simpler to 

multiply — r than by 1 — x^, but this gain does not ofEset the 

1 — X* x^ — 1 

labor of arranging the terms. 

SLEM. ALO. — 7 
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CLEARING OF FRACTIONS 

A. Before clearing of fractions, it is often of advantage to 
unite the terms of each member separately. Denominators some- 
what alike should be transposed to the same member before the 
terms are united. See Exs. 33 and 35. 

Find the value of x : 

x — 1 X--2 oj — 3 a — 4 



3L 



32. 



x — 2 x — S a; — 4 x — 5 

1 1^ 1 1_ 

x — l x — 2 x — 3 x — 4: 



33 2x-5 x-3 ^ 4:X-S 11 
5 ■^2a;-15 10 10 

34. -^+-l- = -l-.+ ^ 



aj — 7 x — 9 x — 5 x — S 

ex-\-7 2x-2 ^ 2x + l 
' 15 7x-6 5 

^ x-7 2x-15 1 



x^7 2aj-6 2(0? + 7) 
Ex. 31. 

(X- 8)(x - l)-(a: - 2)2 D (x - 6)(x - 3)-(x -4)2 D 

x2-4x + 3 x2-8x+16 

-x2 + 4x-4 -x'-f 8x-16 

-1 -1 



(x-2)(x-3) (x-4)(x-6) 

1 _ 1 

(x-2)(x-3) (x-4)(x-6) 



(1) 



Uniting the left-hand member, we obtain — — — ; the right-hand 

_ (x-2)(x-3) 

member, = . Multiplying both members by —1, we obtain (1). 

(x — 4) (x — 6) 

Clearing of fractions and reducing, we find that x = 3^. 
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B. Before clearing of fractions, it is often wise to reduce the 
fractions to mixed numbers. To discover whether this device is 
of value, the example should be inspected to see if the integral 
parts of the mixed numbers will cancel. 

Find the value ofx: 

3aj-l 4.X-2 1 



37. 



2aj-l 3a;-2 6 



x — i aj+l. 

ax^th 3 6 a V 4- 6' 



39. 



40. 



ax-h ax^h aV-b" 

x — 1 X — 2 _ x — 4: X — 5 
X'-2 a? — 3 x^5 a; — 6 



41 2a? 5 2x — 6 _2 

' 2aj4-l 2a;-l 2a;4-l 

g-f 2 x — 1 a;4-3 __ a?--6 

X cc — 5 x-\-l oj — 4 

^ a?~l x+1 ^ 2(p^^4.x^r) 

X'-2 X'\-2 (x-^Qf 

x x — 1 2 a? — 6 X — lb 



45. 



a.-.3aj-5 a:*- So? + 15 

4a;« + 4a;'4-8a;-f-5 _ 2a;^ + 2a? 4-1 
2ar* + 2a?4-3 a? + l 



Ex.37. 1 + — ^-1- 



2a;-l 3x-2 6 

a; g __1 

2x-l 8a;-2"6 

By inspection, we discover that the integral parts of the mixed numbers 
(1 and — 1) will cancel. 

^"' = 1 + — - — ; the minus sign before the original fraction changes 
3x — 2 3x — 2 

the sign of each part of the mixed number. 
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SOLUTION OF PROBLEMS 

1. A man was hired 50 days ; for every day he worked he was 
to receive 75 cents, and for every day he was idle he was to pay 
25 cents for his board ; at the expiration of the time he received 
$ 27.50. How many days did he work ? 

Let X = no. days he worked, 40 

60 — X = no. days he was idle, 10 

Peoop 
76 a; = cents received for labor 
«.,.^ X ... , . 40x $.76-10 X ^.26 = 

26(60 — x) = cents paid for board «27 50 

75 a: - 26 (50 - «) = 2760 
a; = 4b 

Explanation. Let x equal number days he worked ; then 60 — x must 
equal the number of days he was idle, because he agreed to work 60 days ; 
75 X equals the number of cents he received for his labor, and 25 (60 — x) 
the number of cents he paid for board ; 75 x — 25(50 — «) = 2760, because he 
received in all 2760 cents ; whence x = 40. 

Proof. The condition is that for the whole time he received $27.50; 
40 X $.76 - 10 X .$.25 = $27.50. 

2. A man engaged to work for 30 days on the condition that 
he was to receive f 1.50 for each day he worked, and forfeit 60 
cents for each day he was idle; at the end of the 30 days he 
received f 27. How many days had he worked ? 

3. A carpenter received $3.50 a day for his labor, and paid 
$ 1.00 a day for his board ; at the end of 24 days he received f 39. 
How many days did he work ? 

4. A laborer agreed to serve for a days on condition that for 
every day he worked he should receive b dollars and for every 
day he was idle he should forfeit c dollars; at the end of the 
time he received d dollars. How many days did he work, and 
how many was he idle ? 

Note. The pupil should try the indirect solution of these problems. It 
is simpler than the direct. 
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5. A can do a piece of work in 10 days, B in 12 days ; with 
the help of C they can do it in 4 days. In what time can C do it 
alone ? 

Let % — number of days required by C, 16 

-L , i 1 = the parts A, B, C, can do in 1 day 
10' 12' a; 

- = part all can do in 1 day . Proof 

111 1 J-4.i.4.i--l 

^+— +-= partallcandoinlday "•• io"^12 16""4 

10 12 X 4 



fl; = 15 



Explanation. Let x equal the number of days required by C ; then 
— , — , - equal the parts each can do in 1 day respectively, because in 1 

day each can do — of what he can do in n days. And so on. 

n 

Proof. The condition is that if A can do a piece of work in 10 days, and 
B in 12 days, A, B, and C can together do it in 4 days. The sum of ^^ ^j 
and 3^, the parts that they do in 1 day, is equal to ^, the part that they do 
together in 1 day. 

6. A cistern can be filled in 4 hours by 2 pipes running together, 
and in 6\ hours by one pipe alone. In how many hours can the 
other pipe alone fijl it ? 

7. A tank is filled by a pipe in 30 minutes ; it is emptied by 
another pipe in 50 minutes. In what time will it be filled with 
both pipes running at once ? 

a A can reap a field in a days ; B in 6 days ; and C in c days. 
In what time can they reap it together ? 

9. A cistern is filled by one pipe in 8 hours, by another in 9 
hours. How soon will the cistern be filled by both pipes running 
together ? 

10. Two men working separately can do a piece of work in 15 
days and 16 days respectively ; with the aid of a third they can 
do it in 6 days. How long would it take the third man to do it ? 
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SOLUTION OF PROBLEMS — COMMON SXPERIENCS 

U. A crew can row downstream 8 miles an hour and upstream 
6 miles an hour. How far downstream can they row and return 
in 7 hours ? 

Let % = number of miles 

then - = number of hours to row down 

8 

and - = number of hours to row up 

6 

8 6 
x = 24 

Explanation. Let % equal the number of miles.; then - must equal the 

number of hours to row downstream, because the crew rows 8 miles per 
hour downstream ; - must equal the number of miles to row upstream, etc. 

FsooF. The condition is, etc. 

12. A man who can row 4 miles an hour in still water rows 
uniformly down a stream one hour; then he floats with the 
current half an hour, and rows back in 3^ hours. How rapid 
is the current? 

13. How far may a person ride in a car going at the rate of 30 
miles an hour if he returns at the rate of 18 miles an hour and is 
gone but 10 hours ? 

14. A steamer whose rate of sailing in still water is 15 miles 
an hour moves down a stream whose current is 3 miles an hour, 
and returns, making a round trip in 5 hours. How far did she 
go downstream ? 

15. A person has just 5 hours at his disposal ; how far can he 
ride in a buggy, going 10 miles an hour, and walk back at the 
rate of 4 miles an hour ? 

16. A man rows downstream at the rate of a miles an hour 
and returns at the rate of h miles an hour. How far downstream 
can he go and return in c hours ? 
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17. A hare takes 4 leaps while a greyhound' takes 3 ; but 2 of 
the greyhound's leaps are equivalent to 3 of the hare's. If the 
hare has a start of 50 of her own leaps, how many leaps must the 
greyhound make to overtake her ? 

Let 3 X = number of leaps of the hound, 300 

then 4tz = number of leaps of the hare, 400 

Let 3 a = length of a hound leap in feet 

then 2 a = length of a hare leap in feet 

100 a + 8 aa; = distance the hare goes in feet 
9 ox = distance the hound goes in feet 
.-. 100a + 8ax = 9ax 
a; = 100 

Explanation. Let 3 x equal the number of leaps of the hound, then 4 x 
must equal the number of leaps of the hare, because the hare makes } as 
many leaps as the hound. Let 3 a equal the length of a hound's leap, then 
2 a must equal the length of a hare's leap, because the length of 1 leap of the 
hare is | times the length of 1 leap of the hound. 100 a + 8 ox equals the 
distance the hare goes (in 50 leaps, 100 a and in 4 x leaps, 8 ax) ; 9 ax equals 
the distance the hound goes because he makes 3x leaps of 3 a feet each ; 
therefore, 100 a + 8 ox = 9 ax ; whence, x = 100 ; 3 x = 300, the number of 
hound leaps and 4 x = 400, the number of hare leaps. 

Proof. One hound leap = } hare leaps ; while the hound makes 1 leap 
the hare makes } hare leaps ; the hound gains in 1 leap } — }« or J hare 
leap ; the hound must leap as many times to gain 50 hare leaps as } is con- 
tained times in 50, or 300 times. 

Note. Sometimes the best proof of a problem that has been solved directly 
is its indirect solution and vice verm, 

la A fox is pursued by a greyhound and has a start of 121 of 
her own leaps ; the fox makes 6 leaps while the hound makes 5 ; 
but the hound in 4 leaps goes as far as the fox in 7. How many 
leaps does each make before the hound catches the fox ? 

19. Is it possible in Problem 18 to determine the length of one 
leap of the hound ? Of one leap of the fox ? 
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SOLUTION OF PR0BLSM8 

20. A coach sets out and travels at the rate of 47 miles in 5 
hours ; .30 minutes later a second coach starts, out from the same 
place and travels in the same direction, at the rate of 47 miles in 
4^ hours. In how many hours will the second coach overtake the 
first ? 

21. At what time are the hands of a watch together between 3 
and 4 ? At what time between the same hours are they at right 
angles ? 

22. A wheelman set out from B at the rate of r miles an hour ; 
a hours later another started in pursuit at the faster rate of 
p miles an hour. How far from B will the second overtake the 
first ? What will be the distance, if r = 10, p = 12, and a = 8 ? 

23. At what time is the hour hand of a clock as many minute 
spaces after 5 as the minute hand is spaces before 10 ? 

24. Two men, A and B, 57 miles apart, travel toward each other, 
A at the rate of 6 miles an hour and B at the rate of 5 miles an 
hour, B starting 20 minutes later than A. How far will each 
have traveled when they meet ? 

25. A can row 4 miles an hour and B 3 miles an hour in still 
water; A is 14 miles farther upstream than B, and they row 
toward each other till they meet, 4 miles above B's starting place. 
Find the rate of the current. 

26. Find the time between 4 and 5 o'clock when the minute 
hand of a watch is 18 minute spaces in advance of the hour hand. 

27. In a handicap race the first horse has a start of 30 of his 
own leaps ; he takes 6 leaps to the second horse's 5, and 7 of the 
leaps of the second horse are equivalent to 9 leaps of the first 
horse. How many leaps will the first horse take before he is 
overtaken by the second horse ? 



SIMULTANEOUS EQUATIONS 
FIRST DEGREE 



DEFINITIONS 



Simultaneous equations are equations which are satisfied by the 
same values of the unknown quantities. Independent equations 
are equations which cannot be reduced to the same form. 

x + y = 8 (1) x + y = 7 (3) 3x+3y = 9 (5) 

x-y = 4 (2) z-\-y = S (4) 2a; + 2y = 6 (6) 

Equations (1) and (2) are simultaneous equations, because they are satis- 
fied by the same values of the unknown quantities ; x = 6 and ^ = 2 in both 
equations. 

Equations (3) and (4) are not simultaneous, because they are not satisfied 
by the same values of z and y ; if x = 5 and ^ = 2 in (3), these values cannot 
hold in (4). No other values for x and y can be substituted in (3) which will 
hold in (4). 

Equations (5) and (6) are simultaneous, but not independent because 
each can be reduced to x + ^ = 3. 

Simultaneous equations admit of definite solutions when there 
are as many independent equations as there are unknown quan- 
tities. 

X + ^ = 8 is one equation with two unknown quantities. No definite solu- 
tion is possible. If x = 1, y = 7 ; if x = 2, y = 6 j if x = 10, y = - 2, and so 
on ; there are an infinite number of values for x and a corresponding number 
of values for y. 

Equations (1) and (2) are two independent equations with two unknown 
quantities. There is only one value for x and only one value for y, A defi- 
nite solution is therefore possible. 

107 
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SOLUTION — BY ADDITION OR SUBTRACTION 

If there are n equations with n unknown quantities, the first 
step is to get n — 1 equations with n — 1 unknown quantities ; the 
second step is to get n — 2 equations with n — 2 unknown quanti- 
ties; and so on until there is one equation with one unknown 
quantity. 

Each step may be taken in one of three ways : by addition or 
subtraction, by substitution, or by comparison. 

Every equation must be used. The solution should be planned 
before anything is written. 

Thus, if there are 6 equations with 6 unknown quantities, the first step is 
to get 4 equations with 4 unknown quantities; the second step is to get 
8 equations with 3 unknown quantities ; and so on until there is 1 equation 
with one unknown quantity. 

1. Find the values of x, y, and z by addition or subtraction : 

2a;-3y-f » = -l (1) 

3aj-f 2/ -42; = -7 (2) 

5a;- 2/4-32= 12 (3) 

Plan. Since we have 3 equations with 3 unknown quantities, the first step 
is to get 2 equations with 2 unknown quantities, and the next step is to get 1 
equation with 1 unknown quantity. We will take each step by addition and 
subtraction, eliminating x from (1) and (2) and from (1) and (8), and z 
from the resulting equations. 

First Step. We see that x will be eliminated from (1) and (2) if (1) is 

multiplied by 8, if (2) is multiplied by 2, and if one result is subtracted from 

the other : 

6a;- 9y+ 3« = - 3 

6a;+ 2y- 8« = -14 
l\y-\\z = -\\ 

We subtract the upper from the lower in this instance, because it is more 
convenient to have the first term positive'. Dividing the remainder by 11, we 
obtain (4), one of the two equations with two unknown quantities. 
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We see that x will be eliminated from (1) and (3) if (1) is multiplied by 6, 
if (3) is multiplied by 2, and if one result is subtracted from the other : 

10x-16y + 6«=- 6 
10g-2y + 6g= 24 

13y+ z- 29 (6) 

The first step is now completed ; we have two equations with two unknown 
quantities : 

y-« = -l (4) 

18y + «= 29 (6) 

Second Step. Eliminating z from (4) and (6) by addition, we complete 
the second step ; we have one equation with one unknown quantity. 

14y = 28j y=2 

Completion. This value of y may be substituted in (4) or in (6) ; we will 

choose (4): 

2-a = -l; = 3 

These values of y and z may be substituted in (1), (2), or (3) ; we will 

choose (1) : 

2x-6 + 3=-l; x = l 

Proof. Substituting the values of x, y, and z in each equation, 

2-6+ 3 =-1 (1) 

3 + 2 - 12 = - 7 (2) 

5-2+ 9= 12 (3) 

Note. The work of elimination may be performed on a separate slip of 
paper and only the results preserved. Thus : 

2x-3y+a5 = -l (1) 

3x+ y-4«=-7 (2) 

6x- y + 3af= 12 (3) 



y- ;5 = -l (4) 

13 y + = 29 (5) 

y = 2, « = 3, X = 1 
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SXAMPLSS FOR THB THREE METHODS 

The pupil should solve the following examples by addition or 
subtraction. After mastering solutions by comparison, he should 
solve them all again by comparison. After mastering solutions 
by substitution, he should solve them all again by substitution. 



3. 



3a;-h42 = 18 
x-\-2z= 8 

2a;- y= 9 
3a;-72/ = 19 



7. 



9. 



'2aj-f y = 4: 
7x-\-Sy = -lS 

8a;— y = — 6 
aj-f 8y = -17 

5x^ 3y = 4 
7a;-122/ = -10 



5. 



r2/ . f 

4"^3 
3 6 



9 

1 



10. 



^x 2y 
2 3 



= 16 



X 

U 



5j 
6 



--^=^6 



6. 



1 



a; 4. 32/ 4- 42 = 14 
x + 2y-^ 2= 7 
x+ y-{-2z.=: 4 



U. 



X'\-2y-{-2z=zll 
2x-\- y+ 2= 7 
3a;-|-4.v-f 2 = 14 



12. If there are 4 equations with 4 unknown quantities, what 
are the steps ? 

13. If the equations are numbered (1), (2), (3), and (4), what 
equations may be combined to get (5), or the first equation of the 
second set ? 

14. To get (6), or the second equation of the second set ? To 
get (7) ? 



Note. The first step in £xs. 6 and 10 is to clear of fractions. 
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SOLUTION — BY COMPARISON 

To eliminate by comparison is to find the value of the same un- 
known quantity, in terms of the other unknown quantities, in each 
of two equations and to place these values equal to each other. 

15. Find the values of x, y, and z by comparison : 

2x-'3y-\' z = -l (1) 

Sx+ y-.42 = -7 (2) 

5a._ 2^ + 32= 12 (3) 

Flan. Since we have 3 equations with 3 unknown quantities, the first 
step is to get 2 equations with 2 unknown quantities, and the next step is to 
get one equation with one unknown quantity. We will take each step by 
comparison, eliminating x from (1) and (2) and from (1) and (3), and z from 
the resulting equations. 

FissT Step. We see that x will be eliminated from (1) and (2) if its value 
in the one is placed equal to its value in the other. 

^^3j^^-l ^,) ^=^l±|£ril (2) 

3y-g-l _ ~y + 4g-7 
2 3 

Simplifying, y - « = - 1 (4) 

We will eliminate x from (1) and (3) in a similar manner : 

2 ^ 6 

3y-g-l _ y-3g-f 12 

2 6 

Simplifying, 13 y + « = 29 (6) 

Second Step. We will eliminate z from (4) and (6) in a similar manner : 
« = y + l (4) « = 29-13y (6) 

y + l=29-13y; 14y = 28; y = 2 

The pupil should solve Exs. 2 to 11 by comparison. 
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SOLUTION— BT SUBSTITUTION 

To eliminate by substitution is to find the value of an un- 
known quantity, in terms of the other unknown quantities, in one 
of two equations and to substitute this value in the other equation. 

16. Find the values of x, y, and z by substitution : 

2a?-3yH- 2; = -l (1) 

3aj+ y-4« = -7 (2) 

5a._ yH-32= 12 (3) 

Flan. Since we have 3 equations with 3 unknown quantities, the first step 
is to get 2 equations with 2 unknown quantities, and the next step is to get one 
equation with one unknown quantity. We will take each step by substitu- 
tion, eliminating x from (1) and (2) and from (1) and (3), and z from the 
resulting equations. 

FiBST Step. We see that x will be eliminated from (1) and (2) if its value 
in the one is substituted in the other. We will find the value of a; in (1) 
and substitute in (2). 

x= ^y-/-^ (1) 

Substituting, 3(3y- g - 1) ^^ _ ^^ ^_ ^ 

Simplifying, y _ 2j = _ 1 (4) 

We will eliminate x from (1) and (3) by substituting in (3) the value of 
X found in (1). 
Substituting, 5(3y-g-l) _ y ^ 3 ^^ _ 12 

Simplifying, 13 y + « = 29 (6) 

Second Step. We will eliminate z from (4) and (6) by finding the value 
of ;s in (4) and substituting in (6) : 

« = y + l (4) 

13y + y4-l=29; 14^ = 28; y = 2 

The nuDil should solve Exs. 2 to 11 by substitution. 
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SOLUTION — DISCUSSION 

It is interesting to note that an equation of the form ^sQ 
results if any one of the equations is neglected in the process 
of elimination. All of the equations must be used. 

17. Eliminate x from (1) and (2), (1) and (3), and (2) and (3). 
Number the resulting equations (5), (6), and (7) : 

^ 4- ^'4- 2 + w = 4 (1) 

aj-f 2>4-3 2 + 4m?= 10 (2) 

«- 2^ + 22-3m? = -1 (3) 

a: + 2y— 2!-h3M?=5 (4) 

Note. A mistake has been made because (4) has not been used. (1) 
and (4), (2) and (4), or (3) and (4) should have been chosen instead of (2) 
and (3). 

la From the set found in Ex. 17, eliminate y from (5) and (6) 
and from (5) and (7). Number the resulting equations (8) and (9). 

19. Eliminate z from the set found in Ex. 18. What is the 
trouble ? 

20. Go back to Ex. 17 and correct the error, i.e, get (7) by com- 
bining (1) and (4) ; then find the values of x, y, z, and w. 

Through mistakes, values are sometimes found which satisfy 
one or more but not all of the equations. In the proof, every 
equation must be satisfied. 

21. If a? = — ^Aj-, y = i|, a; = If , w = ^, is equation (1) satisfied? 

22. Is equation (2) satisfied by the values of the unknown 
quantities given in Ex. 21 ? Is equation (3) satisfied ? 

2a Is equation (4) satisfied? What conclusion do you reach 
from a study of the last three examples ? 

24. Which of the three methods of elimination is generally to 
be preferred ? 

£L£M. alg: — 8 
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SOLUTION — MISCSLLANSOUS 



Find the values of the unknown quantities : 



\3a;-h2y = 



26. 



2a 



2a; + 3y = 12 
13 



r4a;4-3y = 



= 22 
6 



27. I ^^-^3' = 
{15x — 7y = 



7 
23 



{ 



69a;-17y= 1 
13 aj + 14 y = 69 



29. 



30. 



31. 



32. 



aa5 H- 6y = a' + 6* 
bx-\-ay = 2aJ} 

mx — ny = m 
ax — by = a 

'ax — by = 
mx -\- ny =p 

' ax-{-by = a^ 
bx -{- ay = b^ 



3a 



' (a + b)x — (a — b)y = 4:ab 
(a—b)x — {a-\-b)y = o 



34. ^ 



(a - 6)a: + (a -h 6)y = 2 a« - 2 6« 
(a + 6) a; — (a — 6) y = 4 a6 



35. 



4aj-3y-22; = 4 
^ 3a; — 4y-}-62; = 7 
2ic + 3y-42 = 8 



37. 



' 5 2 + 4 ic — 7 y = 2 
-{ 6a; + 4y — 62J = 4 
6y- 2 + 7a; = 12 



36. 



»-}- yH- 2 = 3 

a; + 22^ + 32 = 4 

6a;-|-4y-|-32 = 16 



3a 



4:y + 5z-\-2x = 22 
3a; + 5y + 72=18 
3^4- 8a; + 52 =20 
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All of the unknown quantities may be found by addition and 
subtraction. 



Ex. 30. To Eliminate y 

(1) X 6, bmz — hny = bm 

(2) X n, anx — buy = an 



(bm — an)x = 6tii — an 
x = l 





To Eliminate x 


(l)xa, 


amx — any = am 


(2) X m, 


amx - bmy = am 




(an — bm)y = 




. y = o 



Note. The pupil shoald subtract as on p. 26. It is not in good form to 
indicate the subtraction, bmx — anx =:bm — an^ and then to factor, (bm — 
an) x=zbm — an. 



Ex. 34. 

(1) X (a - 6), 

(2) X (a + 6), 



To Eliminate y 



(a« - 2 a6 + 62)x + (a^ - b^)y 



2a«-2a«6-2a6a + 2 6« 
4 a26 + 4 ab^ 





(2a^-\-2b^)x = 2a« + 2 a^ft + 2 ab^ + 26« 




x = a + 6 




To Eliminate x 


(1) X (a + 6), 


(a* - b^)x + (a2 + 2 a6 + 62)y = 2 a* + 2 a26 _ 2 aft* - 2 6« 


(2)x(a-6), 


(a^ - 6a)x - (a2 - 2 aft + &2)y = 4 a^ft - 4 ab^ 



(2 aa + 2 b'i)y 

y 



a — 6 



Sometimes the addition or subtraction of the equations member 
by member will give simpler equations. 



Ex. 34. 



2 ax + 2 6y = 2 a^ + 4 a6 - 2 6« 
2 6x - 2 ay = - 2 a2 + 4 aft +2 62 



(1) 
(2) 



Adding, we get (1) ; subtracting the upper from the lower, we get (2). 
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MISCSLLAKBOUS 

Find the values of the unknown quantities : 



39. -ix + z^ 14: 
^y+z = 15 



4a < 



fa — y 

X— z 
.y-l-2 



18 
33 
25 



40. ^ 



r5^3 
X .y 



= 30 



9 5 

^x y 



H-^ = 2 



44. ^ 



2 3 

3 4 



^l + ? = 2 
a? y 

--.341 
41. ^ = - 

2; 6 
4 






45. 



*- z 



X 



a; y 2; 
.1.1.1 « 

X y z 

X y z 



42. 



'2x_--y^^5 
3 ""3 
3y-2z ^5 
4 4 

a?4-2g ^8 
5 5 



3_^^1^4 

X 3y z 3 

^ J 2^ 3 17 
46. ^ -H = - 

X y z o 

3_^ 2^8 

^x 3y z 3 



Ex. 40. FiBST Solution. Such equations are usually solved without clear- 
ing of fractions by regarding - and - as the unknown quantities. Multiply- 

X y 

ing (1) by 9 and (2) by 6, 15 + ?Z = 270, M-.?5 = 10; subtracting, - 

X y X y y 

= 260 ; y =i^. Ex. 41, 45, and 46 should be solved in this way. 

Second Solution. Clearing of fractions, 6y4-3x = 30xy(l); 9y— 5x 
= 2xy (2); multiplying (1) by 9, (2) by 6, and subtracting, 52x = 260xy; 
dividing by x, 62 = 260 y, y = i. 
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SOLUTION OF PR0BISM8 

In the direct solution of problems, as many unknown quantities 
may be used as there are conditions, but the use of one unknown 
quantity, as in the problems thus far given, is often to be preferred. 

1. The sum of two numbers is 8; .the larger is 3 times the 
smaller. Find the numbers. 



One Unknown 


Two Unknown 




Let z = the smaller, 2 


Let X = the smaller, 2 




then Sx = the larger, 6 


and y = the larger, 6 




426 = thesam 


y = Sx 


(1) 


4x = 8 


x+y = S 


(2) 


aj=:2 


flc = 2, y = 6 





2. Two times the larger of two numbers minus 3 times the 
smaller is 20 ; 3 times the larger plus 2 times the smaller is 43. 
Find the numbers. 

One Unknown Two Unknown 

Let a; = the larger, 13 Let x = the larger, 13 

theu 2«^ ^ the smaUer, 2 '^^ » = the smaller, 2 

3 ' 2x-3y = 20 (1) 

8x + l*^ = 43 3x + 2y = 43 (2) 

3 x = 13 

x = 13 y= 2 

3. Which solution do you prefer for the first problem ? Which, 
for the second ? 

4. (a) Write a problem which may be solved by the equations 
of Ex. 2, p. 110: 

(b) Solve it by the use of one unknown quantity ; by the use 
of two. 

(c) The sum of the equations involving the two unknown 
quantities is 2 a? = 6; their difference, 23^ = 4. What principles 
may be deduced from the last two equations ? 
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SOLUTION OF PROBLEMS 

5. (a) A bought 5 calves and 6 sheep for $89, and at the same 

prices 7 calves and 8 sheep for 3 121. What was the price of 

each per head ? 

Let X = cost in I of 1 calf, 7 

and y = cost in | of 1 sheep, 9 

5x + 6y= 89 (1) 

7a5 + 8y = 121 (2) 



a; = 7, y = 9 
(6) Solve by the use of one unknown quantity. 

6. Five bushels of corn, 6 bushels of oats, and 8 bushels of 
rye together are worth $ 10.30 ; 3 bushels of corn, 5 bushels of 
oats, and 8 bushels of rye at the same prices, $ 8.75 ; 1 bushel 
of oats mixed with 1 bushel of rye at the same prices is worth 
as much as If bushels of com. What is the value of each per 
bushel ? 

7. A boy bought 2 apples and 5 pears for 12^; at the same 
prices, 3 pears and 4 peaches for 18 ^ ; at the same prices, 4 pears 
and 5 oranges for 28 ^ ; at the same prices, 6 peaches and 5 oranges 
for 38 ff. Eequired the cost of each kind of fruit. 

a The cost of a lb. of tea with b lb. of sugar is m cents ; at 
the same prices the cost of c lb. of tea with d lb. of sugar is n cents. 
What is the cost of each per pound ? 

9. A, B, and C in partnership gain $ 960 ; A owns \ of the 
stock, plus 31000, B's gain is $240, and C's 3 420. Required 
each one's share of stock. Let x = entire stock in dollars. 

10. A man bought a horse, carriage, and harness for $ 500 ; the 
horse cost $ 5 more than the carriage and harness, and the car- 
riage cost f as much as the horse and harness. Required the 
cost of each. 
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11. For 9 2500 I bought 8 horses, a number of cows at 340, and 
100 sheep ; the number of cows was equal numerically to 4 times 
the price of a sheep in dollars ; a sheep and a horse together cost 
9 5 less than \ the cost of all the cows. Find the cost of a horse. 

12. Divide the number 89 into two parts such that ^ of the 
greater part will exceed ^ of the less by 1. 

13. Two purses contain together $ 300 ; if $ 30 is taken from 
the first and put into the second, there will be the same amoimt 
in each. How much money is there in each ? 

14. The sum of the ages of a father and son is 80 years; if 
the age of the son is doubled, it will exceed the age Of the father 
by 10 years. What is the age of each ? 

15. A banker has two kinds of money ; it takes 10 pieces of 
one kind or 4 pieces of the other to make a dollar. If 7 pieces 
are given for a dollar, how many of each will be used ? 

16. A banker has two kinds of money ; it takes a pieces of one 
kind or b pieces of the other to make a dollar. If c pieces are 
given for a dollar, how many of each will be used ? 

17. If A were to receive $ 10 from B, he would then have twice 
as much as B would have left ; but if B were to receive $ 10 from 
A, B would have three times as much as A would have left. How 
much has each ? 

la The sum of ^ of one number and f of another is 38 ; and if 
3 be added to the first, the sum will be equal to f of the difference 
between the second and 8. Find the numbers. 

19. A and B can do a certain work in 24 days, B and G in 40 
days, A and C in 30 days. In how many days can each do the 
work? 

20. A and B can together perform a certain work in 30 days ; 
at the end of 18 days B is called off, and A finishes it alone in 20 
more days. Find the time in which each can perform the work 
alone. 
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SOLUTION OF PROBISMS 

In problems involving the digits of a number, it is well to rep- 
resent units' digit by a?, tens' digit by y, hundreds' digit by «, •-. 

21. If a; represents units' digit ; y, tens' digit ; and », hundreds' 
digit ; what represents the number ? What represents the num- 
ber in which the same digits occur in reverse order ? 

22. The sum of the two digits of a number is 11 ; if 9 is added 
to the number, the digits will occur in reverse order. Find the 
number. 

2a The sum of the three digits of a number is 10 ; if 297 is 
added to the number, the digits will occur in reverse order ; units' 
digit is equal to the sum of the other two. Find the number. 

24. The sum of the two digits of a certain number is 6 times 
their difference, and the number itself exceeds 6 times their sum 
by 3. Find the number. 

25. A certain number is expressed by three digits whose sum is 
10 ; the sum of units' and hundreds' digits is 4 times tens' digit ; 
and if 198 be subtracted from the number, the digits will be 
reversed. What is the number ? 

26. The sum of the four digits of a number is 17 ; either of the 
two middle digits is units' digit minus thousands' digit ; if hun- 
dreds' digit is transposed with units' digit, the number is increased 
by 396. Find the number. 

27. Make up a problem which may be solved by the equations 
of Ex. 44, p. 116. 

2a My agent sold my flour at 4% commission. Increasing 
the proceeds by $168, 1 bought wheat, paying 2% commission. 
Wheat declining 3%, my loss, including commissions, was $30. 
What was the selling price of the flour ? 

29. At simple interest, the amount of a certain principal for m 
years is a dollars and for n years h dollars. Find the principal 
and the rate. 
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INDETERMINATE EQUATIONS 

When the number of equations is less than the number of un- 
known quantities, the equations are indeterminate (p. 107), but 
conditions may be imposed which limit the number of values of 
the unknown quantities. The usual condition is that the unknown 
quantities shall be positive integers. 

Indeterminate equations are solved by trial. The obvious 
method is to combine the equations so as to obtain one equation 
with as few unknown quantities as possible, and to substitute 
the positive integers 1, 2, 3, •••; but the devices stated in the 
next two propositions are often employed before the trial is 
made. 

Proposition XL VIII. Theorem 

WTien X and y are positive integers, if the value of x is 
found in terms of y and reduced to a mixed expression, 
the fractionaH part must equal a positive integer, a negative 
integer, or zero. 

Let a.= a-|-62^ + ^-^t2^ (1) 

s 

To Prove that ^ "^ ^^ must equal a positive integer, a negative 

8 

integer, or zero when x and y are positive integers. 

Transposing (1), x — a — by = ^"'"^^ 

s 

If x — a>by, ^"^^^ = a positive integer ; ii x — a <by, 

^ "'"^^ = a negative integer ; if x — a = by, ^"^^^ = 0. 
s 8 

Hence, the principle, q.e.d. 

Note. In complicated problems, the devices of this and the following 
proposition simplify the labor, bat the method of direct trial is often the 
shorter. 
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INDETERMINATE EQUATIONS 
Proposition XLIX. Theorem 

WTien X and y are positive integers, if the vaZue of x is 
found in terms of y and reduced to a mixed expression, 
and if the fractional part is multiplied by a positive 
integer or by a negative integer, the result is equal to a 
positive integer, a negative integer, or zero. 

By the previous proposition, the fractional part is equal to a 
positive integer, a negative integer, or zero. If the multiplier is 
a positive integer, the product will be an integer of the same sign 
as before, or zero; if the multiplier is a negative integer, the 
product will be an integer with a different sign than before, or 
zero. 

Hence, the principle, q.e.d. 

30. Solve 3 aj -|- 5 y = 34 in positive integers without the use of 
the devices stated in the foregoing propositions. 

X = — "^ — ^ ; if 2/ = 1, X = a fraction ; if y = 2, x = 8 ; if y = 3 or 4, x = a 

fraction ; ify = 6, x = 3; ify = 6, x = a fraction ; if y > 6, x is negative. 
Hence, the only positive integral values are : x = 8, 3 ; y = 2, 5. 

31. Solve 3a;-|-52^ = 34 in positive integers and make use of 
the devices stated in the foregoing propositions. 

1 — 2 t/ 
By XL VIII, ^ is equal to a positive integer, a negative integer, or zero. 

3 
If we multiply by something that will make the coefl&cient of y greater by 1 

than some multiple of the denominator, the result will be equal to a positive 

integer, a negative integer, or zero, and can be reduced to a mixed number 

whose fractional part will have y with a coef&cient + 1 or — 1. Multiplying 

by 2, we get ?-=^, or - y + ?-=J^, of which, by XLIX, ?-=J^ must be a 

3 3 3 

positive integer, a negative integer, or zero. 
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2 — V 

Let — 5-^ = w, a positive integer, a negative integer, or zero. Simplify- 
o 

ing, y = 2 ~ 3 m ; substituting this value of y in the original equation, x = 8 

+ 6 m. The advantage of having the coefficient .of y, + 1, or — 1, is now 

apparent ; if it had been any other integer, the value of y would have been 

in fractional form. 

y = 2-3m (1) 

jc = 8 + 6 w (2) 

Thus far, no trial has been made. We have found the values of x and of 
y in terms of the same positive integer, the same negative integer, or zero. 
We will now substitute for m in both equations all positive integers, all nega- 
tive integers, and zero. 

Positive Integers. If m = 1 or any integer greater than 1, y is negative. 
Hence, m cannot be a positive integer. 

Negative Integers, If m= — l,y becomes 6, and x becomes 3 ; if w= — 2, 
or any other negative integer, x becomes negative. Hence, m may be — 1, 
but no other negative integer. 

Zero. If m = 0, y = 2, and x = 8. Hence, m may be 0. 

The only possible values of m are — 1 and ; of y, 5 or 2 ; of x, 3 or 8. 

By aid of the devices^ solve in positive integers : 

32. 5a;-|-12y = 263 f 2aj-|-3y- 52 = - 8 

3a 8aj— 3y = 28 \5x- y-{-4:Z = 21 

34. 3a?-14y = ll f2x + 5y -^7 z^SO 

35. 2a; + 5y = 40 ' \sx-h2y + ez = 90 

Ex. 36. Eliminate one of the unknown quantities, and find the values of 
X, y, and z in terms of m. Thus, 

EUminating y, 7« + 17x = 55, or ^ = ^^""^"^^ 

Reducing, g = 7 - 2x-f ^ "" ^^ 

Simplifying, ^^=^ x 5 = ^"^^^ or 4 - 2x + ?^ 

Let ?^ = m 

7 

then, x = 2-7m; «=:3 + 17m; 2^ = 14-33m 

whence, x = 2, z = B, y = l 
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IND£T£RMINAT£ £QUATIONS— PROBLEMS 

Alligation treats of mixing or compounding two or more ingre- 
dients of different values or quantities. Solutions are compli- 
cated by the indirect process, but simple by the direct. 

1. A grocer wishes to make a mixture of 50 lb. of tea worth 
80 ^ a pound. He wishes to use 20 lb. worth 75 ^ a pound and 
an integral number of pounds of teas worth 40 ^, 60 ^, and 90 i 
respectively. How much of each kind may he use ? Prove. 

• 

Let x, 2/, and z equal the pounds of each 

20 + a; + y + « = 50~ (1) 

20 X 75 +40x4- 60y + 90^ = 80(20 + x + y + «) (2) 



2 2/ + 5 « = 130 (3) 

2. A miller wishes to grind together 48 cwt. of com worth 90 ^ a 
hundredweight, oats worth 60 ^ a hundredweight, and barley worth 
$ 1.68 a hundredweight to make a mixture worth $ 1.20 a hundred- 
weight. How many integral hundredweight of each may he use ? 

3. How much wheat at $ 1.00 and at $ .90 per bushel must be 
mixed with 4 bushels at $ 1.10 a bushel, and 5 bushels at $ .80, 
so as to form a mixture of 24 bushels at $ .95 a bushel ? 



4. A grain dealer has clover seed at $ 7 a bushel, and blue-grass 
seed at $ 8.50. How much of each must he sell in order to realize 
an average price of $ 8.00 a bushel ? 

5. How many pounds of tea at 15 cents, 17 cents, and 22 cents 
a pound, must be mixed with 5 pounds of tea at 20 cents a poimd 
to make a mixture of 75 pounds at 18 cents a pound ? 

6. How much water, and how much wine at 90 ^ a gallon, must 
be mixed to produce 30 gal. at 60 ^ a gallon ? 
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7. What is the least number which, when divided by 3 and 5, 
leaves remainders of 2 and 3 respectively ? 

Let X = the number, 8 

and y = first quotient, 2 

and z = second quotient, 1 
x-2 



3 



= y 



= « 



(1) 
(2) 



Clearing (1), 
Clearing (2), 



Least values : 



x-3y=2 
x-6z =3 

3y-5« = l 

_ 3 

x = 8; y = 2; « = 1 



a Find three positive integral numbers whose sum is 18. 

9. Divide 55 into two parts such that one shall be divisible by 
2f and the other by 3. ' 

10. What is the least number which, when divided by 7, 8, 
and 9 respectively, leaves a remainder of 1 ? 

U. The sum of the numerator and the denominator of a frac- 
tion is 83 ; the numerator is divisible by 5 and the denominator 
by 7. Find the fractiou. 

12. A number is expressed by 3 digits whose sum is 20 ; if 16 
is subtracted from the number and the remainder divided by 2, 
the digits will be reversed. What is the number ? 

13. Divide 15 into three parts such that, if the first be multi- 
plied by 2, the second by 3, and the third by 2, the sum of the 
products will be 32. 

14. There are three positive integral numbers whose sum is 33 ; 
three times the first plus twice the second plus four times the 
third is 127. What are the numbers ? 
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INDETERMINATS EQUATIONS — PROBLEMS 

15. In how many ways can $100 be paid with $10 and $5 
bills, by the use of both kinds at each payment ? 

16. When the numerator of a certain fraction is doubled and 
its denominator is increased by 7, its value becomes f . Find the 
fraction. 

17. A farmer purchased a certain number of pigs, sheep, and 
calves for $160; the pigs cost $3 each, the sheep $4 each, and 
the calves $ 7 each ; and the number of calves was equal to the 
number of pigs and sheep together. How many of each did 
he buy ? 

la How many calves at $ 6 a head and sheep at $ 8 a head 
can be bought for f 180 ? 

19. A farmer spends $ 752 in buying horses and cows ; each 
horse costs $37, and each cow $23. How many of each does 
he buy ? 

20. How many calves at $7, sheep at $3, and lambs at $1 
per head can be bought for $ 200, if the whole number of animals 
is 100? 

21. A number of lengths are 3 ft., 5 ft., and 8 ft. How may 
48 of them be taken so as to measure 175 ft. all together ? 

22. A in 2 days, B in 3 days, and C in 4 days, together earn 
$ 47 ; A in 3 days, B in 4 days, and C in 6. days, earn $ 68. What 
are the daily wages of each, supposing them to be an integral 
number of dollars ? 

2a There are 3 positive integral numbers whose sum is 40; 
2 times the first plus 5 times the second plus 4 times the third 
is 128. What are the numbers? 

24. There is a bookshelf which carries 20 books. When books 
are composed of sets of 5 volumes each, of 4 each, and of 3 each, 
find how they must be distributed so that no set is divided, and 
so that at least 1 set of each is upon the shelf. 



INVOLUTION, EVOLUTION, 
LOGARITHMS 



D£VELOPMSNT 

When a quantity is taken several times as an addend, the result 
the same number of times, the last result the same number of 
times, and so on, the fact that the whole is equal to the sum of all 
its parts may be illustrated : 

2a + 2a + 2a = 3-2a 
3.2a + 3-2a + 3.2a = 3.3.2a=3a.2a, or 9x2a = 33x2a 
3«.2a + 33.2a + 3a.2a = 3.32.2a = 38.2a, or27x2a = 38x2a 
3».2a + 38.2a + 38.2a = 3.38.2a = 3*.2a, or81x2a = 3*x2a 

If both members of the equation 81x2a = 3*x2a are divided 

by 2 a, 
^ 81 = 3* 

By the omission of each term in succession, three problems arise : 

1. What = 3*? 

2. 81 = what*?, orwhat='</81? 

3. 81 = 3^^?, or what = logs 81? 

Problem 1 gives rise to involution. It means, what used once 
as a multiplier will produce the same result as 3 used 4 tiroes as 

127 
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DEVELOPMENT 

a multiplier ? Involution is the process of finding a multiplier 
that will produce the same result as a given number used a given 
number of times as a multiplier. The common definition, '^ Invo- 
lution is the process of raising a number to any power," must be 
understood in this sense. The multiplier required is the power ; 
the number used as a multiplier, the base ; the number denoting 
how many times the base is used as a multiplier, the exponent. 
All of the terms denote times. Involution is expressed by writing 
the exponent above and a little to the right of the base; the 
exponent of the exponent may also be expressed. Thus : 

The 4th power of 8 = 3* 
The 4th power of 3 = 3(*+^) 

Problem 2 gives rise to evolution. It means, what number must 
be used 4 times as a multiplier to produce the same result as 81 
used once as a multiplier ? Evolution is the process of finding a 
number that, when used a given number of times as a multiplier, 
will produce the same result as a given number used once as a 
multiplier. The common definition, " Evolution is the process of 
depressing a number to a given root," must be accepted in this 
sense. The required multiplier is the root ; the number denoting 
how many times the root is to be used as a multiplier, the index ; 
the given multiplier, the base. All of the terms denote times. Evo- 
lution is expressed by placing the base under and the index within 
the symbol, -y/, by the denominator of a fractional exponent, or 
by an exponent whose exponent is — 1. Thus : 

The 4th root of 81 = y/^ 
The 4th root of 81 = 81^ 
The 4th root of 81 = 81(*"^) 

Problem 3 gives rise to logarithms. It means, how many times 
must 3 be used as a multiplier to produce the same result as 81 
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used once as a multiplier ? A logarithm denotes the number of 
times a given number must be used as a multiplier to produce the 
same result as a given number used once as a multiplier. The 
common definition, " The logarithm of a number is the exponent of 
the power to which a base must be raised to produce a given num- 
ber," must be accepted in this sense. The number that is to be 
used as a multiplier is the base. All of the terms denote times. 
The logarithm of a number is expressed by writing log before the 
number and by writing the base a little below and to the right of 
the number. Thus : 

The logarithm of 81 in the system whose base is 3 = logs 81 

1. What is the result when a is taken 2 times as an addend, 
the result 2 times as an addend, the last result 2 times as an 
addend, and so on until the operation has been performed 5 times ? 

Ans. a + a = 2a; 2a + 2a = 2.2a = 22o; 2'^ a -\- 2^ a = 2 * 2^ a = 2^ a ] 
2»a + 28a = 2.28a = 2*a; 2*a + 24a = 2.2*a = 25a = 2.2.2.2. 2 a=32 a. 

2. What is the meaning of 2* a = 32 a ? 

Ans, In terms of addition, the expression means that a taken 2 times as 
an addend, the result 2 times as an addend, the last result 2 times as an 
addend, and so on until the operation has been performed 5 times, is equal 
to a taken 32 times as an addend. 

In terms of multiplication, the expression means that a multiplied by 2, 
the result multiplied by 2, and so on until the operation has been performed 
5 times, is equal to a multiplied by 32. 

3. In 2* a = 32 a, what is the meaning of each of the integers ? 

Arts, 2 denotes the number of times each result is to be taken as an 
addend. Thus, a is taken 2 times, then 2 a is taken 2 times, then 4 a is taken 
2 times, and so on. 

6 denotes the number of times the process of taking as an addend is to be 
performed, or the number of times 2 is to be used as a multiplier. 

32 denotes the number of times a is taken as an addend, or that 32 is used 
once as a multiplier. 

BL£M. ALO. — 9 
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INVOLUTION — PRINCIPLES 

Pboposition L. Theorem* 

To raise a factor to any power, write the ba^e, and over 
it the product of the exponent by the nurnber denoting the 
required power. 

To prove (a")" = a"*" 

(a*)" = a"' * a"* ' a"" »" n times 

(To multiply when the bases are the same, write the common base, and 
over it the exponent of the multiplicand plus the exponent of the multipUer.) 

Hence, the principle, q.e.d. 

Proposition LI. Theorem 

Every even power of a negative nurnber is'-\-'; every odd 
power of a negajtive number is '—,' 

(—ay = —ax — ax — a = — a^ 
(^—ay=: — ax — ax — ax — a = -{rd^ 



Hence, the principle, q.e.d. 

Prove : 

1. (aby^^d^b^ ^ f^Y=^ 



2. {a?by^a%^ 5. ^g)=g 

6 /^2!!Y= — 

3. {arby^or^b"^ ' \b*'J 6"P 
* For negative and fractional exponents, see p. 179. 
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7. State the principle established by Ex. 3; the principle 
established by Ex. 6. 

Simplify : 

a {a^by u. i{a^hyy 

9. {-2a^aFf 12. [(a + W 

10. (-3m2n)» 13. [ia-hyj 
Simplify : 

14. l(ayy 16. K-a'fy 

15. [(a*)8]« 17. l^-ayj 

la What law do you infer from a study of these examples and 
their answers ? 

The binomial theorem (p. 55) properly belongs .under this topic. 
It should be reviewed. 

Simplify : 

19. (a + b + cy 22. (2a^-3&2)3 

2a (a + b + c-d)^ 23. (3a* -46)* 

21. (a-6-f-c)* 24. (3aj2-l)* 

Ex, 20. (a + 6+c-(2)8= [(a + 6 + c) -cl]8=(o+6 + c)8-3(a + 6 + c)2d + 
3(o + 6 + c)(P _ (?J. (a + 6 + c)8 = [(a + 6) + c]« = etc. The resulting values 
should be substituted. 

Ex. 22. (2 o3 - 3 62)8= (2 a^y - 3(2 a2)2(3 ft^) + 3(2 a^) (3 62)2- (3 62)8. it 
remains to simplify the terms. 

25. From the answer obtained by developing (a -f- 6 -f c)', state 
the rule for cubing any algebraic expression. 

To the sum of the cubes of the several terms, add three times the square 
of each term by each of the terms that follow it, three times each term •••. 
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SVOLUTIOn — PBIHCIPLBS 

Pbopositiok LIL Theorem 

To depress a f debar to any root, write the base and over 
it the quotient of the exponent by the number denoting 
the required root. 



To prove v^a"* = a* 

By definition, \/a^ calls for a number that taken n times as a 
multiplier will produce a"^. 
a" taken n times as a multiplier will produce a"*. 



Hence, the principle, q.eld. 

Pboposition LIII. Theobem 

Every even root of a positive nurnber is ' + ' or ' — \' every 
even root of a negative nurnber is imaginary; every odd 
root of a negative number is * - '. 

V+a, V+a, V4- a ••• each calls for a number that taken an 
even number of times as a multiplier will produce + a, or calls 
for either a positive or a negative number. 

V--~a, V— a, V— a ••• each calls for a number that taken an 
even number of times as a multiplier will produce — a, or calls 
for an imaginary number. 

V— a, V— a, V— a ••• each calls for a number that taken an 
odd number of times as a multiplier will produce — a, or calls for 
a negative number. 

Hence, the principle, q.e.d. 

Except in the solution of equations of the second degree and in 
special cases, it is customary to consider the even root of an 
expression as positive. See p. 171. 

Note. The V— a is imaginary because +2 = + and — « = + . 
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Prove: 

2. ^J/5^ = ^«X^« 5. ^' = ^ 

a V^=^=^5=5xV6-' 6. ^'/^=i^ 

^6"" ^c/6^ 

7. State the principle established by Ex. 3; the principle 
established by Ex. 6. 

Simplify : 
a -v/S^ U. V(a + 6)« 

9. </16aW^ 12. V(a + 6)* 



10. V-27mV la V(a - 6)» 

Simplify : 

1* <^^ 16- </473^ 
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15. 



^</^ 17- \/^3^ 



la What law do you infer from a study of these examples 
and answers? 

Simplify by inaction : 

21. \/a« - 5a*6 -i- lOa'^62 - lOa^ft^ + 5a6^ - 6* 
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EVOLUTIOn -^ POLTH OUALS 

To extract the nth root of a polynomial, raise a -f 6 to the nth 
power, analyze the result to discover how its root may be obtained, 
and analyze the given expression in a similar manner. 

Simplify : 



2a Var»--6a^-M2a;-8 

24. ^/a^-8a^-f24a^-32aj-|-16 



25. Var^ -lOaj* 4- 40a^- 800^4- 80a; -32 

Ex, 23. (a + 6)« = a8 + 3o»6 + 3o6a + ft8 

= a«+(3o2 + 3a6 + 62)5 



3B8-6a;2 + i2x-8 



x-2 



cfi \ a = x 

3a;2-6a; + 4 I -6xa + 12x-8 6 =-2 

- 6 a;2 + 12 z - 8 



To have a perfect cube before us, we raise a + 6 to the third power and 
factor the terms containing b. 

If we extract the cube root of a', it gives a, the first term of the root ; 
hence, if we extract the cube root of oj^, we must get the first term of the 
root in this example ; the cube root of a:" = x, or a = x. 

If we divide 3 a^b by 3 a^, it gives b, the second term of the root ; hence, 
if we divide — 6 x* by what corresponds to 3 «*, we must get the second 
term of the root in this example ; i^a^ =zSx^; — 6 x^ -i- 3 x^ = — 2, or 6 = — 2. 

If we multiply what is within the parenthesis by 6, it gives the rest of the 
power ; hence, if we multiply what corresponds to what is within the paren- 
thesis by what corresponds to 6, we should get the rest of the power in this 
example ; 3 a6 = — 6 x, b^ = i, the parenthesis == 3 x"2 - 6 x + 4 ; multiplying 
by 6, or — 2, we get the rest ; hence, the root is x — 2. 

Note. When the root consists of one or two terms, it may be obtained 
by inspection as on the preceding page. 
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If the root consists of more than two terms, the first two may- 
be considered as one term, the first three as one term, and so on. 



Simplify : 



26. V4aJ*-4a^-f 6ic2_2a;-f 1 

27. ^27««-f 54 ar^ + 63 aj*-f- 44 ic^^ 21 iB2-f6aj 4-1. 
2a A/it^-9*^ + 33aJ*-63a^-f66aj2-36aj-f-8 

29. Vl21««-66aj«i/4-119ay4-168aj82/^-29ajV-f90ay-f8l2^ 

30. ■v^iB8_4aJ4.i0a^-l6a^4-19aj*-16a^-fl0aj2~4aj-f 1 



Ex, 27. 



27a:* + 18a^ + 4a;2 



(a + 6)8 = o« + 3 o26 + 3 a62 + fts 
= a8+(3a2_|.3a6 4.62)5 

27 icP + 54 aj6 + 63 a^ + 44 «8 + 2 1 «2 + 6 a; + 1 13gg + 2z + l 
27jb6 

64x6 + 63x* + 44x8 a = 3x2 

54xB + 36x*+ 8a:« 6=2x 



27x* + 36x8 + 12x2 

9x2+6«+l 



27 X* + 36 x8 + 21 x2+ 6 X + 1 



27x* + 86x8 + 21x2 + 6x+l o = 3x2 + 2x 

6 = 1 

27 X* + 36 x8 + 21 x2 + 6 X + 1 



Proceeding as before, we find the remainder to be 27 x* + 36 x' + •••, and 
we may regard the first term of the root as the expression, 3 x2 + 2 x. 

If we divide 3 a% by 3 a^^ it gives 6, the second term of the root ; hence, 
if we divide 27 x* by what corresponds to 3 a^^ we must get the second term 
of the root in this example ; 3 a2=27 x*+36 x«+12 x2 ; 27 x*-^27 x*+ ... =1, 
or 6, = 1. 

31. Extract the 5th root of a;^^ - 5 x^ -f- 15 a^ - 30 aj^ -f 45 a^ - 
51 a?^ 4-45 ar* - 30 ar'^ 4- 15 a:2- 5a; -f 1. 

32. Can you obtain the 5th root by extracting the square root 
of the cube root ? What root would this process give ? 
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EVOLUTION — INTEGERS 

The nth root of an integer is extracted in the same manner as 
the ?itli root of a polynomial. The principles on which the point- 
ing off into periods depends are given in the next two propositions. 



Proposition LIV. Theorem 

If an integer is separated into periods of n figures 
each, beginning with units' plaice, the number of periods 
will he equal to the nurriber of figures in its nth root. 

Let n = a number of one digit ; 10 i -f- w, a number of two 
digits ; 100 ^ -f 10 ^ -f w, a number of three digits ; and so on. 

Since n < 10, w** < 10", or i*** < 1 with w ciphers. No integer 
less than 1 with n ciphers can consist of more than n figures. 
Therefore, the nth power of the largest integer of 1 figure cannot 
consist of more than n figures. Since 10 ^ -f i^ < 100, (10 1 -f w)" 
< 100", or < 1 with 2n ciphers. No integer less than 1 with 2n 
ciphers can consist of more than 2 n figures. Therefore, the nth 
power of the largest integer of 2 figures cannot consist of more 
than 2n figures. In a similar way, it may be shown that the nth 
power of the largest integer of 3 figures cannot consist of more 
than 3 n figures, and so on. Hence, the nth power of the largest 
number of m figures cannot consist of more than mn figures. 

Since the smallest integer of m figures is 1 with m — 1 ciphers, 
and since the ?ith power of 1 with m — 1 ciphers is 1 with (m — 1) n 
ciphers, the nth power of the smallest integer that can be expressed 
by m figures consists of (m — l)n + 1 figures. 

Since n figures make a period, the nth power of the largest 
integer of m figures consists of mn -k- n, or m periods ; the ?ith 
power of the smallest integer of m figures consists of the expres- 
sion, (m -- l)n -f- Ij -^ ^j or of m — 1 periods of n figures each and 
of 1 period of 1 figure, or of ni periods. 

Hence, the principle, q.e.d. 



J 
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Proposition LV. Theorem 

If an integer is separated into periods of n figures each, 
beginning at units' place, the nth root of tJie number de- 
noted by the left-hand period will give tlve first figure of 
the root; the nth root of the numher denoted by the first 
two periods will give the first two figures of the root; and 
80 on. 

Let 10t-\-u equal a root of two figures, and a the left-hand 
period when the power is separated into periods of n figures each. 
Then, (10 1 -f u)% or 

(10 0** + n (10 0"-^ w + n{n-'\) ^^^ ty-2y2 l^. ... = the power A 

To prove that the integral part of Va is t. 

a = int. part off + «(»-' lf\ + rtLr^zl):^ l^\\ ... b 

(If a power is divided by ID", the left-hand period will be the integral part of 
the result. A -5- 10" gives B.) 

If w = 0, a = r, or -y/a = t\ if m > 0, a may be > ^'* ; if we can 
prove that -y/a must be < ^ -f 1, it follows that the integral part 
of -y/a = t 

(« + l)n = «n + rttn-\ (1)4- ^ (^ ~ ^) ^"^ ( 1 )« +- C 

Comparing B and (7, term with term, we see that a must 
always be <{t-\- 1)", or that ^\fa must always be < ^ -f 1, because 
M -^ 10 must always be < 1. Therefore, the principle is true for 
an integer of two periods. 

If the integer consists of three periods, the first two from the 
left may be regarded as one period, and the whole as an integer 
of two periods. In this case, the nth root of the two periods 
combined will give the first two figures of the root. Hence, the 
principle is true for an integer of three periods. In a similar 
manner, the truth may be established for any integer. 

Hence, the principle, q.e.d. 
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EVOLUTION ^ INTEGERS 

To extract the nth root of any integer, point off into periods of 
n figures each beginning with units' place, extract the root of the 
number denoted by the first two periods, then the root of the 
number denoted by the first three periods, and so proceed. 

33. Extract the fourth root of 28'4739'6321 

(a + 6)* = a* + 4 a86 + 6 a^b^ + 4 a6' + 6* 
= a* + (4 a' + 6 a26 + 4 ab^ + 68) b 





28'4739'6321 
16 


231 


32000 

7200 

720 


12 4739 
11 9841 


a = 20 
b= 3 


27 


a = 230 


39947 


6 = 1 


486680( 

3174( 

95 


X) 
)0 
20 

1 


4898 6321 
4898 6321 


• 


489863! 


21 





We separate the integer into periods of four figures each because the 
fourth root of the number denoted by the first two periods will give the first 
two figures of the root, the fourth root of the number denoted by the first 
three periods will give the first three figures of the root, and so on. Prop. LV. 

We extract the fourth root of 28'4739 to obtain the first two figures of the 
root. 

If we extract the 4th root of a*, it gives a, the first term of the root; 
hence, if we extract the fourth root of 28, we must get the first figure of the 
root in this example ; the 4th root of 28 = 2 -f , or the first figure is 2 ; a = 20 
because 28 is not 28 units but 28 ten-thousands. 

If we divide 4 a^b by 4 a', it gives ft, the second term of the root ; hence, 
if we divide what corresponds to 4 a% or the greater part of 124739, by what 
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corresponds to 4 a^, we must get the second figure of the root in this example ; 
4 a* = 32000 ; 124739 -f- 32000 = 3 +, or 6 = 3. 

If we multiply what is within the parenthesis by b, it gives the rest of the 
power ; hence, if we multiply what corresponds to what is within the paren- 
thesis by what corresponds to b, we should get the rest of the power in this 
example if it is a perfect power ; 4 a^ = 32000 ; Qa^b=z 7200, 4 ab^ = 720, 
6' = 27, the parenthesis = 39947 ; multiplying by 6, or 3, and subtracting, 
we get 4898. Hence, the 4th root of 284739 is 23 +. 

We extract the 4th root of 284739'6321 to obtain the first three figures 
of the root. We may regard the whole as 284739 ten-thousands and 6321 
units. 

If we extract the 4th root of a*, it gives a, the first term of the root ; 
hence, if we extract the 4th root of 284739, we must get the first part (the 
number denoted by the first two figures) of the root in this example ; the 
4th root of 284739 is 23 + , or the number denoted by the first two figures of 
the root is 23 ; a = 230 because 284739 is not 284739 units but 284739 ten- 
thousands. 

If we divide 4 a^b by 4 a*, it gives 6, the second term of the root ; hence, 
if we divide what corresponds to 4 a^b, or the greater part of 48986321, by 
what corresponds to 4 a^, we must get the second part (third figure) of the 
root in this example ; 4 aS = 48668000 ; 48986321 -^ 48668000 = 1+, or 6 = 1. 

If we multiply what is within the parenthesis by 7), it gives the rest of the 
power ; hence, if we multiply what corresponds to what is within the paren- 
thesis by what corresponds to 6, we should get the rest of the power in this 
example if it is a perfect power ; 4 a^ = 48668000 ;6a^b=r 317400, 4 ab'^ = 920, 
6* = 1, the piaren thesis = 48986321 ; multiplying by 6, or 1, and subtracting, 
we get 0. Hence, the 4th root of 2847396321 is 231. 

34. What are the steps in the extraction of the cube root of 
340'068'392 ? 

First, the cube root of 340 ; second, the cube root of 340'068 ; third, the 
cube root of 340'068'392. 

Simplify : 



35. -v/340068392 38. V7529536 

36. ^1642047467776 39. a^6191 7364224 

37. >^657748550151 40. ^61917364224 
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EVOLUTION — FRACTIONS 

It has been shown that the nth root of a fraction is the wth root 
of the numerator divided by the nth root of the denominator. If 
the denominator is not a perfect power, both terms may be multi- 
plied or divided by any number that will fulfill this condition, or 
the fraction may be reduced to a decimal. 

41. What is the V| ? ^ ? </i^ ? 

42. In terms of the root of a fraction whose denominator is a 
perfect power corresponding to the index of the root, what is the 
equivalent of V| ? "v^ ? "v^ ? 

Proposition LVI. Theorem 

In the extraction of the nth root, a decimal may be 
pointed off into periods of n figures each, beginning oA the 
decimal point. There will be as many decimal pla^s in 
the root as there are decimal periods in the power. 

Since a decimal is a common fraction, the preparation for the 
extraction of its nth root consists in multiplying both terms by 1 
with enough ciphers to make the denominator a perfect nth power. 

Since the number of ciphers in the new denominator must be 
a multiple of n, the number of decimal places in the equivalent 
decimal must be the same multiple of n. 

(The number of decimal places in a decimal is the same as the number of 
ciphers in its denominator.) 

It follows that annexing ciphers to a decimal until its denom- 
inator is a. perfect power and pointing off the numerator from 
units, must give the same result as pointing off the decimal from 
the decimal point and annexing sufficient ciphers to complete the 
right-hand period. 

Hence, the principle, q.e.d. 
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43. What is the numerator of .003266? the denominator? 
How many decimal places are there? How many ciphers in 
the denominator? 

44. If the numerator 3265 is pointed off from units into periods 
of 3 figures each, what are the periods ? 

45. If the decimal .003265 is pointed off from the decimal 
point into periods of 3 figures feach, what are the periods ? 

46. Is the denominator of .003265 a perfect 4th power ? 

47. If the 4th root of .003265 is to be extracted, the equivalent 
decimal is .00326500. Show that the decimal may be pointed off 
from the decimal point or that the numerator may be pointed off 
from units. 

4a The figures in the cube root of .000'002'744 are 14. How 
many decimal places in the root ? Point off the root. 

49. In terms of the corresponding root of a decimal, what is the 
equivalent of V| ? ^ ? <^ ? 

50. Extract the square root of ^; extract the square root of 
each term and simplify. 

51. Extract the square root of f ; in preparation, multiply both 
terms by 3. 

52. Extract the square root of f ; in preparation, reduce to a 
decimal. 

Simplify : 

53. V^^V ^ v^.056623104 

54. V^^ 57. ^9161.32832 

55. ^Ip 5a ^ to 4 places 
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LOGARITHMS — COMMON SYSTEM 

In the common system, the logarithm of a number is the power 
to which 10 must be raised to equal that number. 

Any number may be taken as the base of a system of logarithms. 
Since 3* = 81, 4 is the logarithm of 81 in the system whose base 
is 3 ; since 9* = 81, 2 is the logarithm of 81 in the system whose 
base is 9 ; since 10* = 100, 2 is the logarithm of 100 in the system 
whose base is 10. These relations may be written logg 81 = 4, 
log9 81 = 2, logiolOO = 2, but when the base is 10 it is customary 
to omit it both in writing and in reading ; log 100 = 2 means 
logio 100 = 2. 

Logarithms afford a method of multiplying, dividing, raising to 
powers, and depressing to roots. 

1. Find the value of 4 x 8 by logarithms. 

4 = 22; 8 = 28; 4x8 = 22+8 = 2«; since 32 = 26, 4x8=32. Or, logj4=2; 
log2 8 = 3; log2 (4x8) =2 + 3 = 6; since 32 is the number whose loga is 5, 
4 X 8 = 32. 

2. Find the value of 32 -5- 4 by logarithms. 

32 = 26; 4 = 22; 32^4 = 25-2 = 28; since 8 = 28, 32-4-4 = 8. Or, 
log2 32 = 6 ; log2 4 = 2; log2 (32 -^ 4) = 5 - 2 = 3 ; since 8 is the number 
whose log2 is 3, 32 -f- 4 = 8. 

3. Find the value of 8^ by logarithms. 

8 = 28 ; 82 = 22x3 = 2« ; since 64 = 2«, 82 = 64. Or, log2 8 = 3; logs 82 = 
2 • log2 8 = 2 X 3 = 6 ; since 64 is the number whose log2 is 6, 82 = 64. 

Q 

4. Find the value of v 64 by logarithms. 

64 = 26; v^ = 2^3 = 22; since 4 = 22, ^64 = 4. Or, log264 = 6; 
log2 y/6i = log2 64-f-3 = 6-T-3 = 2; since 4 is the number whose loga is 2, 

v/(54 = 4. 

Note. Nothing can be done by means of logarithms that cannot also be 
done by multiplying, dividing, raising to powers, and depressing to roots, but 
the use of logarithms often saves much labor. 
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The logarithm of every positive number that is not an integral 
power of 10 consists of an integral part called the characteristic 
and a decimal part called the mantissa. The mantissa is always 
positive. 

10«=1, 10^ = 10, 102 = 100, 108 = 1000 

Since log 1 = 0,. log 10 = 1, log 100 = 2, and so on, the logarithm of every 
number between 1 and 10 is between and 1, or 0+ ; the logarithm of every 
number between 10 and 100 is between 1 and 2, or 1+ ; the logarithm of 
every number between 100 and 1000 is between 2 and 3, or 2+ ; and so on. 

5. Between what integers must log 9834 be found ? 

Ans, Between 3 and 4. 9834 is between 1000 and 10000 ; log 1000 = 3 j 
log 10000 = 4 ; . •. log 9834 = 3+. 

The characteristic of the logarithm of a number is found by 
the next two propositions; the mantissa is found by reference to 
tables. Vega's seven-place tables consisting of one hundred eighty- 
six pages are satisfactory for most computations. Four-place tables 
(p. 148) can be printed on two pages ; they are satisfactory for 
illustrating the uses of logarithms and for computations in which 
the results are true to three or four orders. The method of com- 
puting the mantissas which form the tables is not explained in 
this book. 

The number which corresponds to a given logarithm is called 
its antilogarithm. 

The cologarithm of a number is zero minus its logarithm. 

Thus, log 100 = 2 ; antilog 2 = 100. log 100 = 2 ; colog 100 = - 2. 

6. What is the number whose logarithm is 5 ? In other words, 
what is the antilog 5 ? 

Ans. 100000. Since 100000 = 10«, antilog 6 = 100000. 

7. What is colog 1000 ? 

Ana. - 3. log 1000 = 3 ; colog 1000 = - 3, or - 3. 
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LOGARITHMS — CHARACTERISTICS 

Proposition LVII. Theorem 

The characteristic of the logarithm of an integer cfr 
mixed decinud is positive and one less than the number 
of integral digits. 

Since log 1=0, log 10 = 1, log 100 = 2, and so on, the charac- 
teristic of the logarithm of every number between 1 and 10 is 0, or 
one less than the number of integral digits ; between 10 and 100, 
1, or one less than the number of integral digits ; between 100 and 
1000, 2, or one less than the number of integral digits ; and so on. 

Hence, the principle, q.e.d. 

Find the characteristic of the logarithm : 

8. 568 11. 3785 14. 25 

9. 56.8 12. 378.5 15. 250 
.10. 5.68 13. 37.85 16. 2500 

17. If the figures of the antilogarithm are 23645, and the 
characteristic of the logarithm is 0, what is the antilogarithm ? 

Ans, 2.3645. Since the characteristic is 0, the number of integral digits 
in the antilogarithm must be one more than 0, or 1. 

18. In Ex. 17, what is the antilogarithm if the characteristic is 
3? 

Point off the result when the figures of the antilogarithm are 23645 
and the characteristic : 

19. 6; 2 20. 8; 1 21. 4; 5 

Ex. 10. 2364600. Since the characteristic is 6, the number of integral . 
digits in the antilogarithm must be one more than 6, or 7, 
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Proposition LVIII. Theorem 

The characteristic of the logarithm of a decimal is 
negaJ}ive and the same a^ the number of the place occu- 
pied by the first signifi^cant figure. 

.1 =:i-=10-l .001 =-l-=10-8 

10 108 

.01 = J- = 10-2 .0001 = J- = 10-^ 

102 104 

Log .1 = — 1, log .01 = — 2, log .001 = — 3, and so on- 

Since every decimal whose first integral digit is in tenths' place 
is .1 or a number between .1 and 1, and since the log .1 = — 1 and 
log 1=0, the log of such a decimal is — 1, or is a negative number 
between — 1 and 0. That is, it must be — 1 plus a positive 
decimal. 

Since every decimal whose first integral digit is in hundredths' 
place is .01 or a number between .01 and .1, and since log .01 = —2 
and log .1 = — 1, the log of such a decimal is — 2, or is a negative 
number between — 2 and — 1. That is, it must be — 2 plus a 
positive decimal. 

In the same way it may be shown that the characteristic of 
every decimal whose first integral digit is in any decimal place is 
negative and the same as the number of the place occupied by its 
first significant figure. 

Hence, the principle, q.e.d. 

Note. As a characteristic, — 1 is written 9 — 10 ; — 2, 8 — 10 j — 3, 
7 — 10, ••*. The characteristic of a logarithm may be positive or negative, 
but the mantissa is always positive. — 2.3864 as a logarithm does not have 
the signification which it has elsewhere of —2 — .3864, but means —2 +.3864. 

JFHnd the characteristic of the logarithm : 

22. .25 25. .123 28. .02345 

23. .025 26. .0123 ' 29. .002345 

24. .0025 27. .00123 30. .0002345 

BLBM. ALO. — 10 
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* 

LOGARITHMS — MANTISSAS 

Proposition LIX. Theorem 

Moving the decimal point of a number in either direc- 
tion does not affect the mantissa of the logarithm. 

To move the decimal point is to multiply by 10 to a positive 
integral or by 10 to a negative integral power. 

Multiplying by 10 to a positive integral power increases the 
logarithm by an integer. 

Multiplying by 10 to a negative integral power decreases the 
logarithm by an integer. 

In either case the mantissa is not affected. 

Hence, the principle, q.e.d. 

In a four-place table, the first two figures of numbers are placed 
at the left of the page in a vertical column headed No. ; the third 
figure, in a horizontal line at the top. The mantissa of a number 
of three figures is placed at the intersection of a horizontal line 
running through the first two figures, and a vertical line through 
the third; the mantissa of a number of four or five figures is 
found by interpolation ; the mantissa of a number of more than 
five figures is the same as for five figures. The decimal point is 
not printed. 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


55 


7404 


7412 


7419 


7427 


7436 


7443 


7461 


7469 


7466 


7474 


56 


7482 


7490 


7498 


7505 


7513 


7520 


7528 


7636 


7643 


7551 


57 


7659 


7666 


7574 


7582 


7589 


7597 


7604 


7612 


7619 


7627 



31. Find the mantissa of log 550 ; of log 561 ; of log 664 ; of 
log ^6. 

Mantissa of log 550 = .7404 ; mantissa of log 661 = .7490; mantissa of 
log 664 = .7613 ; mantissa of log 666 = .7620. 
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To find the mantissa of the logarithm of a number of more 
than three figures, find the mantissa of the logarithm of the num- 
ber denoted by its first three figures, and add the sum of the 
results found by multiplying its fourth figure by the tabular 
difference and dividing by 10 and multiplying its fifth figure 
by the tabular difference and dividing by 100. Do the work 
mentally. 

Let us find the log of 564.28. 

Since 664.28 lies between 664 and 666, its mantissa must lie between the 
mantissa of 664 and the mantissa of 666, or between 7613 and 7620. The 
difference between 664 and 666 is 1 ; between 7613 and 7620 is 7. Since a 
difference of 1 in the number makes a difference of 7 in the mantissa, a dif- 
ference of .28 in the number will make a difference of .28 of 7, or of 1.96 in 
the mantissa. 

Therefore, the mantissa of 664.28 is 1.96 greater than the mantissa of 664. 
We consider the integral part only, but count .6 or more as 1, and neglect 
.4 or less. Adding 2, the mantissa of log 664.28 is .7616. 

Hence, to get the correction, we multiply the number denoted by the 
fourth and the fifth figures by the tabular difference, and divide by 100. Or, 
since .28 of 7 = .2 of 7 + .08 of 7, we multiply the fourth figure by the tabu- 
lar difference and divide by 10 ; we multiply the fifth figure by the tabular 
difference and divide by 100 ; and we add the results. 

In practice, we hold a finger on 7613 until the mantissa is found. We say, 
7 (tabular difference), 1.4 (2x7-^ 10), .6 (8 x 7 -^ 100), 1.9 (1.4 + .6), 2 
(amount to add), 7616 (7613 + 2). 



Find: 

32. log 896.425 

33. log 3.2467 

34. log .0093278 

35. log .035007 



36. log .7 

37. log .07 

38. log .86543 

39. log .086543 



40. log .968327 

41. log .0034969 

42. log .0003396 

43. log .0030064 



Ex. 32. We hold a finger on 9623 until the mantissa is found. We say, 
6, 2, .1, 2.1, 2, 9626, 2.9626 (characteristic and mantissa). 
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No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 
11 
12 
18 
14 


0000 
0414 
0792 
1139 
1461 


0043 
0453 
0828 
1173 
1492 


0086 
0492 
0864 
1206 
1523 


0128 
0631 
0899 
1239 
1553* 


0170 
0569 
0934 
1271 
1684 


0212 
0607 
0969 
1303 
1614 


0263 
0645 
1004 
1336 
1644 


0294 
0682 
1038 
1367 
1673 


0334 
0719 
1072 
1399 
1703 


0374 
0755 
1106 
1430 
1732 


15 

16 
17 
18 
19 


1761 
2041 
2304 
2553 

2788 


1790 
2068 
2330 
2577 
2810 


1818 
2095 
2355 
2601 
2833 


1847 
2122 
2380 
2626 
2856 


1875 
2148 
2405 
2648 
2878 


1903 
2175 
2430 
2672 
2900 


1931 
2201 
2456 
2695 
2923 


1959 
2227 
2480 
2718 
2945 


1987 
2263 
2604 
2742 
2967 


2014 
2279 
2529 
2765 
2989 


20 
21 
22 
28 
24 


3010 
3222 
3424 
3617 
3802 


3032 
3243 
3444 
3636 
3820 


3064 
3263 
3464 
3655 
3838 


3075 
3284 
3483 
3674 
3856 


3096 
3304 
3602 
3692 
3874 


3118 
3324 
3622 
3711 
3892 


3139 
3346 
3641 
3729 
3909 


3160 
3365 
3560 
3747 
3927 


3181 
3386 
3579 
3766 
3946 


3201 
3404 
3598 
3784 
3962 


25 

26 
27 
28 
29 


3979 
4150 
4314 
4472 
4624 


3997 
4166 
4330 
4487 
4639 


4014 
4183 
4346 
4502 
4654 


4031 
4200 
4362 
4518 
4669 


4048 
4216 
4378 
4633 
4683 


4066 
4232 
4393 
4548 
4698 


4082 
4249 
4409 
4564 
.4713 


4099 
4266 
4426 
4679 
4728 


4116 
4281 
4440 
4694 
4742 


4133 
4298 
4456 
4609 
4767 


30 

81 
82 
88 
84 


4771 
4914 
5051 
5185 
5315 


4786 
4928 
5065 
5198 
5328 


4800 
4942 
5079 
5211 
5340 


4814 
4965 
5092 
5224 
5353 


4829 
4969 
5105 
5237 
5366 


4843 
4983 
5119 
5250 
5378 


4867 
4997 
6132 
5263 
6391 


4871 
5011 
5145 
5276 
6403 


4886 
5024 
5169 
5289 
5416 


4900 
6038 
5172 
6302 
5428 


35 

86 
87 
88 
89 


5441 
5563 
5682 
5798 
5911 


5453 
5575 
5694 
5809 
5922 


5465 
5587 
5705 
5821 
5933 


5478 
5599 
5717 
5832 
5944 


6490 
6611 
5729 
5843 
5965 


5602 
5623 
5740 
6865 
5966 


5514 
5635 
5762 
6866 
6977 


6527 
6647 
5763 
6877 
6988 


5539 
5668 
6775 
5888 
5999 


6651 
5670 
5786 
6899 
6010 


40 

41 
42 
48 
44 


6021 
6128 
6232 
6335 
6435 


6031 
6138 
6243 
6315 
6444 


6042 
6149 
6253 
6355 
6454 


6053 
6160 
6263 
6365 
6464 


6064 
6170 
6274 
6375 
6474 


6075 
6180 
6284 
6385 
6484 


6086 
6191 
6294 
6396 
6493 


6096 
6201 
6304 
6405 
6603 


6107 
6212 
6314 
6415 
6513 


6117 
6222 
6325 
6426 
6522 


45 

46 
47 
48 
49 


6632 
6628 
6721 
6812 
6902 


6542 
6637 
6730 
6821 
6911 


6551 
6646 
6739 
6830 
6920 


6561 
6666 
6749 
6839 
6928 


6671 
6665 
6758 
6848 
6937 


6580 
6675 
6767 
6857 
6946 


6690 
6684 
6776 
6866 
6956 


6699 
6693 
6785 
6876 
6964 


6609 
6702 
6794 
6884 
6972 


6618 
6712 
6803 
6893 
6961 


50 
51 
52 
58 
54 


6990 
7076 
7160 
7243 
7324 


6998 
7084 
7168 
7261 
7332 


7007 
7093 
7177 
7259 
1 7340 


7016 
7101 
7185 
7267 
7348 


7024 
7110 
7193 
7275 
7366 


7033 
7118 
7202 
7284 
7364 


7042 
7126 
7210 
7292 
7372 


7050 
7136 
7218 
7300 
7380 


7069 
7143 
7226 
7308 
7388 


7067 
7162 
7235 
7316 
7396 
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LOGARITHMS — MANTISSAS 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


55 

66 
67 
68 
69 


74(H 
7482 
7569 
7634 
7709 


7412 
7490 
7566 
7642 
7716 


7419 
7497 
7574 
7649 
7723 


7427 
7506 
7682 
7657 
7731 


7435 
7513 
7589 
7664 
7738 


7443 
7520 
7697 
7672 
7745 


7461 
7628 
7604 
7679 
7762 


7459 
7636 
7612 
7686 
7760 


7466 
7643 
7619 
7694 

7767 


7474 
7551 
7627 
7701 

7774 


60 
61 
62 
68 
64 


7782 
7853 
7924 
7993 
8062 


7789 
7860 
7931 
8000 
8069 


7796 
7868 
7938 
8007 
8075 


7803 
7875 
7945 
8014 
8082 


7810 

7882 
7952 
8021 
8089 


7818 
7889 
7959 
8028 
8096 


7825 
7896 
7966 
8035 
8102 


7832 
7903 
7973 
8041 
8109 


7839 
7910 
7980 
8048 
8116 


7846 
7917 
7987 
8055 
8122 


65 

66 
67 
68 
69 


8129 
8195 
8261 
8325 
8388 


8136 
8202 
8267 
8331 
8395 


8142 
8209 
8274 
8338 
8401 


8149 
8215 
8280 
8344 
8407 


8156 
8222 
8287 
8351 
8414 


8162 
8228 
8293 
8357 
8420 


8169 
8235 
8299 
8363 
8426 


8176 
8241 
8306 
8370 
8432 


8182 
8248 
8312 
8376 
8439 


8189 
8254 
8319 
8382 
8446 


70 

71 
72 
78 
74 


8461 
8613 
8573 
8633 
8692 


8457 
8519 
8579 
8639 
8698 


8463 
8525 
8585 
8646 
8704 


8470 
8531 
8591 
8651 
8710 


8476 
8537 
8697 
8657 
8716 


8482 
8543 
8603 
8663 

8722 


8488 
8549 
8609 
8669 
8727 


8494 
8666 
8615 
8675 
8733 


8600 
8661 
8621 
8681 
8739 


8606 
8567 
8627 
8686 
8746 


75 

76 
77 
78 
79 


8751 
8808 
8865 
8921 
8976 


8756 
8814 
8871 
8927 
8982 


8762 
8820 
8876 
8932 
8987 


8768 
8825 
8882 
8938 
8993 


8774 
8831 
8887 
8943 
8998 


8779 
8837 
8893 
8949 
9004 


8785 
8842 
8899 
8954 
9009 


8791 
8848 
8904 
8960 
9015 


8797 
8854 
8910 
8965 
9020 


8802 
8869 
8916 
8971 
9025 


80 
81 
82 
88 
84 


9031 
9085 
9138 
9191 
9243 


9036 
9090 
9143 
9196 
9248 


9042 
9096 
9149 
9201 
9253 


9047 
9101 
9154 
9206 
9258 


9053 
9106 
9159 
9212 
9263 


9068 
9112 
9165 
9217 
9269 


9063 
9117 
9170 
9222 
9274 


9069 
9122 
9176 
9227 
9279 


9074 
9128 
9180 
9232 
9284 


9079 
9133 
9186 
9238 
9289 


85 
86 
87 
88 
89 


9294 
9345 
9395 
9445 
9494 


9299 
9360 
9100 
9450 
9499 


9304 
9355 
9405 
9456 
9504 


9309 
9360 
9410 
9460 
9509 


9315 
9365 
9415 
9465 
9513 


9320 
9370 
9420 
9469 
9618 


9325 
9375 
9425 
9474 
9523 


9330 
9380 
9430 
9479 
9528 


9335 
9385 
9435 

9533 


9340 
9390 
9440 
9489 
9538 


90 
91 
92 
98 
94 


9542 
9590 
9&38 
9685 
9731 


9547 
9595 
9643 
9689 
9736 


9552 
9600 
9647 
9694 
9741 


9557 
9605 
9652 

mm 

9745 


9562 
9609 
9657 
9703 
9750 


9566 
9614 
9661 
9708 
9754 


9571 
9619 
J)666 
9713 
9759 


9576 
9624 
9671 
9717 
9763 


9581 
J¥328 
9675 
9722 
9768 


9586 
9633 
9680 
9727 
9773 


95 

96 
97 
98 
99 


9777 
9823 
9868 
9912 
9a56 


9782 
9827 
9872 
9917 
9961 


9786 
9832 
9877 
9921 
9965 


9791 
9836 
9881 
9926 
9969 


9795 
9841 
9886 
W30 
9974 


9800 
9846 
9890 
J)934 
9978 


9805 
9850 
9894 
9939 
9983 


9809 
9854 
9899 
9943. 
9987 


9814 
9859 
9903 
9948 
9991 


9818 
9863 
9908 
9952 
999(j 
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LOGARITHMS — ANTILOGARITHMS 

To find tlie antilogarithm, find in the table the mantissa nearest 
the given mantissa, biit smaller. This will give the first two 
figures in the column headed No., and the third figure at the top 
of the page. For the fourth and fifth figures, subtract the man- 
tissa thus found from the given mantissa, multiply by 100, and 
divide by the tabular difference. Point off as the characteristic 
indicates. Do tJie work merUaily. 

Let us find the antilogarithm of 2.7515. 

Finding the antilogarithm is the reverse of finding the logarithm. The 
last thing in finding the logarithm was to add something to the mantissa in 
the table ; in the reverse process, we must find the nearest smaller mantissa 
to 7516 in the table, and find what has been added. The nearest smaller 
mantissa is 7613 ; the difference, 2. 

Before this, in finding the logarithm, we multiplied by the tabular differ- 
ence and divided by 100 ; in the reverse process, we must multiply by 100 
and divide by the tabular difference ; 100 x 2 = 200 ; 200 -j- 7 = 28+ ; the 
fourth and fifth figures are 28. 

The third figure is 4, in the vertical line over 7613, and the first two figures 
are 56, in the horizontal line at the left. 

Since the characteristic is 2, there must be three figures in the integral 
part of the result. Therefore, antilog 2.7515 = 564.28. 

Find X when log : 

44. a? = 2.9525 48. a? = 9.8451 -10 52. a; = 9.9860 -10 

45. » = 0.5114 49. 01 = 8.8451-10 53. a; = 7.5437 -10 

46. a? = 9.9698 -10 50. « = 9.9372 -10 54. a? = 6.5310 -10 

47. a; = 8.5442 -10 51. a; = 8.9372 -10 55. a? = 7.4781 -10 

Ex. 46. We hold a finger on 9694 until the antilogarithm is found. 
We say, 4 (difference of mantissas), 400 (4 x 100), 6 (tabular difference), 
80 (400 -^6), 93280 (the sequence of digits), .9328 (antilogarithm). Since 
the characteristic is - 1, the first significant digit must be in the first decimal 
place. 



INVOLUTION, EVOLUTION, LOGARITHMS 161 

LOGARITHMS — C0L06ARITHMS 

To Qnd the cologarithm of a number; find the mantissa as in 
logarithms ; find what must be added to each digit from the left 
to make 9, but to the last integral digit to make 10 ; find what 
must be added to the characteristic to make 9. If the number is 
an integer, annex — 10. Do the work mentally. 

Let us find colog 564.28. Let us find colog .056428. 

Since the colog 564.28 = - log 564.28 by definition, we must find 
log 564.28 and subtract from 0. 

= 10 - 10 = 9.999(10) - 10 = 10 - 10 = 9.999(10) - 10 

log 564.28 = 2.761 5 log .066428 = 8.751 5-10 

colog 564.28 = 7.248 5-10 colog .056428 = 1.248 5 

In finding colog 564.28, we see that 2 is what must be added to 7 to make 
9 ; 4 is what must be added to 5 to make 9 ; 8 is what must be added to 1 to 
m&ke 9 ; 5 is what must be added to 5 to make 10. 7 is what must be added 
to the characteristic to make 9. The number, 564, is an integer, and — 10 
is annexed. 

In finding colog .056428, we see that if the number is a decimal, — 10 
must not be annexed. 

Find: 

56. colog 48.136 60. colog 1.2456 64. colog 7324.69 

57. colog 70.329 61. colog 36.549 65. colog .867003 
5a colog 8.3456 62. colog 1 66. colog .928563 
59. colog .38469 63. colog .37854 67. colog 743.691 

Ex. 56. We hold a finger on 6821 until the cologarithm is found. We 
say, 9, 2.7, .5, 3.2, 3, 6824, 3176 (each figure of mantissa from 9 but last inte- 
gral figure from 10), 1 (characteristic of logarithm), 8.3176>10 (cologarithm). 
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LOGARITHMS — THE OPERATIONS 

Proposition LX. Theorem 

The logarithm of the product of two quantities is the 
logarithm of the miUtiplicand plus the logarithm of the 
multiplier. 

To prove log ah = log a + log 6. 

Let a = 10» 

and h=z W 

then must ab = 10»+» 

loga = aj; log6 = y; loga6 = aj-fy (1) 

(The logarithm of a number is the power to which 10 must be raised to 
equal that number.) 

Substituting in (1), log ab = log a -f log h 

Hence, the principle, q.e.d. 

Proposition LXI. Theorem 

The logarithm of the quotient of two quantities is the 
logarithm of the dividend plus the cologarithm/ of the 
divisor. 

To prove log - = log a -f colog h. 



Let a = 10* 

and &=10*' 

then must ? — 1 C\*-v 

b 

loga=:«; logb = y] \ogj^ = x-y (1) 

(The logarithm of a number is the power to which 10 must be raised to 
equal that number.) 

Substituting in (1), log ^ = log a — log b = log a -f colog b 

b 

Hence, the principle, q.e.d. 
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Proposition LXII. Theorem 

The logarithm of a number raised to any power is equual 
to the product of the exponent by the logarithm of the 
number. 

Let MB take a" 

To prove log aJ^^n log a 

a" = aoum •••, or a, n times 

log a" = log a -f log a -f •••, or log a, n times. 

(The logarithm of the product of two or more quantities is the sum of the 
logarithms of the quantities.) 

.'. log a" = w log a 
Hence, the principle, q.e.d. 

Reduce to logarithmic form : 

6a 36.98x4.376 7a V.086345 

69. 26843 x .38669 79. a/.0048392 

70. 17.846 X .0036947 ^ hc^ aV 

71. .038066 X .039826 ' c^^i^' (^^ 

72. .72346^-92.834 _ a^c a^b^ 

73. 24789^.017846 ' ^'a[' cd 



74. .034069-^.013768 



32. <S; <p 



75. 632.96-^.369481 ^d'm^x ^c^d^ 

76. (363.948)* ^ pi^ . 5/^ 

77. (.73296)* ' ^ a^y'^ ' ^^'c3 

Ex. 68. log ( ) = log 36.98 + log 4.376 

Ex. 72. log ( )= log .72345 + colog 92.834 

Ex. 76. log( )= flog 863. 948 

Ex. 82. log ( ) = J(^ log fl+log &+3 loga;-|-5 colog c-f 3 colog w+colog x) 
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LOGARITHMS — EXAMPLES 

84. By means of logs find the value in Ex. 68. 

85. By means of logs find the value in Ex. 72. 

Ex. 84. 36.98 x 4.375 Ex. 86. .72345 -i- 92.834 

log ( ) = log 36.98 + log 4.375 log ( ) = log .72345 + colog 92.834 

log 36.98 = 1.5680 log .72345 = 9.8594 - 10 

log 4.375= .6410 colog 92.834 = 8.0323 - 10 

log ( ) = 2.2090 log ( ) = 7.8917 - 10 

( )= 161.81 ( )=. 0077933 

86. By means of logs find the value in Ex. 78. 

87. By means of logs find the value in Ex. 77. 

Ex. 86. \^.086345 Ex. 87. (.73296)* 

log ( ) = J log .086345 log ( ) = j log .73296 

log .086345 = 8.9362 - 10 log .73296 = 9.8651 - 10 

J log .086345 = 9.7341*- 10 i log .73296 = 9.9460 - 10 

() = .5421 () = .8830 

Note. In dividing a negative logarithm by an integer, we add enough to 
both parts of the characteristic to obtain a sum in the second part whose 
quotient is 10. Thus : 

4 )8.9362 - 10 (1) 9.8651 - 10 (2) 5 )9.7302-10 (3) 

9.7341 - 10 2 9.9460 - 10 

9.7302 - 10 

In (1), we add 30 to both parts of the characteristic ; 8 — 10 becomes 
38 — 40 ; we divide 38.9362 — 40 by 4 ; the object is to keep the second part 
of the characteristic — 10. 

In (2), we multiply and obtain 19.7302 — 20, but write the result 
9.7302 - 10. 

In (8), we add 40 to both parts of the characteristic and divide 49.7302-50 
bv5. 
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Find the value of: 



8a 



28.369 -^ 327.9145 
.68496 



^_ 5 /72.568 X . 



324695 
6.8327 -r- .00179 



89. 



.17648 -»• .78563 
.62934 -^ 13965 



92. 



.017643 X 68.596 
32456 X .72468 



90. 



V64869 -h V32:568 



V.064321 X VtOSJ 



93. 



V3.2469^V65.003 
V6:3264 X V78326 



«.^ 



732.056' X .0003572^ x 89793 
42.27988 X 3.4574 x .0026518* 



J/ .0062 X (.0007)* X 31.257^ 
' ^ 3.6* X .00005 X 9786.432* 



Find X : 



96. 3«-* = 6 



100. 7.25' = .842 



97. 5« = 8» 
98 3'-* = 7 



101. a^b^ = r 



102. ma'=:n* 



99. .725- = .0842 



103. .0825* = 16 



Ex.96. (a;-2)log3 = log5; a; - 2 = ?5S^ = ^???? = 1.465 ; a; = 3.466. 
^ ^ * *^ ' logs .4771 

Ex.99. xlog.726 = log .0842; ^^ log- 0842 ^ ^ 2.9263^ - 2 + .9263^ 

0717 log .725 - 1.8603 - 1 + .8603 

1.0747 _7 Q9 Kemember that -2.9253 means -2 + .9263 (p. 145), 
-.1397 

where the mantissa is * + * and the characteristic * — .* Before division is 
possible, the logarithm must be reduced to a form where both mantissa and 
characteristic have the same sign ; — 2 + .9263 = — 1 — .0747, or - 1.0747. 
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COMPOUND INTERBST 
Proposition LXIII. Theorem 

The amount o/ f 1 for n years at r%, cofmpownd interest, 
w (1 + r)" dollars. 

By definition, the amount at the end of each year bears interest 
during the next year. 

At the end of the first year the amount is 1 + r dollars ; during the year 
$ 1 amounts to 1 + r dollars, and 1 + ^ dollars amounts to 1 + r times 1 + r 
dollars, or (1 + f)^ dollars. At the end of the second year the amount is 
(1 + ty dollars ; during the year $ 1 amounts to (1 + r) dollars, and (1 -f r)* 
dollars amounts to (1 + 0^ times (1 + t) dollars, or (1 + r)^ dollars. And 
so on. 

Hence, the principle, q.e.d. 

Eocpress tJie result by factors. Find the amount : 

1. Of 5f 1 for 18 yr. at 6% compound interest. 

2. Of $ 100 for 18 yr. at 6% compound interest. 

3. Of f 750 for 60 yr. at 4% compound interest. 

4. Of 1 ^ for 60 yr. at 4% compound interest. 

If the time is for years, months, and days, the amount of the 
principal must be found for the years, and the amount of the 
result for the months and days. 

Express the result by factors. Find the amount : 

5. Of 5f 1 for 3 yr. 6 mo. at 6% compound interest. 

6. Of $ 100 for 3 yr. 6 mo. at 6% compound interest. 

7. Of $ 100 for 5 yr. 6 mo. 6 da. at 6% compound interest. 

a Of f 125 for 7 yr. 7 mo. 7 da. at 6% compound interest. 

Ex. 5. An8, $(1.06)8(1.03). An approximate result is 

$(1.06)84, or 1(1.06)8(1.06)*. 
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Proposition LXIV. Theorem 

The amount of %\ for n years at r% interest compounded 

m times a year is the amount of $1 for m^n years ai> — %, 
interest compounded annually, 

f { 1 H — ) = the amount of f 1 for mn years at — %, interest 
\ m) in- 

compounded annually. 

f f iH — 1 =tlie amount of f 1 for n years at r%, interest 

compounded m times a year. 

(In n years the interest is compounded mn times ; the amount at the end 
of the first period is $1 1 H — ) ; at the end of the second, $( 1 H — ] ; ••• at 

(r \"^ 
1 4-— ) • 

Hence, the principle, q.e.d. 

When interest is compounded oftener than once a year, the 
example should be reduced to an equivalent example in which 
the interest is compounded annually. 

9. What is the amount of ^f 100 for 3 yr. 5 mo. 6 da. at 6%, 
interest compounded quarterly ? Do not solve, but state the 
equivalent example, interest payable annually. 

10. What is the amount of % 825.67 for 2 yr. 3 mo. 7 da. at 4%, 
interest compounded semiannually ? Do not solve, but state the 
equivalent example. 

Logarithms should be employed in the following computations. 
Fmd, in dollars the answers to : 

U. Ex. 1 14. Ex. 4 17. Ex. 8 

12. Ex. 2 15. Ex. 6 la Ex. 9 

13. Ex. 3 16. Ex. 7 19. Ex. 10 
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COMPOUND INTEREST 

20. In what time will $100 amount to $137.93 at 6% com- 
pound interest ? Before solving, state your plan of procedure. 

First, find the integral part of the time in years ; second, find the com- 
pound amount of $ 100 for this integral number of years at 6 % ; third, sub- 
tract this amount from $ 137.93 to find the interest for the fractional part of 
a year ; fourth, find the time in which the amount for the integral number of 
years will gain this difference at 6 % simple interest. 

First Step. Let a; = number of years; 100 (1.06)« = 137.93 ; x = 
(log 137.93 - log 100) -r- .0263 = .1397 -^ .0253 = 5.6214 ; 5 is the integral part. 

Second Step, Ans. $1^M. Third St^. ^ns. $4.12. 

Fourth Step, In what time will $ 133.81 gain $ 4.12 at 6 % simple interest ? 
Ans, 6 mo. 6 da. 

Note. Compare with Ex. 7. There is a discrepancy of 1 da. due to the 
fact that we have used only a four-place logarithm table. 

21. At what per cent compound interest will $ 100 amount to 
$ 137.93 in 5 yr. 6 mo. 6 da. ? Before solving, state your plan. 

Since the amount at x% may be approximately obtained (Ex. 6) by 
regarding n a mixed number of years, 

100(1+^-1 =137.93 

V loo; 

approximately. We will find x by solving this equation. We will then take 
the nearest integer and see if it will answer the conditions. 

22. What difiiculty arises in the attempt to solve Ex. 21 as 
follows ? Let a; = the rate ; 100 /^l -h T^Yf 1 H- t^ • ^ V 137.93. 

' V looyv 100 6oy 

This is the natural way to solve the example, but the equation which 
results is of the fifth degree with x in more than one term and is, therefore, 
very difficult of solution. 
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23. What principal at 6% compound interest will amount to 
$ 137.93 in 6 y r. 6 mo. 6 da. ? State your plan. 

We will let x equal the principal. Then, 

x(1.06)& X 1.031 = 137.93. 

From this equation, x may readily be found. 

24. If the amount of $m at compound interest for 7 yr. is 
9 236.58 at 1%, what is the amount at 6% ? 

w(1.01)7 = 236.68 ; m = 220.70 

220.70(1.06)7 = 331.84 

25. Why will not 6 times $236.58 give the correct result in 
Ex. 24 ? 

26. In Ex. 24, by what should $ 236.58 be multiplied ? 

Ex.26. gl:^ = ^li5?y; log ()==7[log 1.06 + cologh^^^ =.1470; 
( ) = 1.4029. Multiply by 1.4029. 

27. What is the amount at simple interest of 1 ^ for 1902 yr. 
at6%? 

2a What is the amount at compound interest of 1 ^ from the 
year 1 to the year 1903 at 6% ? 

29. What is the value in dollars of a sphere of pure gold whose 
radius is the distance from the earth to the sun ? Data : volume of 
a sphere, ^ ttt^ ; distance from the earth to the sun, 92,000,000 mi. ; 
weight of 1 cu. ft. of water, 62^ lb. avoirdupois ; specific gravity 
of gold, 19.2 ; number of grains of pure gold in a dollar, 23.2. 

30. How many spheres of pure gold, the radius of each being 
the distance from the earth to the sun, are required to pay the 
compound interest at 6%, of 1 ^ from the year 1 to the year 1903 ? 



NEGATIVE AND FRACTIONAL 

EXPONENTS 



DEVELOPMENT 

All of the principles that have been developed for positive 
integral exponents are also true for negative and fractional expo- 
nents. Expressions involving negative and fractional exponents 
may be added and subtracted, multiplied and divided, factored, 
treated in equations, and used in every way that expressions 
involving positive integral exponents may be used. It remains 
to prove that the principles already developed apply to negative 
and fractional exponents and to consider special cases. 

A more complete explanation may also be given of the out- 
growth from the agreement that * + ' and * — ' shall denote move- 
ments in opposite directions. See p. 10, Prop. II. 

Addition .AND Subtraction. If a quantity increased by b 
equals a, the quantity must be a diminished by 5. This state- 
ment is a self-evident proposition. It has been agreed to represent 
" use as an addend '' by * -|- ' written before the base ; then the 
opposite, or " use as a subtrahendy^^ must be expressed by * — ' 
similarly placed. The statement may then be abbreviated : 

If x + b = ayX = a — b 

Multiplication and Division. If a quantity multiplied by 
b equals a, the quantity must be a divided by b. This statement 

160 
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is a self-evident proposition. It has been agreed to represent 
^^ midtiplied^^ by ^ x/ and ^^ divided'^ by ^ -5-,' or by the fractional 
form. The statement may then be abbreviated : 

If a;x6 = a, x = a-i-b 

or, Ji xxb = a, x = - 

b 

or, It x^ b = a, x = a xb-^ See note below 

Involution, Evolution, and Logarithms. If a quantity 
multiplied by b, the result multiplied by b, and so on n times, 
equals a, the quantity must be a divided by b, the result divided 
by by and so on n times. This statement is a self-evident proposi- 
tion. It has been agreed to represent ^^ use as a multiplier" hj 
* -f- ' written above the base and to the left of the exponent ; then 
the opposite, or " use as a divisor, ^^ must be expressed by * — ' 
similarly placed. The statement may then be abbreviated : 

If a; X 6*» = a, x = a x 6-*» 
or. If X X 6*» = a, X = — 

or, If X X 6*» = a, X = a -^ 6* 

Note. If n = 1, x x 6+*» = a, becomes x x & = a, and x = a x b''\ 

If the nth power of a number is a, the number must be the nth 
root of a. If b raised to any power is equal to a, the exponent of 
the power is the logarithm of a in the system whose base is h. 
The first statement is a self-evident proposition; the second is 
true by definition. The statements may be abbreviated : 

If x** = a, x — Va 
or, If X" = a, X = a" 



or. 



See p. 165 

If x» = a, x = a^'*"'> 



or, If 6* = a, X = log^ a 

BLEM. ALO. — 11 
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NEGATIVE EXPONENTS 

Proposition VI. Agreement (p. 14) 

A positive exponent shows how many times the hose is 
used as a mldtiplier. 

Thus, a"*"* =^ay.axa •••, or aooa •••, where a is used n times 
as a multiplier. 

Proposition VII. Theorem (p. 14) 

A negative exponent shows how many times the base 
is used as a divisor. 

To prove tiiat a~* = - X - X - •••, or , or — • 

a a a a x a x a-- a* 

a"*"* means that a is used n times as a multiplier. Since * — ' 
means the opposite of ' +/ a~* means that a is used n times in a 
sense opposite to a multiplier, or n times as a divisor. 

Hence, the principle, q.e.d. 

Proposition VIII. Theorem (p. 14) 

A zero exponent shows that the base is used the same 
nuinber of times both as a multiplier and as a divisor; 
the value of a nurnber with zero exponent is 1. 

= -\-n — n 

ax axa"- 

(In a+", a is used n times as a multiplier ; in a-^^ a is used n times as a 
divisor.) 

Hence, the principle, q.e.d. 

Note. The pupil should compare these demonstrations with those of 
p. 14. They are given here in general form. 
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Proposition LXV. Theorem 

To transfer a factor from one term of a fraction to the 
other, change the sign of its exponent. 

a* 1 
To prove that 



— n 



1 a 

a« = l+- 

(Any number is equal to 1 divided by its reciprocal.) 

a* 

(A negative exponent shows how many times the base 
is used as a divisor.) 

a" 1 
1 "" a-* 

Hence, if a"*"" is transferred to the denominator, it becomes a~**; 
if a"" is transferred to the numerator, it becomes a"*"*. 
Hence, the principle, q.e.d. 

1. Write with positive exponents: a"'; 05"*; y"*; a%~*; c~'d; 
a*6~*; x'h^'y Q?y~\ 

Am 1- i- i- ^- ... 

2. Write the value of: a^ a%V«; i; (a +6)% /"'"f^^ ; 

Ans. 1 ; aj; 1 ; 1 ; .... 

3. Write with positive exponents: ^^ ; — -j^; _g ; a"Wj 
6-«' 6-*' «-« ' nr»' 

-ln«. 5?J; ^; g; .... 
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FRACTIONAL EXPONENTS 
Peoposition LXVL Theorem 

The numercubor of a fraction shows thdt the base is to 
he affected by it in the manner denoted by the use of the 
fraction; the denominator calls far a quantity tha4> ivUl 
produce the base when that quantity is affected by the 
denominaiior in the same manner, 

• 

The relation of numerator to denominator must be the same in 
whatever way a fraction is used because the relation is independent 
of the use. Therefore, the general relation will be known if the 
relation is found when the fraction is used as a multiplier. 

Let us take a x ^ • 

n 

By definition, ax— means that a is to be multiplied by m and 

that the result is to be divided by n. That is, the numerator 
shows that the base is to be affected by it in the manner denoted 
by the use of the fraction. 

By definition, to divide by n is to find the quantity that will 
produce the base when that quantity is multiplied by n. That 
is, the denominator calls for the" quantity that will produce the 
base when that quantity is affected by the denominator in the 
manner denoted by the use of the fraction. 

Hence, the principle, q.b.d. 

4. In 24 -^ f , what is the signification of each term of the frac- 
tion ? What does the expression mean ? 

Ans, The numerator shows that 24 is to be divided by 3 ; the denominator 
calls for the number that will produce 24 when divided by 4. The expression 
means that 24 is to be divided by 3 and that a number is to be found which 
will produce that result when divided by 4. Or, it means that a number is 
to be found that will produce 24 when divided by 4, and that the result is 
to be divided by 3. 
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Proposition LXVII. Theorem 

The nuLTYierabar of a fractional exponent denotes the 
-power to which the hose is to be raised; the denominator 
denotes the root to which the base is to be depressed. 

IfSt ns take a" 

The numerator, m, shows that a is to be raised to the mth power. 

(The numerator of a fraction shows that the base is to be affected by it in 
the manner denoted by the use of the fraction ; the fraction in this position 
denotes the power to which the base is to be raised.) 

The denominator, n, calls for the quantity that will produce a 
when this quantity is raised to the wth power. 

(The denominator calls for a quantity that will produce the base when 
that quantity is affected by the denominator in the manner indicated by the 
use of the fraction.) 

By definition, the quantity that will produce a when it is raised 
to the nth power is the nth root of a. 

Hence, the principle, q.e.d. 

5. In 8», what is the signification of each term of the fraction ? 
What is the meaning of the expression ? 

Ans, The numerator shows that 8 is to be raised to the 2d power; the 
denominator calls for the number that will produce 8 when raised to the 3d 
power, or it calls for the cube root of 8. The expression means that 8 is to 
be raised to the 2d power and that the result is to be depressed to the 3d 
root, or that 8 is to be depressed to the 3d root and that the result is to be 
raised to the 2d power. 

6. What is the value of 27* ? Which is easier, to find the cube 
root of 27 and to square the result, or to square 27 and to find the 
cube root of the result ? 

Note. When the base is a perfect power, it is easier to extract the root 
first The result must be the same as when the power is found first. 



166 NEGATIVE AND FRACTIONAL EXPONENTS 

FRACTIONAL EXPONENTS 

JExpress with radical signs : 

7. a^^c^ 10. m%"* 

m n m— 1 

9. a^ftM 12. aj"^2"-^ 
Express with /rational &q>onents : 

13. -v/^X^ 16. \^X^/f 

14. ^/a^x^/F 17. Vo^xV^^ 

15. V^x</^' la "a/o^xV^^^ 

Fwid the value of: 

19. (16)i; (-27)* 22. (9)*; (-32)* 

20. (81)*; (-128)* 23. (125)*; (-216)* 

21. (-243)*; (-64)* 24. (-8)*; (-1024)* 

Write with positive exponents : 

2x'^y-\ a*b-^c* Sar^, 4mV 

* 3aV ' a^y-^-' ' 10 c'cP' Sr'V 

,^ 4aaj"^ m'^^w* ^„ m*w-* 3a%~* 

Ex. 7. v^ X v^Pc Ex. 13. a^6* 

Ex.19. \^ = ±2; (±2)8 = ±8. Or, 16« = 4096; v^4696=±8 
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MULTIPLICATION AND DIVISION 
Proposition XV. Theorem* 

To multiply when the bases are the same, mrite the com- 
mon base, and over it, the exponent of the multiplicand 
plus the exponent of the w,ultiplier. 

Nboative Exponents 
To prove that a""* X a"** = a""*"" 

a— X a-« = i X — Prop. VII 



a"* a* 



gm+n 



Prop. XLIV 



= a-"-" Prop. LXV 

Hence, the principle, q.e.d. 



Fractional Exponents 



To prove that 


a"" X a^ = a "* 






m p mq np 

a*" xa^ = a**« x a"« 


Prop. XLII 




= (a"«) x[a^) 


Prop. LXVII 




1 1 W+np 


See note 




mq-\-np 

= a "« 


Prop. LXVII 


Hence, the princii 


3le, 


q.e.d. 



Note, mq and np are positive integers ; the proposition has been proyed 
for this case. 

* For positive exponents, see p. 31. 
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MULTIPLICATION AND DIVISION 

Proposition XVI. Theorem* 

To multiply when the exponents are the same, write 
the product of the bases, and over it the ccfmmon exponent. 

Negative . Exponents 
To prove that a~"* x 6""* = (a6)""* 

a-"* X ft-" = — X i Prop. VII 



= 7-4- Prop. XLIV 

= (aft)-" Prop. VII 

Hence, the principle, q.e.d. 

Fractional Exponents 

MM M 

To prove that a" X 6** = (a6)* 

M M 

Let x^ a"^ and y = 6* 

To nth power, a" = a"* and y» = 6*" Prop. L 

Multiplying, (i»y)" = (oft)* Pos. Ex. 

MM M 

To nth root, ajy, or a" x 6" = (a5)" Prop. LIT 

Hence, the principle, q.e.d. 

Simplify : 

29. a"^ X a^\ a X a~'^\ a? x 05"® ; abc x a''^hh ; a"* x ahi, 

30. cfl xa^\ a* X a»; a%"^ x 6^; a;»3/« x x^y^\ xr^y x — aj^i/"^; 
• a^h^ X a*&"*. 

* For positive exponents, see p. 33. 



NEGATIVE AND FRACTIONAL EXPONENTS 169 

In multiplication and division, the pupil should inquire, Are 
the bases the same? the exponents the same? or neither bases 
nor exponents the same? His method of procedure should be 
determined by the answer. 

31. To divide when the bases are the same, write the common 
base and over it the exponent of the dividend minus the exponent 
of the divisor. Prove for negative exponents.* 

SuGOBSTiON. Follow the same general method as on p. 167. 

32. Prove the principle in Ex. 31 for fractional exponents.* 
Suggestion. Follow the same general method as on p. 167. 

33. To divide when the exponents are the same, write the quo- 
tient of the bases and over it the common exponent. Prove for 
negative exponents, t 

Suggestion. Follow the same general plan as on p. 168. 

34. Prove the principle in Ex. 33 for fractional exponents, t 
Suggestion. Follow the same general plan as on p. 168. 

Simplify : 

36. a*-5-a^; o^-i-dr^] a^lP-T-h^\ xyxx^-r-y^'y — a; 'y*-5-a;«^"*; 

37. a-« X 6-2 ; 8-^ h- 4-« ; (aj» - f)"^ -^ (a? - y)'^ ; (a - 6)"* 
x(aH-6)"*; (oj^ - 3 aj^j^ + 3 ajy» - j/^)* -^ (a^ - 2 ajy + 2^*. 

Ex. 37. («« - 8 a;2y 4. 8 jcya - y8) J ^ (a;2 _ 2 a;y + y^)^- This is an example 
in division when the exponents are the same. The quotient of the bases is 

a; — y ; the answer is (x — yy, 

* For positive exponents, see p. 87. t See p. 89. 
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MULTIPLICATION AND DIVISION 

Multiply : 

3a a* + a*6* + 6* by a"* — 6"* 

39. x~^ -\- x~^y^ + y ^J x~^ — x~^y^ + y 

40. x^ — xy^ -\- x^y — 3/* by x -\- x^y^ -\- y 

Ex. 38. a* + ah^ + 6* 

- 6"^ + o~^ 

— 0*6 • — a* — 6* 

We arrange the terms according to the descending powers of a. In the 

multiplier, — 6 » should precede a ' because 0, the exponent of a in the 
former, is greater than — |, the exponent in the latter. 

Divide : 

41. a •6« — a'6 • by a* — 6 » 

42. aj~2 -f- a;~^y H- ^ by «"^ + x~^y^ H- 2/^ 

43. a;^ -|- x^y — ojy * — yi by a?* — ajy^ -f- 05% — 3/' 

Ex. 41. _ ft-i + «-i ) _ fljJj-J ^ ^4^,* ( J + oi&i + 6* 

— q^6 » + q^ 

— a» + a '6' 



- 6^ + a h^ 



We arrange the terms in both dividend and divisor according to the 
descending powers of a and follow the same law with each partial dividend. 
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A number which can be expressed as an integer or as a fraction 
is rational; an indicated root of a positive number that cannot 
be expressed as an integer or a fraction is a surd ; an indicated 
even root of a negative number is imaginary; both surds and 
imaginaries are irrational. 

Thus, 6, }, .5, V5, \/8, 62 are rational numbers ; V2, y/l are surds ; v^ 
is a quadratic surd ; V-4, \^^ are imaginaries. The value of a surd can 
be found true to any decimal place but cannot be exactly expressed by a 
decimal. 

The case of exponents the same gives an ambiguous result in 
the multiplication and division of surds. 

Thus, in multiplication by the case of exponents the same, V5 x VE = 
-v^ = + 6, or — 6. Of these two values, + 5 alone is correct because the 
square of the square root of a number must be the number itself. In division, 
by the case of exponents the same, V6 -*- \/6 = VT = ± 1. Of these two 
values, + 1 alone is correct because anything divided by itself is 1. 

It is customary, however, to use this case with surds, but to 
retain the positive value only in the root. For imaginaries and 
a more complete discussion, see pp. 246-248. 

Thus, V6 x\^ = VlOO=+10; VlOO -*- vT = V26 = + 5. 

Declare the ca^e in muUiplication or division : 

44. -s/lxVl 4a ^/5-^^/5 

% 

45. <^X<^ .49. ^/6^^'2 

46. V3x\/2 50. V3^^2 

47. V5 X V5 51. V5 -F V5 

Ex. 44. This is the case in multiplication when the bases are the same. 

Ex. 61. This is the case in division where either bases or exponents are 
the same. See Prop. XIX, p. 86. 
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SURDS — TERMS SIMPLIFIED 

A surd is not in its simplest form when there is a perfect 
power of the same degree under the radical. We separate into 
factors, one of which is a perfect power, and perform the indicated 
operations. 

Simplify : 

52. </27; -v^ 

53. ^64; ^5/32 

54. ^/81; </l25 

55. </49; V25 

56. -v^; VlQ 



57. VlSa^fc*; V50a^ 



Sa V48 a*6« 



59. V16a^ 



60. V27^ 



61. V54g?6* 



V45aj^y* 



VST^^ 



V49 aV 



ViSoa? 



Ex. 52. Factoring, v^=(3»)»; performing the indicated operation 
(Prop. L), (38)* = 3* = \^. 

Ex.67. Factoring, VI8 a'fe* = V9 aV)^ x 2 a6 ; performing the indicated 
operation (Prop. LII), VOo^MxTaft = 3 aft* V2 a6. 

Simplify : 



62. Va^ - 2 a^d + aV 

63. V2^T4a6T26^ 

64. Va^ft + 2 a^d" + a&« 

65. V4a2-2U6H-36 6* 



66. V4aaj2-8a2ic + 4a» 



67. Va^-3a«6-f-3a*6«-a6« 

68. ■\/2a3 + 6a*6H-6a**-f-2&» 

69. ^a*6 + 3aW + 3a*6» -f- «*' 

70. A/2aJ*H-6aV+6iBy+2ajy« 

71. -v^l6 iB* + 64 i»y -f- 64 y* 



Ex.69. () = \^(a» + 8o26 + 3a62^58)xa6=(« + 6)v^ 
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A snrd is not in its simplest form when there is a fraction 
under the radical. It is necessary to multiply both numerator 
and denominator by something that will make the denominator 
a perfect power of the same degree. 

Simplify : 



74. x/I. ill 82. H^^^ 



'^ \27' % **• 2\27V 



77. Vi; >| - (--^)>|^ 



^ Vie' V20 ^ a-a^V^T^ 



79. <l; im „.^±1J^^ 

\9' >/64 a'-yVa + M 



+ y 

EX.7.. ^- = ,| = VF^=1^; ^ = ^1 = ^ = 1^. 



Ex.80. §^.^ = 8«?Ji^ = i^V^«^^^ 
46^46a» 4 6 >'226a« 4 6 '225o« 



= 8^xA^xv'i06 = ^Vl06. 
4 6 16 a 6 
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SURDS — ADDITION AND SUBTRACTION 

Before surds can be united, they must be reduced to equivalent 
expressions with a common surd factor. An even root is con- 
sidered '+.' See p. 171. 

Simplify : 

8a V20-V45+Vi80 90. a^>V98^ + V242 a^V 

89. V50-V32+V8 91. aj^VlSay - a^ V8ay 

92. Vi2 4- 3 V76 - 2 V27 

94. V27^+V75^--V3aj» -180^4-270^ 



95. V3(a;-2/)'--Vl2 0^4-24 a^4-12y2-hVl2 0^-24 ajy+123^ 



96. a,J^4-yJ^-(3y«-a^JIII 
^aj4-y ^» — 3/ ^ar — y* 

Ex. 88 Ex. 96 



->/46=:-3\/6 ^x+y x + y 



\/l80= 6V6 






6\/6 'X — y X — y 

-4»Tawgrc in order of magnitude : 

97. V2, ^, \/5 99. Vi25, \/i332 

» 4 ^? nI - <|. nI aI 

Ex. 97. The surds must be reduced to equivalent surds with the same 

exponent. 2*, 3*, 6*, become 2?^, 3^, 6^'; or y/^, v^, v^6«; or \^, 
v^, y/l26 ; the order is v^6, \/3, y/2. 
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SURDS —MULTIPLICATION AND DIVISION 

When the bases are the same it is well to use fractional 
exponents. 



MuUiply : 

101. V7byv/7 

102. V6^ by -^/Go^ 

103. V63 by V7 



Divide : 

106. V7 by \/7 

107. V6aFb by -^/Wc^ 
loa V63 by V7 



104. V60 aW by Vi5a6 

105. -v^i^S^ by \/6^ 



109. V60a«6» by Vl5 aft 
ua ^/125^ by -v/S^ 



Ex. 101. The bases axe the same ; 7^ x 7^ = 7* = y/l^ 

Ex. 103. The exponents are the same ; \/63 x \/7 = Viil = 21. 

When neither bases nor exponents are the same, it is always 
possible to reduce to the case of exponents the same. It may be 
necessary to change the exponents to equivalent fractions having 
a common denominator. 



Multiply : 

111. V2by^ 

112. ^/ihj^/2 

113. 8V3by2\/6 

114. </20byV2 

115. V2aby</3a« 



Divide : 

ua V2by^ 

117. ^4 by ^/2 

118. 8V3by2-v^6 

119. \/2()by V2 

120. V2a by ^/3c? 



115. V2a by V3a» 120. ■y/2a by V3a» 

Ex. 120. Neither bases nor exponents are the same ; V2a-^ y/Sc?=(2 a] 
H- (3 a2)*= (2 a)*-^ (3 a2)*= [(2 a)«]*-J- [(3 aa)2]*= (8 a^)*-*- (9 a*)*=-^ 

\9ax3*a6 \3«a« 3 a 



i 
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SURDS — MULTIPLICATION AND DIVISION 

It is sometimes necessary to place a factor within a radical. 

Place factor within radical : 

121. -2V3; -IIV2 125. 3a^/3c?i acVa^T~c 

:. 5\/6a; 4V3a 12a a^v^; (x-^y)^/Sx 



123. 6aA/4a*; 2v^ 127. BxyV^o^; ab^'VcTbr 

124. ^./1§Z. ?^/5? 128. ^-V^H^. ^-V^^V 

Ex. 121. This is an example in multiplication when neither bajses nor 

exponents are the same, because — 2\/3 = — 2^ x 3^ ; making the exponents 
the same, -2V3 = -V4x\/3 = - Via. See p. 248. 

It is sometimes necessary to multiply and to divide such expres- 
sions as Va -f-Vft and Vc-f-V5] Multiplication is performed 
directly, but each partial product is simplified; division is pre- 
ceded by multiplying both dividend and divisor by something that 
will free the divisor of surds. See p. 177 and p. 250. 

Multiply : 

129. V6-fV24by V12-V3 

130. 3 V5 -f- 2 v'3 by 3 V5 - 2 V3 

131. 4 Va + -y/b by Va — 4 V6 

132. aW-d^/'dPhjaV'^+dV^ 

133. V5-V3-V2by V5-f-V3-V2 
Ex. 129. 

V6H-V2i \/l2times >/6 = V72=6v^; 

VT2-\/3 \/l2 times v^ = 12 v^ ; 

6V2 + 12v^ -VS times V6=-8\/2; 

~ 3>/2-6V2 -VS times V24=-6>/2! 
' 9v^ 
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An expression is not in its simplest form when there is a surd 
in the denominator. It is necessary to multiply both numerator 
and denominator by something that will make the denominator 
rational. 

To make the product rcUioncU, by what must we multiply : 
134. V2? \/2? 137. V5+V3? V5-V3? 

135. </3? \/5? 13a Va+V^? V»-Vy? 

136. Vl8fl?? v/l6a*? 139. «-Vy? Vx-^/y? 

Ex. 134. The V2 must be multiplied by \/2 ;* \^ x V2 = 2. 

Ex. 137. The VS + VS must be multiplied by V5 - >/3 ; the product is 
6 — 3, or 2. The process exemplifies the product of the sum and difference 
of two quantities. 

Simplify : 

140. J-. 1 145. •>^+^^ 

V2 \/2 Vio+V6 

141. -=-; -^ 146. ^^ ^ 



r= > 



142. 



V5 -v/g Vi2-V3 

6a^ . 9a» 147. V3-V2 
Vi8^' ViSo* V3-f-V2 

143 ^^ • 10 14a Vg+V3 

V50^' ^^^25^ V5-V3 

144. -p^; -^ 149. ^-^ 



£x. 140. 



1 ^ y/2 ^V2^1^/o. 1 _ v^ ^v^^v^^l^j- 
>^ V^xV2 2 2'^ ^x</i ^22' 

Ex.145. v^+V^ :^ (\/6 + V3)C\/iO-V6) _2v^^l^ 
\/T0H-\/6 (\/iO + V6)(\/lO->/6) 4 2 

ELBM. ALO. — 12 
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SURDS— MULTIPLICATION AND DIVISION 

A numerical expression, unless imaginary, is not in its simplest 
form when it involves any exponent other thsui 1. 

Thus, 6^ reduced to its simplest form is 25^ ; \^, 2^ ; •>/%, 1.4142^+ 

An expression which is to be simplified should be reduced as 
far as possible before any root is extracted. 

Thus, y/^ = \^ ; it is easier to find the \/3 than the -^27. 

— = - V6 ; it is easier to find the V6 and to divide the result by 3 than 
V3 3 

to find the y/i and the v^ and to divide. 

-=- = - VS ; it is easier to find the V3 and to take } of the result than to 
VS 3 

find the V3 and to divide 2 by the result. 

Reduce to its simplest form (carry to 3 places) : 

156. V5; ^ 

157. V45; -s/^ 



ISO. 


V2; 


</3 


151. 


V50 


; -m 


152. 


>!' ^l 


153. 


3 

V2' 


2 
V3 


154. 


V2- 


-1. V2+1 

« 



-4nI 



1». 2 2 



160. 



V5' ^ 
5-V2 V2 



' V2 + l' V2-1 ' 5-f-V2' 5-f-V2 

155 V3+V2 . V3-V2 ^^ 2V3-3V2 

V3-V2' V3-f-V2 5V3-f-4V2 

Ex. 161. \/56 = 6>/2 = 6 X 1.414+ = 7.070+. 

Ex. 165. ^+^ = k±p^ = 6 + 2 X 2.449+ =9 .898+. 
V3-.V2 1 
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INVOLUTION AND EVOLUTION 
Proposition L. Thbobem* 

To raise a factor to any power, vrrite the ba^e, and over 
it the product of the exponent by the number denoting the 

required power. 

Nbgatitb Exponents 



To prove that (a"*")"" = a' 



mn 



(o-«)-« = -J_ Prop. VII 

= — Positive Ex. 

= a*" Prop. LXV 

Hence, the principle, q.e.d. 

Fbactiokal Ezpokbkts 
To prove that (a*)* = a » 

(a*)' means that a*" is to be raised to the p power and that the 

result is to be depressed to the q root. Prop. LXVII 

(a"*/ = a-v Positive Ex. 

■Voi^ = a' Prop. LXVII 

Hence, the principle, q.e.d. 

Simjplify: 

162. (a-y^i (a-»)-^ (aaj«)-«; (aY)"'; (^'V)"'; (a6-^c-«(P)-»; 

[(a - hyr' 

163. (a*)*; (a-*)-i; (aV«)-*; [(a*)"*]-*; [(a-6)']*; 

* For positive exponents, see p. 130. 
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SURDS— DWOLUTION AND EVOLUTION 

The square of a binomial must consist in general of three terms, 
but may be reduced to two terms or even to one term. Thus, 

(a + 6)2 = 08 + 206 + 62 

• (2 + \/3)2 = 4 + 4V3 + 3 = 7 + 4>/3. 
(2 + 3)8 = 4 + 12 + 9 = 26 

It is necessary frequently to extract the square root of a bi- 
nomial of the form a +- Vft in which V6 is a surd. The obvious 
method is to find two expressions whose sum is a and twice the 
product of whose square roots is V6, for then a +- Vft will become 
a trinomial which is a perfect square (p. 48). This may be done 
by inspection. 

Find the square root of: 

164. 7+-4V3 167. 12-6V3 170. 1+4V^^ 

165. II-6V2 168. 16+-2V56 171. 7-6V^^ 

166. 7 + 2VIO 169. 5--2V6 172. 49 + 12 V5 

Ex. 164. 4 V3 = 2 Vi2' 

4, 3 

2+V3 

Since 4\/3 must be 2 times tlie product of the square roots of the parts, we 
will find an equivalent expression in which 2 shall be the only factor outside 
of the radical ; what is within the radical will then be the product of the 
parts, and 7 will be their sum; 4>/3 = 2"\/l2. Hence, we must find two 
numbers whose product is 12 and whose sum is 7 ; they are 4 and 3. Then, 
7 + 4 V3 = 4 + 4V3 + 3 ; the square root of 4 is 2 ; the square root of 3 
is \/?; twice their product is 4\/3; the square root of the expression is 
2 + V3. See Prop. XXIII, p. 48. 

Note. These examples may also be solved by Prop. LXVIII, as illustrated 
in Ex. 173. 
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SURDS —AN IMPORTANT PROPERTY 

Proposition LXVIII. Theorem 

If the sum of a rcubional term and a surd is equal to 
the sum of a rational term and a surd, the rational 
terms are equal and the surds are equal. 

Let X + -y/a = y -f- ^h in which x and y are rational, and Va 
and -y/h are surds. Transposing, 

The left-hand member must be or a rational quantity ; the 
right-hand member must be or an irrational quantity ; the only 
common value is ; .•. a? — 2/ s= 0, and y/b — Va = ; or a; = y, 
and -y/h = Va. 

Hence, the principle, q.e.d. 

This property affords another method of extracting the square 
root of a + V6. 
17a Solve Ex. 164. 



Let 


^7H-4V3 = \/xH->/y 


Squaring, 


7+4V3 = xH-2V^H-y 


Hence, 


x + y = 7 


and 


2V^ = 4V3 



(1) 

(2) 

Equations (1) and (2) may be solved by the methods of simultaneous 
equations of higher degrees. See p. 208. 

This property often affords a simple solution of a difficult 
example. 

174. Solve Vl + a;4-«*-f-Vl-a-f-«^ = V7-fV3 

Squaring, 2 + 2x2 + 2Vl + x^ + x* = 10 + 2\/2T 

Hence, 2 x^ + 2 = 10 (1) 

and 2V1 + x2h-x* = 2^/21 (2) 

The equations may then be solved as quadratics. See p. 186. 
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ONE UNKNOWN QUANTITY 

An equation containing one unknown quantity is a quadratic 
equation or an equation of the second degree if the highest 
exponent of the unknown quantity is 2, and if there is no other 
exponent of the unknown quantity except 1. ThuS; 

6«2 - 3« = 2, (a + 6)x« + (o - &)x = a* 

The general form of an equation of the second degree is 

An equation is also regarded as quadratic, with reference to 
some expression, if it can be reduced to a form in which the un- 
known quantity is found in only two terms and in which the 
exponent of the unknown quantity in one term is twice the 
exponent of the unknown quantity in the otheif term. 

State why each of the foUomng equations is quadratic and with 
reference to what expression : 

1. 5a^ + 4aj" = 9; Vx+-\/x = 2', aj-* + a"*=2 

2. 3(a + 5)*-5(a? + 5)==-2; aaj* + 6a?* = c; aj** + af = 2 

Ex. 1. 6a^ + 4x' = 9, is quadratic because the unknown quantity is found 
in only two terms and because the exponent of the unknown quantity in one 
term is twice the exponent of the unknown quantity in the other. It is 
quadratic with refarence to 9e^ ; it may be written, 6(x*)* + 4(«^)i s 9. 

182 
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REDUCTION TO ax^ + bx=c 

To solve an equation of the second degree^ the first step is to 
reduce it to the form, aa^ -f- 60? = c. To reduce to this form, it 
may be necessary to employ various devices. 

1. It may be necessary to transpose and unite. 
Reduce to the form oo* + bx=ic: 

3. 5aj-f-7 = 3a^ — « — 2 6, a^ — ax -\- a = aa? + « — (»• 

4. 3 a* + 2 a? — 9 = 47 7. oca? — hex + adx = hd 

5. 3a52+7aj-40=5a^-12aj+4 a aa^-^-ax—hx — ha^—a — h 

Ex. 6. Transposing, sc^ — ox^ — ax — a; = — a* — a; uniting, (1 — a)a^ 
— (1 H- a^x^i'-a^ — a. 

2. Equations must be cleared of fractions. 
Redvjce to the form aoi? -f- 6aj = c : 

18 1 



^' — ^ =-?;=2 15. — i— ^ ^ 

aj-2 a:H-2 1-y 3 1 + y 

g' + 9a; _ 3(a; + 2) a?-2 x^2 _. 

15 " 6 »-f-2"^aj-2" 

11. ^^+l = 2a. + l 17. yz:J+^ = g(y/^) 

2aj-l 7 21 62/ 

12. a? 4-1 I a; + 2 ^ 2a;-hl3 ^ ^ ^ a'a;-5«a? ^^ 
' a? — 1 a? — 2 05 + 1 ah 

la -1 t = ;r-V 19- ^^-f-^^5HL^=0 

3 — aj 6 9 — 2aj 2a — h x 

14. ^^Zll=l L. 20. £±1 = 6^4-^ 

4a?4-7 aj-h7 a? — 3 7 aj-h3 

Ex. 9. Clearing, d(x + 2) ~2(x-2) = 2(x^- 4); transposing and niiitbigy 
2 ** - « = 18. 
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BBDUCTION TO ajr« + 6jr = c 

3. Sometimes, both members must be multiplied by the same 
expression. 

Reduce to the form aa? + to = c ; 
2L 5a?-^— 2aj = a-i + 2 24. 2 a?"* + a;*= a?* 

22. «"* + «* = 4a?* 25. 3a?-^ + 6 = 4a? 

2a 3a;-^ + 2 = 5a? 26. 5 a?"* — 7 a;* = a?* 

Ex. 22. Multiplying both members by sc*, oc^ + « = 4 «* ; 4 x* — x = 1. 

Note. The same results may be obtained if the equations are written 
with positive exponents and cleared of fractions. Thus, in Ex. 21; 

— 2x=- + 2; clearing, 5-2x3 = l + 2x, 2x2 + 2x = 4, x« + x = 2. 

X X 

4 Several terms may be placed within a parenthesis and the 
result may be regarded as an unknown quantity. 

Beduce to the form av? + hx = c: 

27. a5» + 6+V?Ti2 = 31. a:»4-Var^ + 9 = 21 

2a 3aj*-hi»+V3aj'-f-iB-5 = 17 32. aj2-7aj + Var^-7a?+18=24 

29. 2a;« + V2aj« + l = ll 33. a;^- 2V3a;*-2 = -l 

30. a?-3V2a?-l = 2 34. ar* +2Va;* + aj- l = -aj 

35. a52-V3a;*-3aj-2 = a; 



36. 4a:^-h6V4a:^ + 12aj-2 = -3-12aj 

Ex. 28. We regard the part under the radical, 3 x^+a?— 5, as the unk nown 
quantity ; subtracting 6 from each member, 3 x* + « — 6 + V3 x^ + x — 6 = 12 ; 

placing in quadratic form, (3 x* + x - 6)i + (3 x« + x - 5)^ = 12. 

The unknown quantity is (3 x^ + x — 6) ; its exponent in the first term, 1, 
is twice its exponent in the second term, \ ; the unknown quantity is found 
in only two terms. 
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S, It may be necessary to square both members of the equa- 
tion, or, as a preparation, to clear of fractions. 

Beduce to the form aa^ + bx^c: 
37. ^/3x-l+^/2x + 6=:l 41. V2aj + 3+V3a; + 4 = 2 



3a Va+l + V«+16 = V»+25 42. V9-2»=Va-V6- 

^ V4g + 2 ^ 4~V5 ^ V2-V^ ^ V3-hV» 

4-f-V« V« VS-^-Vx V2-hVi 

V^4r9-V3aj-.3 ' V2ic«-1 Va + 1 



a; 



^ V3a? + 1 V2a?-l ^j^ 
Va -y/x 



^ V5a;--1 ^ V^T2 ^13 
V»T2 V5a?-1 6 



Ex. 38. Squaring both m embers, x+l+ 2Vz»H-17z+16+g+16=g+26; 
transposing and uniting, 2Vx^ + 17 « + 16 = — « + 8 ; squaring again, 4(«* 
+ 17« + 16)= ac? - 16« H- 64 ; simplifying, 3a« + 84a = 0. 

Ex. 39. Clearing of fractions, 2 x + 2\/x = 16 — x. 

6. Sometimes when all the terms are transposed to the left- 
hand member, this member lacks a known quantity of being a 
perfect square. 

Beduce to the form oo* -{-bx = c: 

47. a?*-4aj»-10aj»-f-28a;=:16 

48. aj* + 14aj* + 47a5»-14a? = 48 

Ex. 47. By transposing and extracting the square root, we find that 64 is 
needed to complete the square ; adding 64 to both members, x*— 4x*— lOof^ 
+ 28x + 49 = 64, or (x^ - 2x - 7)2 = 64. 
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COMPLBTING THE SQUAKE— FIRST METHOD 

After the equation has been reduced to the form aa? -^hx^c, 
it is necessary to obtain therefrom two equations of the form 
ox = 6. This may be done by completing the square of the left- 
hand member and extracting the square root, or by factoring. 

Proposition LXIX. Theorem 

To complete the square, multiply the equoition by soTne- 
thing that will m/aJce the first term a perfect square, and 
add to ea^ih merviber the square of the quotient found by 
dividing the second term, by twice the square root of the first. 

Let OS take occ^ -f- &a; = c. 

If a trinomial is a perfect square, as a*-f-2a6+&*, its first term is 
a perfect square. Hence, we multiply the equation by a. 

ah^ + dhx = ac 

Its third term is the square of the quotient obtained from 
dividing the second term by twice the square root of the first 

Hence, we add to each member (abx -s- 2 VoV)*, or — . 

ahS^ + a6aj + ^ = ac+? 
4 4 

Hence, the principle, q.e.d. 

Proposition LXX. Theorem 

After the square root has been ejotracted, only one mem^ 
ber requires both the plus and the minus sign. 

Let ±7nx=:±n be the square root. 

To prove that ma? = ± n is the equivalent. 

Arranging from ±mx^±n as many equations as possible, 

ma;=H-n (1) — mfl5 = — n (3) 

mx = — n (2) — mx = + n (4) 

(3) becomes (1), and (4) becomes (2), when multiplied by — 1. 
Hence, the principle, qj&.s. 
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Find the vcUue of x and prove : 

49. 3a^ = 12 52. (a-6)aj« = a2-6* 

50. 6aj2 = 125 5a (a + b)g^=(a-^by 

51. aai^^^a? 54. (a- bfa^ ==a-b 

Ex. 49. Dividing both members by 3, x^ = 4 ; extracting the square root, 
« = ±2. Pkoof. If x = + 2, x2 = 4^ 3x2 = 12; if aj = -2, a;a = 4, 3a« = 12. 

m 

Note. The above equations are sometimes called pure quadratics be- 
cause the coefficient of x' is 0. The left-hand members may be made perfect 
squares by multiplying or dividing the equations. 

Find the value ofx: 

55. aj2_3a.=-_2 5a a*- 3aaj = - 2a^ 

5aa^-f-i» = 2 59. a^-f-cu» = 2a* 

57. «* — 5a5 = — 6 60. a:* — aaj = c. 

Ex. 60. Completing the square, r? — ax-\-%-r= 5L_± — ? ; extracting the 

4 4 

square root, x-- = ±-VoMTc; simplifying, x-\{a± y/a^ + 4 c). One 

2 2 2 

value of X is i(a + Va^ + 4 c) ; the other, |(a - VoM^Tc). 
2 ^ 

^'nd ^^ vaZue o/a;; 

ei. 2aj* + 6aj = 3 64. 2aj* + aaj = a* 

62. 3aj* — a; = 2 65. 3aj*- 6aa; = - 2a* 

63. 6aj* + 5cc = 6 66. aaj* + 6a; = c 

fex. 65. Completing the square, a^^ + a&x + ^ = ^ \^^^ ; extracting the 

4 4 

square root, «« + ^ = ± ^ Vft' + 4 ac ; simplifying, x = -- (-6± VftHloc). 

2 2 'B d 
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COMPLETING THE SQUARE— SECOND METHOD 

The square may be completed in such a manner as to avoid the 
use of fractions. 

Proposition LXXI. Theorem 

To complete the square, miMiply the equation by four 
times the coefjtcient of a?, and add to ea^ch member the 
square of the coefficient of x in the original equoMon. 

m 

Ziet us take cux? + bx = c (1) 

Then a^x^ -\- abx + — = ac-^^ Prop. LXIX 

4 4 

Clearing of fractions, we obtain 

4 a2x2 -f. 4 abx + 6^ = 4 ac + 6« (2) 

Comparing (2) with (1), we see that the original equation has 
been multiplied by 4 times the coefficient of aj*, and that the square 
of the coefficient of x has bepn added to each side. 

Hence, the principle, q.e.d. 

By this method, solve : 

67 Ex.61 73. 13aj*-17ic = -4 

6a Ex.62 74. 21ir* + 22a? = -5 

69. Ex.63 75. 9a^ + 6ic = 19 

70. Ex.64 76. 5ar^-4aj = 105 

71. Ex.65 77. 21a^-2ax = Sa^ 

72. Ex.66 7a 15aj* + aaj = 16a* 

Ex. 72. Completing the square, 4 a^^ 4-() + 6* = 4ac + 6*; extracting the 

square root, 2 ox + 6 = dh VWTTac ; simplifying, z = — (—b± VftM^ioc). 

2a 

Ex. 73. Completing the square, 4 x 13«x« - ( ) + 289 = - 208 + 289. It 
is better to indicate the product of 13 by 4 x 13 than to perform the multi- 
plication, because the labor of multiplying is saved and it is easier to extract 
the square root of 4 x 13^ than of 676. 

NoTB. It is customary to represent the second term by a ( ), since its 
sign is all that needs to be known. 
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SOLUTION BY FACTORmC 
Pboposition LXXII. Theorem 

If a factor of both Tnerribers of an equation contains an 
unknojvn qiMinUty, this factor is equal to 0. 

Ziet X — a, x — b, x — c, and so on to n expressions, be factors 
of both members of the equation, 

(a — a) (a? — 6) (a — c) •• • = 

To prove that a? — a = 0; a?— 6 = 0; a — c = 0; ••• 

This equation is satisfied for every value of x that will make 
the first member 0. If x=a, the first member becomes Ox(x—b) 
X (« — c) •••, or 0. If a? = b, the first member becomes (x — a) 
X X (a? — c) •••, or 0. Hence, a? = a, x = b, and so on. Trans- 
posing, aj — a = 0; a? — 6 = 0; and so on. 

Hence, the principle, q.e.d. 

Proposition LXXIII. Theorem 

jln equation with one unknown quantity has OtS many 
roots, or values of the unknown quantity, as there are 
units in the degree of the equation, 

(a? — a) (a; — 6) (« — c) • .. = (1) 

may be written in the form 

af 4- aiaf-^ + 6ia^-* ... -f-Pi^ + gi = (2) 

because the expansion of (1) will produce af followed by terms 
containing the descending powers of x and a term without a?. 

Since there are n values of x in (1) there must be n values of x 
in (2). 

Hence, the principle, q.b.d. 
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SOLUTION BY FACTORmC 

By this method solve : 

79. Ex.55 9a iB*-7a:* = -12a? 

80. Ex. 56 91. a;*~a;-}-4a^-4 = 

81. Ex. 57 92. aj' + a^-4aj — 4 = 

82. »*-l=0 93. (a:«4-5a?4-6)(a^-3a?+2)=0 

83. iB8-l = 94. (aj«-a^(aj»-y^ = 

84. aj2-5aj = -6 95. (aj^ + a«) (ar^ - a^ = 

85. ic* + a? = 56 96. a;* -}- owe 4- &a? = — aft 

86. (aj2-36)(aj2-4)=0 97. a^ + 2a*-3 aaj = 

87. (a;-7)(a;-2) = 9a aj» + 6aj2 + 12aj + 8 = 

8a aj2-35a; = -300 99. 6(2aj-3)«-12(2a?-3)=0 

89. aJ*-2 + ar* = 100. (2aj^«- 7(2a^ + 12 = 

Ex. 79. x^ — 3 a; = — 2 ; transposing, z^ — Sx-\- 2 = 0; factoring, 

(x-l)(x-2) = 0; x-l = 0, x-2 = 0;x = lor2 

Ex.83. Factoring, (x - l)(x2 + x+ 1) = ; x-l=0, xa + x4-l=0; 
simplifying x^ + x + 1 = by completing the square, x = J i 1 V— 3 ; from 
X — 1 = 0, X = 1. 

Ex. 90. Transposing, x^ - 7 x^ + 12 x = ; factoring, x(x-3) (x-4) = ; 
X = 0, X — 3 = 0, X — 4 = ; x = 0, 3, or 4. 

Find the value ofx: 

1. aj2+2aj=8 3. 3a;*-6a;=9 5. 2aj2-19a?=-44 

2. ar^-2aj=3 4. 3aj*+2aj=56 a (l-a)aj2-(l4- a)a=-a«-a 

Ex. 6. Completing the square by the second method, 

4(1 - a)2x2 -() + (i + a)2 = 4a*-4a»+6a2-2(i4-l 
2(1 - a)x - (1 + a) = ± (2a2 - a + 1) 

2(1 - a)x = 1 + a + 2a2 - a 4- 1, or 
l4-a-2a2H-a-l 

^ = l + «?,ora 
1 — a 
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MISCSLLANBOUS 

Find the value qfx: 

7. 000^ + (od — 6c)aj = 6d 14. as* — 9aj=s— 14 

a (a-h)Qi? + {a-h)x=^a-h 15. %f^2 

9. 2ai«-a; = 18 16. ic2 = 12 

10. ai« = 18 17. 62^-9y = 162 

U. 4a:2-aj = 3 la ab;^ '\- (a? -h^x^^ab 

12. 6aj*-31a; = -30 19. ar^- 4aaj = - 4a«-h 6« 

13. 8aj*-65a; = -78 20. 4ar^-7a? = 36 

JVnd the value ofx: 

21. 2aj* + 2a? = 4 24. ar^-aj = 2 

22. 4a^ — ic = l 25. 4aj*-6a; = 3 

23. 6aj*-2aj = 3 26. 7aj* + a; = 6 

Firid the value ofx: 

27. (ic* ^ i2y + (ar* + 12)* = 6 

28. (3a2 + ic-5y4-(3ar^4-a-6)* = 12 

29. (2aj«4-l)' + (2a^4-l)* = 12 
3a (2aj-iy-6(2a:-l)* = 3 

31. (aj»+9y4-(aj' + 9)* = 30 

32. (a^-7aj4-18y4-(«'-7aj4-18)* = 42 

33. (3i»2-.2y-6(3aj2_2)* = -5 

34. (aj2 + a;-iy + 2(ar2 + a?-l)i = -l 
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WSCSLLANSOUS 
Find ifie value ofx: 

35. (3a?-3«-2y-3(3aj«-3a?-2)* = -2 

36. (4»« + 12«-2)^ + 6(4a^ + 12«-2)* = -5 

Find the value ofx: 

37. aj*-24aj=:-.40 43. 4a^-8«=-l 

3a 3ai« + 84a: = 44. 14aj«-5« = 12 

39. 3a? + 2VS = 16 45. 2aj*-aj = l 

4a 9aj«-76aj = -166 46. 41aj«- 99aj = - 34 

41. a^-38aj = 39 47. (aj»~2a?~ 7)« = 64 

42. 2aj*-9aj = -4 4a (a^ + 7a- 1)* = 49 

Firnd the value ofx: 

49. V7ic-}-14=V2aj+6 + Va? + 4 
5a V3aj + 7— V2aj + 3=V« — 2 



51. aj*-}-3-V2ai»-3a? + 2 = |(ic-}-l) 

52. iB«-3a?* = 40 54. ic*-2aj"i=l 

53. aj+i-5aj-^ = 4 55. a?"' - 3 a:"^ = - 2 

56. aJ*-8iB* + 10aj* + 24aj + 6 = 

.„ 6a^4-6a;-l 3a^-15a;4-l aj* + 5a? + l , 2a:«-2a: + l 
ov. • = 1 

a-f-l a; — o x-^-o a?— 1 

Note. Examples 3 to 48 are the answers to examples of the same num- 
bers, pages 183 to 186. 
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SOLUTION OF PROBLEMS 

When the relation between the terms of a problem must be 
expressed by an equation of the second degree, the solution of the 
equation gives two roots, both of which do not necessarily satisfy 
the problem ; i.e., a value that satisfies the equation may or may 
not satisfy the problem. 

When the roots are both positive, both usually satisfy the 
problem. 

1. The square of the number denoting how many persons are 
present plus 6 is equal to 5 times the number of persons. How 
many persons are present ? 

Let X = the number ; 052 + 6 = 605; a: = 2or3; 2 persons or 3 persons are 
present. Proof. 2^ + 6 = 5 x 2 ; 3^ + 6 = 6 x 3. 

When the unit is not expressed, both roots usually satisfy the 
problem. 

2. A number increased by its square becomes 12. Find the 
number. 

Let X = the number ; x^ + jc = 12 ; a; = 3 or — 4. Both values satisfy the 
problem ; 3« H- 3 = 12 ; (- 4)2 + (- 4) = 12. 

A negative root is usually to be rejected. 

3. The square of the number denoting how many persons are 
present minus 6 is equal to 5 times the number of persons. How 
many persons are present? 

Let X = the number ;x^ — 6n=5a;; x = 6or — 1. Both values satisfy the 
equation but the negative does not satisfy the problem. 

All of the problems in this exercise should be solved by the use 
of one unknown quantity. If two or more unknown quantities 
are used, simultaneous equations of higher degrees result, the 
solution of which has not yet been discussed. 

ELEM. ALO. — 13 
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SOLUTION OF PROBLEMS 

If the sum of two numbers is given, it is often convenient to 
represent one of them by half the sum plus x and the other by 
half the sum minus x. 

4. Prove that half the sum of two numbers plus x and half 
their sum minus x may represent any two numbers. 

5. Divide 20 into two parts such that the difference of their 
squares shall be 160. Let 10 + a = the greater and 10 — a; = the 
less. 

6. Divide 20 into two parts such that their product is equal 
to the difference of their squares. 

7. Divide 2 a into two parts such that their product is equal 
to the difference of their squares. 

a The quotient of two numbers is 13 and their product is 637. 
What are the numbers ? 

9. The quotient of two numbers is a and their product is h. 
What are the numbers ? , 

10. A certain number is formed by the product of three con- 
secutive numbers, and if it be divided by each of them in turn, 
the sum of the quotients is 47. Find the number. 

11. If one side of a square field be increased by 15 rods, and an 
adjacent side by 10 rods, the area of the field will be doubled. 

What is the area of the field ? 

* 

12. A field whose length is 18 rods and whose width is 12 rods, 
is surrounded by a road, wholly without the field, whose area is 
equal to that of the field. Find the* width of the road. Draw 
the field. 

13. A field whose length is 18 rods and whose width is 12 rods 
is surrounded by a road, wholly within the field, whose area is 
equal to f of the field. Find the width of the road. Draw the 
field. 
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14. A merchant sold goods for $39, thereby gaining as many 
per cent as the goods cost him dollars. What was the cost ? 

Let 



x = 


cost in dollars, 


30 


X 

100 


gain per cent 




a;2 
100 


gain in dollars 




^100 


39 




x = 30, 


, -130 





15. A person sold a horse for $ 72 ; the number of per cent in 
his loss was \ of the number of dollars that he paid for the horse. 
What was the cost of the horse ? 

16. A certain sum is put at simple interest at 6% ; if the num- 
ber which denotes the dollars in the capital is multiplied by the 
number which denotes the cents in 5 months' interest, the product 
is 25,000. What is the principal ? 

17. A and B gained in trade $ 18 ; A received in principal and 
gain $ 154; B's principal was $ 40. What was A's capital at the 
beginning ? 

la At 6% simple interest, the amount of a principal for as 
many days as there are dollars in the principal is $ 315. Find 
the principal. 

19. The amount of x dollars for 2 years at x% is $ 6.72. What 
is the principal ? 

20. At 6% simple interest, a dollars amounts to as many 
dollars as there are days in the time. What is the amount ? 

21. Two men were engaged at different rates of wages; the 
first received $ 24 ; and the second, who worked 6 days less time, 
received $ 13.50 ; if the first had worked 6 days less, and the 
second, 6 days more, they would have received the same sum. 
How many days did each work? 
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SOLUTION OF PROBLEMS 

22. A mercliant bought a certain number of pieces of silk for 
$ 900 ; had he bought 3 pieces more for the same money, he would 
have paid 9 15 less for each piece. How many pieces did he buy ? 

2a The expenses of a party of men amount to 9 5.04 ; if each 
man pays 30 cents plus as many cents as there are persons, the 
bill will be settled. How many are there in the party ? 

24. A man bought a flock of sheep for $ 100 ; if he had bought 
5 more for the same sum, they would have cost $ 1 less per head. 
How many did he buy ? 

25. A man bought a flock of sheep for $ 100 ; if he had bought 
5 less for the same sum they would have cost $ 1 more per head. 
How many did he buy ? 

26. A man paid $42.40 for having two piles of wood cut; 
there were 28 cords in all, and the labor cost as many dimes per 
cord as there were cords in the pile. How many cords were there 
in each pile ? 

27. A man worked a certain number of days for $ 60 ; if he 
had received 50 cents a day less, he would have had to work 10 
days longer to earn the same sum. How many days did he work ? 

2a A and B together can do a piece of work in 14| days ; and 
A alone can do it in 12 days less than B alone. How long wiU it 
take A alone to do the work ? 

29. A courier travels from A to B in 14 hours ; a second courier 
starts at the same time from a place 10 miles beyond A, and 
arrives at B at the same time as the first courier; the second 
courier takes one half hour less time to travel twenty miles than 
does the first courier. Find the distance from A to B. 

30. A man had $ 1 in silver and copper coins ; each copper 
coin was worth as many cents as there were silver coins, and each 
silver coin was worth as many cents as there were copper coins ; 
there were in all 27 coins. How many of each were there ? 
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ONS UNKNOWN QUANTITY 

The solutions of the general equation of the first degree, 
oa + 6 = 0, of the second degree, oaj* -}- 6a; = c, and of the second 
.degree with reference to some expression, aa^-\'baf=sc, have been 
discussed in the preceding chapters. There are also direct solu- 
tions of the general equation of the third degree, (xa^-^-ha^+cx^d, 
and of the fourth degree, aa^ + ftas* + car^ + cte = e, but these solu- 
tions are too difficult for an elementary treatise. 

Equations higher than the fourth degree can be solved by trial 
only. The obvious method is to substitute for the unknown 
quantity, zero, each positive integer, and each negative integer. 
If a root is found to lie between two successive integers or be- 
tween and ± 1, it is necessary to substitute the decimals which 
lie between the limits. By this method, all real roots may be 
discovered, because every real root must be a positive number, 
a negative number, or zero. Devices for locating roots and for 
simplifying the method of trial form a science by themselves and 
may be found in more advanced works on algebra. 

1. Find the real roots of «» — 60^ — a? -}- 30 = 0. 

Positive Integers, If x=0, the equation becomes 30=0 ; if a;=:l, 24=0 ; 
if X = 2, 12 = ; if X = 8, = ; one root is 3. If x = 4, - 6 = ; if x = 6, 
= 0; one root is 6. If x = 6, 24 = ; if x = 7, 72 = ; since the dis- 
crepancy is increasing no root is > 5. 

Negative Integers. If x = — 1, 24 = ; if x = — 2, = ; one root is — 2. 
It is unnecessary to search farther because an equation of the third degree 
can have only three roots. .-. x = 3, 6, or — 2. 

197 
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SOLUTION — REAL ROOTS 

2. Locate the real roots of aj' -f 3 a^ — 13 a; — 38 = 0. 

Positive Integers. If x = 0, -38 = 0; if x = l, -47 = 0; if a; = 2, 
- 44 = ; if a; = 3, - 23 = ; if x = 4, 22 = 0. Since it is necessary to 
pass through in going from — 23 to + 22, one root lies between 3 and 4. 
If X = 6, 97 = ; if X = 6, 208 = ; no root is > 4 because the discrepancy 
is increasing. 

Negative Integers. If x=-l, -23 = 0; if x = -2, -8 = 0; if x=-3, 
1=0. Since it is necessary to pass through in going from — 8 to +1, one 
root lies between — 2 and — 3. If x = — 4, — 2 = 0. Since it is necessary 
to pass through in going from + 1 to — 2, another root lies between — 3 
and — 4. 

There can be only 3 roots because the equation is of the third degree ; one 
is between 3 and 4 ; a second, between — 2 and — 3 ; a third, between — 3 
and —4. 

3. Locate the real roots of o*^ — 1 = 0. 

Positive- Integers, If x = 0, the equation becomes — 1=0; ifx = l, 
= 0; one root is 1. If x > 1 by any amount integral or decimal, x* > 1 
and the left-hand member cannot become 0. The only positive root is 1. 

Negative Integers. If x= — 1 or any negative number integral or decimal, 
X* will become negative and the left-hand member cannot become 0. There 
is no real negative root. 

The only real root is 1. 

The value of the left-hand member for each supposed root can 
be found by division. If x = a, the equation is exactly divisible 
by flj — a (Prop. LXXII) ; therefore, if the equation is divided by 
x — a, the remainder must be the value of the left-hand member 
when a is substituted for x. 

4. By division, find the value of the left-hand member when 1 
is substituted for x in the equation, a^ — 6aj* — a5 + 30 = 0. 

When x' - 6 x2 - X + 30 is divided by x - 1, the quotient is x« - 6 x - 6 
and the remainder is 24. Hence, 24 is the value of the left-hand member 
when 1 is substituted for x. 
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The value of the left-hand member can be found more easily 
than by substitution by the employment of synthetic division, an 
abbreviated process whereby the coefficients only are used. 

Proposition LXXIV. Theorem 

WTien the divisor is of the form x±a, the coefficient of 
each term of the quotient may be found by multiplying 
the coefficient of the preceding term by the coefficient of 
the second term of the divisor with changed sign, and 
adding the result to the corresponding coefficient of the 
dividend. 

We will divide aj* — 6ar^ — ic + 30 by x—1. 

1 _ 1)1 _6- 1-30(1 -6-6 
1-1 
-5-1 

- 5 + 5 

-6 + 30 

- 6+ 6 

24 

Analyzing the process, we see that the second term of the 
divisor is multiplied by each term of the quotient in succession 
and that the result is subtracted. This is equivalent to multiply- 
ing each term of the quotient in succession by the second term of 
the divisor with changed sign and adding. 

Hence, the principle, q.e.d. 

Note. In practice, the work is arranged as below. 

1 -6 -1 +30 

1 _J. -J -_6 

- 6 - 6 +24 

We write the coefficients of the dividend in a horizontal line. The first 
coefficient of the quotient is 1, which we write under 1 ; we multiply this by 
1, the coefficient of the second term of the divisor with changed sign, add the 
result to — 6, and obtain — 5, the coefficient of the second term of the quo- 
tient ) and so proceed. The (quotient is x^ — 5 x — 6 an4 the remainder is 24 
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SOLUTION — REAL ROOTS 

By synthetic division^ find the value of the left-hand member of 
aj»-6a:2-ic-|-30 = 0: 



Ex. 11. 



5. If aj = 2 






9. 


If a? = 6 


6. If a? = 3 






la 


If a? = 7 


7. If a; = 4 






11. 


If « = -! 


a If a; = 5 






12. 


If a; = -2 


1 


-6 


-1 




+ 30 


1 


-X 


+ 7 




- 6 




-7 


+ 6 




24 



If X = — 1, we must divide by x + 1, and the constant multiplier will be 

— 1. — 1x1=— 1;— 1 and — 6 are — 7 ; and so on. The left-hand 
member becomes 24. 

By synthetic division, find the value of the left-hand member of: 

13. ar^-l = 0, if » = !; if ic = 2; if « = -! 

14. aj« + 3i»2-13a:-38 = 0, if aj = l; if aj = 2; if a; = -3 

15. aJ*-10a2-4a; + 8 = 0, if aj = l; if ic = 2; if x = -Z 

Ex. 13. 1 - 1 

11111 1 

1111 

The coefficient of every wanting term must be represented by 0. x* — 1 
= x6 + 0x* + 0x8 + 0x2 + 0x-l. 

16. By trial through the use of synthetic division, locate the 
roots of oj* - lOic^ _ 4^ ^ g ^ q 

The sign of the left-hand member changes between 3 and 4, between — 1 
and — 2, and between — 2 and — 3. Ifx = 0, 8 = 0; ifx = l, — 5 = 0; the 
sign also changes between and 1. The roots are between and 1, 3 and 4, 

- 1 and -2,-2 and - 3. 
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17. It has been found in Ex. 16 that one root of aJ* — 10 aj* — 4 a; 

-}- 8 = is between 3 and 4. Find the root true to one decimal 

place and explain how you would proceed to find additional 

places. 

If a; =3.1, the equation becomes — .6621 = 0. We may discoyer this 
by Bubstitating 3.1 for as, but it is easier to use the method of detached 
coefficients. 

1 -10 -4 +8 

1 3J. 9.61 -1.209 - 16.1479 

3.1 - .39 -6.209 - 8.1479 

If X = 3.2, - 2.342 = ; if x = 3.3, 4.492 = 0. One root lies between 3.2 and 
3.3, or X = 3.2 true to one decimal place. 

If we were to find additional decimal places, we should try 3.21, 3.22, 3.23, 
3.24 ; finding that the sign changes with the latter, 3.23 would be the value 
of X true to two decimal places. We would then try 3.231, 3.232, and so on. 

la Findoneroot of aj*-6aj" + 27ai* — 54aj + 32 = 0. 

Ans. x=l. (x*-6x» + 27xa-64x + 32)-j-(x-l)=x«-6x^+22x-32. 

la Find one root of aj* - 5 aj2 4- 22 a? - 32 = 0. 

Ans. x = 2. (x»-6«? + 22x-32)-s-(x-2) = x«-3x + 16. 

2a Find the roots of ar*-3x+ 16. 

Ans, X = 1(3 db V— 66). This equation is solved as a quadratic. 

21. What, then, are the four roots of a?* — 6«' + 27aj* — 54a5 
+ 32 = 0? 

Atu. 1, 2, 1(3 + >/^^), i(3 - \/^^^66). 

NoTB. Reference is made to Exs. 18 to 21 on p. 204, Ex. 4. 

22. Find one root of a:* — 22a^ + a? + 114 = 0. 

2a Divide aj* — 22 a?* + a + 114 = by a? — 3 and find between 
what numbers the roots of the resulting equation lie. 

Ans. x» + 3x2 - 13x -38 = 0. See Ex. 2. 

NoTB. Reference is made to Exs. 22 and 23 on p. 210, Ex. 64. 



SIMULTANEOUS EQUATIONS— HIGHER 

DEGREES 



DISCUSSION 

To solve simultaneous equations of higher degrees, it is neces- 
sary to find one equation with one unknown quantity. When 
there are only two equations with two unknown quantities, this 
may be done by various devices of which the more important are : 

1. Finding the value of one of the unknown quantities in terms 
of the other in one equation, and substituting this value in the 
other equation. 

2. Letting y = vx. This expedient is of value when the equar 
tions are homogeneous and of the second degree. 

3. Letting x — u + v and y = m — -u. This expedient is of value 
when X and y are similarly involved in each equation. 

4. Finding the values oix + y and x — y. 

An homogeneous equation is an equation in which all the terms 

except the absolute term are of the same degree. 

Thus, sc* + y* = 9 and x^ + scy^ = lo are homogeneous equations ; each 
term except the absolute (9 and 10) is of the third degree. 

Symmetrical equations are equations in which x and y are 
similarly involved. 

Thus, x» 4- y* = 9 and x^y + xy2 _. iq aj-g symmetrical equations, x^ + a:y 
— 3 is not symmetrical. There is x^ but no y^. 

202 
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The number of values of each unknown quantity is equal to the 
number of units in the degree of the equation which results from 
finding the value of one of the unknown quantities in terms of 
the other in one equation, and from substituting this value in the 
other equation. 

How many values have x and y f 

raj» + 3^ = 35 



{ 



aj» -f y» = 35 

2. -^ 

a; -fy = 6 



l« -y = 1 



Ex. 1. ac = 6 — y ; substituting, (6 — y)' -f- y' = 86 ; since — y* and + y* 
cancel, this becomes an equation of the second degree ; y will have two 
values and x will have two values. 

Ex. 2. 05 = 1 4- y ; substituting, (1 + y)' 4- y' = 36 ; since y* and y* make 
2y*, this becomes an equation of the third degree ; y will have three values 
and X win have three values. 



Proposition LXXV. Theorem 

Any two unknown quantities may be represented by 
u-^v and u-v» 

Let X and y be any two unknown quantities. Their sum may 
be represented by 2 w because 2 u may have every possible value ; 
for the same reason, their difference may be represented by 2v, 

That is, X'\-y = 2u 

and X'-y = 2v 



Adding, 2x = 2u'\-2v 

Subtracting, 2y = 2u — 2v 



Dividing by 2, x = u -{-v 

y = u^v 
Hence, the principle, q.e.d. 
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SOLUTIOir 1— SUBSTITUTIOH 



3. Solve by substitation : \ 



= 13 (1) 

6 (2) 



X = ± 3, ± 2 t 

y = ±2, ±3 
From (2), 1^ = - • Substituting in (1) and reducing, x = ± 3, y=±2, 

X 

NoTB 1. Each unknown quantity must have 4 values, because se^ — ISac^ 
= — 36 is of the fourth degree. 

Note 2. The values of the unknown quantities are to be taken in pairs, 
and should, therefore, be similarly arranged. Since + 3 goes with + 2, and 
— 3 with — 2, if + 3 comes first in x, +2 must come first in y. It would 
not do to arrange them, x = ± 3, y = q= 2, for then + 3 would go with — 2 ; 
and, substituting in (2), — 6 would equal + 6, which is absurd. 



{a^ 



■f2/* = 17 (1) 

+ y= 3 (2) 

a4+(3-x)* = 17 

X* + 81 - 108x + 54x2 - 12x» + x* = 17 

2x4-12x8 + 54x2-108x + 64= 

x*-6x8 + 27x2-54x + 32= (3) 

x8-5xa + 22x-32= (4) 

x2-3x4-16= (5) 

x = l, 2, J(3±>/ir56) 

^By the methods of p. 201, Ex. 18, 1 is found to be a root of (3); dividing 
(3) by X — 1, we obtain (4). By the same methods, 2 is found to be a root 
of (4) ; dividing by x — 2, we obtain (6). Solving (6), we obtain the other 
two values of x, which are imaginary. 



r- :i '^ - — 
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SOLUTION 8 — L£X / = kjt 
5. Solve the equations : 



ajy = 6 



(1) 

(2) 



Let 



D y = 


vz 




iea + «2x2 = 


13 




twc2 = 


6 




13 




H-«a 


V 




6©a-13t7 = 


-6 




« = 


I" 


,3 
2 



(3) 



2 6 6 3 

3 2 

= 9, or 4 

aj = ± 3, or i: 2 

= |(±3), or|(±2) 

y = ± 2, or ± 8 

Substitating «sb for y, and equating the values of x^ in the resulting equa- 

2 3 

tions, we obtain (3). Whence, t? = -, or — 

o 2 

Substituting these values for « in »2 = _^ ^ = ± 3, or ± 2. 

Since y = vx, y = ), the first value of v, times i: 8, the corresponding 
values of z ; also y = f , the second value of v, times i: 2, the corresponding 
values of x. 

Caution. Be sure to combine the value of v with the corresponding values 
of X, If I, the first value of v, is combined with ± 2, the second values of x, 
y would equal ± |, values that will not satisfy the equations. 



6. Solve the equations : 

Let y = vx 

Sx^-\-vx^ = b 



' 3 05^ -f- 0^ = 5 
42^-f-3a^ = 22 
6 



(1) 
(2) 



x« = 



1 ^^ 100 

^ = 1, or — 

S + v 27 



10 



22 



8 + v 4»24-3i> 

6(4©a + 3t;)=22(3 + t?) 

20«a- 7i> = 66 

83 



X =±l,or ±-^V3 
y =vx 



= 2x(±l).or-|x(±fV8) 



17 = 2, or — 



20 



= ±2,orT^V3 
o 



Note. This example should not be attempted by substitution. 
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SOLUTION 8— LET jr = ir + k AND / = ir - r 



7. Solve the equations : 



x« + y" = 13 
xy= 6 



(tt + «)« - (U - 17)2 = 13 

(tt + »)(«-«) = 6 



2 tt2+2 172=13 
ua-t72= 6 



4u? = 26 
4t;2 = 1 



xy= 6 



(1) 

(2) 



(7) 
(8) 



2u=±6 

2t7=±l 



2u + 2o = i:6, OTi:4 
2tt-2t7=±4, or±6 

X = ± 3, or ± 2 
y = ±2, or±3 



(1) 
(2) 

(9) 
(10) 



Note 1. It is well to keep the equations in pairs. Thus, it is better to 
place 4 «3 under 4 «» as in (7) and (8), than from (7) to find w" = y, w = ± f, 
and then from (8), o^ = }, v = ± J. The above arrangement keeps the values 
together. 

Note 2. In subtracting (10) from (9), care must be taken to use the 
terms in exactly the same order as in adding. 



a Solve the equations : 

(m + vy + (tt - »)* = 17 
(« + ») +(!*-«) = 3 



(iB* + y* = 17 
x+y= 3 



2 tt* + 12 M2^a + 2 «* = 17 

2u= 3 



u = f 
2(f)*+12(f)a«a + 2i;* = 17 



^ + 27«3 + 2v* = 17 
t?=± J, or ± JV-66 



x = 2, 1, i(s±yrru) 

y = 1, 2, i(3 T V^=^^) 



(1) 
(2) 



Note. The pupil should compare this solution with that of p. 204. This 
device affords a solution without appeal to equations of higher degrees. 
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SOLUTION 4 --FINDING x + y AND Jr -/ 



9. Solve the equations : ] _ « 



2xy = l2 



(8) 



«« + 2xy + y" = 25 
««-2xy + j^= 1 


(6) 


x+y=±6 
x-y=±l 







(1) 
(2) 


2 2; = ±6, or ±4 
2y = ±4, or ±6 




x = ±3, or ±2 
y=±2, or ±3 





By adding (3) to (1), we obtain (4); by subtracting (3) from (1), we 
obtain (5). We then extract the square root of each, and reduce. 

Note. It thus appears that some examples may be solved in each of the 
four ways. The fourth is the simplest for this example. 






aj* -f- y* = 17 
3 



(1) 
(2) 



X* + y* = 17 
X* + 4 x«y + 6 X V + 4 xy» + y* = 81 

4x«y + 6xV + 4xy« = 64 

4x«y + 8xV + 4xy» = 36xy (3) 

2x2y2-36xy = -64 
xV-18xy = -32 (4) 



xy = 2, or 16 
x + y = 3 



(6) 



x2 + 2 xy + y" = 9 

x2 - 2 xy + ya = 1, or - 65 



x + y = 3 

X — y = it 1| or ± V— 66 



2x = 4, 2, 3iV-66 
2 y = 2, 4, 3 T V^=^ 



x = 2, 1, J(3±\/-^66) 
y = l, 2, J(3tV^^66) 



To obtain (3), we square (2) and multiply by 4 xy. 

Solving (4) SB a quadratic, we obtain (5). 

Squaring (2) and subtracting 4 times (5), we obtain the square of x — y. 

From the values of x + y and x — y the values of x and y are readily found. 

Note. The pupil should make a comparison and careful study of these 
different solutions. 



208 SIMULTANEOUS EQUATIONS— HIGHER DEGREES 

SOLUTIOV 

The example should be studied carefully to discover which of 
the four devices will best apply. Nothing should be written 
until the full plan of solution has been formed. 

State the plan for solving : 



I 2aj« + 5y« = 13 1 



' 1 cc»-f-ajy + y«= 19 1 x-\-y = 3 



12. 



13. ■ ^ ,^ I T- y 



f af - v* = 31 r 

Ml ^ 



y= 1 I 5a? -1-3^= 9 

Ex. 11. Solution 2, The equations are homogeneous and of the second 
degree ; let y = vx. No one of the other devices is applicable. 

Ex. 12. Solution S. The equations are symmetrical, i.e. x and y are 
similarly involved in each ; let x = u + v and y ^u — v. 

Solution 4. To find x + y and x — j^ is a better device ; dividing (1) by 
(2), x> — xy + y^ = 7 ; the addition and subtraction in turn of (2) and this 
result will give 2 x^ + 2 y^ - 26 and 2 xy = 12. 

If x^^ is transposed in (1), and x^^ in (2), and the square of the last result 
is subtracted from (1) as transposed, a quadratic in xy will result. It will 
then be easy to find x + y and x — y. 

Ex. 18. Solution S, The equations are symmetrical ; let x = u + t? and 
y — u — v. 

Solution 4. Since x* — 3/* is divisible by x — y, (1) may be divided by (2) 
to employ the deyice of finding x + y and x — y. See Ex. 10. 

Since the fifth power of x — y has — y^ for its last term, the subtraction of 
the fifth power of (2) from (1) will also permit the use of the fourth device. 
See Ex. 10. 

Solution 18, The value of y in terms of x in (2) may be substituted in (1). 
See Ex. 4. 

Ex. 16. Multiply (1) by 6 and (2) by 3, and subtract to elimiuate x«. 
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SOLUTION 

Solve : 

17. Ex. 11 by letting y = vx. 

la Ex. 12 by letting x=^U'\- v and y = u — v, 

19. Ex. 12 by dividing (1) by (2), and by adding and subtracting 
the resulting equation and (2). 

20. Ex. 12 by dividing (1) by (2), and letting y = vx in the 
resulting equation and in (2). 

21. Ex. 12 by transposing a^y^ to the right-hand member in (1), 
osy in (2), squaring the last result, and subtracting from (1) as 
transposed. 

22. Ex. 13 by letting a? = tt -f v and y^u — v, 

23. Ex. 13 by dividing (1) by (2). 

24. Ex. 13 by raising (2) to the 5th power. 

25. Ex. 13 by substituting in (1) the value of y in terms of x as 
found in (2). 

26. Ex. 13 by substituting in (1) the value of x in terms of y as 
found in (2). 

27. Ex. 14 by letting x=zu-\-v and y =^u — v, 

2a Ex. 14 by dividing (1) by (2). 

29. Ex. 14 by raising (2) to the third power. 

30. Ex. 15 by substituting in (1) the value of y in terms of x 
as found in (2). 

31. Ex. 15 by letting x = u-{-v and y = it — v. 

32. Ex. 15 by raising (2) to the second power. 

33. Ex. 16 by letting y=:vx. 

34. Ex, 16 by eliminating a? from (1) and (2). 

Sl^BM, AL6. — 14 
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SOLUTION — MISCELLANSOUS 



37. 



3a 



39. 



40. 



41 



42. 



43 



44. 



45. 



46 



+ 



Solve : 

(3x + y = 9 
■ \x' + f = 13 

( x^ — opy = 15 

'X'{-y = 5 

r ic3 - / = 19 
^a^y-xf=ze 
r aj2 -I- 2/2 = 20 
.x-'y = 2 

a; + 2/ = 12 
3ip -{- y^ = IS xy 

' X -\- y = 6 

' x — y = 4: 
\(x-\-yy^(x^y) = 20 

x«2 -f- 2/2 — aj — y = 14 
xy-^X'{-y = 14: 
r aj2 ^ ^y -f- 2/' = 333 

- 

x-y = S 
(xy = 12 
■ a^ ^_ 2/2 -f- 3 V?+y = 40 

ar^ + 2/^ = 9 

ar^ — a^ -f 2/^ = 3 

Ex. 54. Substituting in (2) the value 
114 = 0. See p. 201, Ex. 22. 



47. 



49. 



50. 



51. 



52. 



53. 



54. 



55. 



x y 
1+1 = 9 

7? 1^ 



r«2-f-aj2/-2^ = ll 

'aj — y = 4 
.x2 + 2r = 40 

r«2~2r' = 8 

xy-f = 2 

r3«2-2aj2/ = 5 

< 

' aj -f- 2/ = 5 
20^2^2/2^17 

raj = 22/2 

^ a; - 2^ = 15 

'aj2-j_2/ = ll 
a-f-2^=7 

a + 2/+Va;-|-2/ = 12 
aj — 2/ + y ^ — y = 2 

'a;+.2/ + 2 = 9 

56. ' ar^ -f- 2/^ -h 2* = 29 
ar^ -f- 2r* -I- 2;8 ^ 99 

of y as found in (1), sc* — 22 x^ + x 
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SOLUTION OF PROBLEMS 

All of the problems in quadratics involving more than one 
condition may be solved by the use of two or more unknown 
quantities. To attempt the solution of the problems in this 
exercise by the use of a single letter would involve unnecessaiy 
labor. 

1. The difference of the squares of two numbers is 5 ; the sum 
of their squares is 13. Find the numbers. 

One 
Let X = the greater, ± 3 

V13 -x- = the less, ±2 

2x2 = 18 
a;2 = 9 

*=^^ a; = ±3, y = ±2 

2. (a) The product of two numbers plus the square of the 
greater is 15 ; the product of the numbers plus the square of the 
less is 10. Let x = the greater and find the value of the less in 
terms of x. 

(b) Find the equation which must be solved to get the values 
by this method. 

(c) Solve the equation and find the numbers. 

(d) Let X equal the greater and y equal the less and solve the 
example. 

3. The sum of two numbers is 7 and their product is 12. Find 
the numbers. 

4. The difference of two numbers is 3 and their product is 10. 
Find the numbers. 

5. The product of the sum and difference of two numbers is 21 
and the square of their difference is 9. Find the numbers. 







Two 






Let 


x = 


greater 


» y = 


less 




x^ 


-y2 = 


6 






x^ 


+ y2 = 

2x^ = 
2y2 = 


13 

18 

8 
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SOLUTION OF PROBLEMS 

6. The difference of two numbers is 2 and the difference of 
their cubes is 56. Find the numbers. 

7. The sum of two numbers is 5 and the sum of their cubes 
is 35. Find the numbers. 

a Extract the square root of 8 -f- 4 V3. See p. 181. 

9. The product of two numbers is 48 and the difference of 
their cubes is 37 times the cube of their difference. What are 
the numbers? 

10. A man sold a number of sheep for $ 160; had. he reserved 
5 and sold the remainder at IPI apiece more, he would have 
received $ 135. How many did he sell and at what price ? 

U. A and B bought 600 acres of land for $ 600, each paying 
$ 300 ; in dividing, A took the best land and paid 9 f more an 
acre than B. How many acres did each get and at what price ? 

12. The distance around a rectangular field is 500 yards and 
its area is 14,400 square yards. Find the dimensions of the field. 

13. The hypotenuse of a right-angled triangle is 25 feet and 
its area 150 square feet. Find its base and perpendicular. 

14. A tree 80 feet high is broken so that the broken part rests 
on the stump and the top of the tree touches the ground 40 feet 
from the stump. Find the height of the stump if the ground is 
level. 

15. There are three rectangles, in each of which the length is 
twice the width ; the sum of their lengths is 48 ; the sum of their 
areas is 400 ; and the area of the third is equal to the sum of the 
areas of the first and second. Find the area of each. 

16. The front wheel of a carriage makes 6 revolutions more 
than the hind wheel in going 360 feet ; if the circumference of 
each wheel had been 3 feet greater the front wheel would have 
made only 4 revolutions more than the hind wheel in going that 
distance. What is the circumference of each wheel ? 



RATIO AND PROPORTION 



DEVELOPMENT 

That case in division in which both dividend and divisor are 
of the same denomination may be expressed by the symbol * : '. 
The expression is a ratio; the dividend, the antecedent; the 
divisor, the consequent. 

6 ft. : 2 ft. 

6:2 

a: b 

The above are ratios. The quotient always expresses times or activities. 
The first ratio is read 6 ft. is to 2 ft. , and means that 6 feet contain 2 feet 
3 times ; the second means that 6 units of every kind contain 2 units of the 
same kind 3 times ; the third means that every number of units of every 
kind contains every number of units of the same kind some number of times. 

There may be a ratio of a ratio, a compound ratio. 



6 f t. : 2 ft. 
6 men : 3 men 



6:21 
6:3 



a : b 
c :d 



These are compound ratios. We speak of multiplying the antecedents for 
a new antecedent and the consequents for a new consequent. 

6 ft. X 6 men ^„ 30 ft. x men ^ 
, or = 

2 ft. X 3 men 6 ft. x men 

Strictly speaking, this is impossible ; feet cannot be multiplied by men. It 
is evident, however, that the numerator contains the denominator 5 times ; 
no attempt is made to perform the multiplication of the denominate units, 
though the coefficients may be multiplied. 

213 



214 RATIO AND PROPORTION 

DEVELOPMENT 

Two ratios may be equal, a proportion. The first and last 
terms are extremes; the second and third terms, means; the 
fourth term, a fourth proportional. 

6 ft. : 2 ft. = 12 men : 4 men 

a: b : :C : d 

The first proportion means that 6 ft. contain 2 ft. the same number of 
times that 12 men contain 4 men. The symbol ' : : ' is often used for * = ' 
and read as. The second proportion is read a is to & as c is to d. 

If the means of a proportion are the same, either mean is a 
mean proportional to the extremes; either extreme is a third 
proportional to the mean and the other extreme. 

a :h :: b : C 
6 is a mean proportional to a and c ; c is a third proportional to a and b. 

In a series of equal ratios, each consequent may be the same 
as the following antecedent, a continued proportion. 

a :b = b :c = c :d = d: e 

Every proposition in regard to a proportion may be made of 
an equality of two fractions. 

Thus, Prop. LXXVI. If two fractions are equal, the product of the 
numerator of the first by the denominator of the second is equal to the prod- 
uct of the numerator of the second by the denominator of the first. That is. 

If * = t If 9: = £ 

^ ^ b d 

2x6 = 4x3 ax d = cxb 

The numerators correspond to the antecedents ; the denominators corre- 
spond to the consequents. 

Note. — The pupil is requested to state each of the following propositions 
in regard to an equality of two fractions that he may see the advantage of 
the phraseology of proportion. 
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PROPORTION — PRINCIPLES 
Proposition LXXVI. Theorem 

In any proportion, the product of the extremes is egucd 
to the product of the means. 

Let a:h\:c:d 

To prove that ad=^hc 

(We write the proportion in fractional form.) 

(We clear of fractions.) 
Hence, the principle, q.e.d. 

1. State as an equality of two fractions. See p. 214. 

Proposition LXXVII. Theorem 

If the product of two quantities is equal to the product 
of two others, one pair may be ma^e the extremes and 
the other pair the means of a proportion. 

Let ad^hc 

To prove that aihwcd 

ad__bc^ 

bd^bd 

(We divide the original equation by bd») 

b^d 

(We simplify.) 

a:h::c:d 
(We write in proportional form.) 
Hence, the principle, q.e.d. 

2. State as an equality of two fractions. See p. 214. 
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PROPORTION — PRINCIPLES 

Proposition LXXVIII. Theorem 

A mean proportionaZ between two quantities is equal 
to the square root of their product. 

Let a'.h \\h :c 

To prove that h = -\/cbC 

6^ = oc 
(The product of the extremes equals the product of the means.) 

(We extract the square root of both members.) 
Hence, the principle, q.e.d. 

3. State as an equality of two fractions. See p. 214. 

Proposition LXXIX. Theorem 

In any proportion, the terms are in proportion hy oUter- 
nation; that is, the first term is to the third as the second 
is to the fourth. 

Let a'.h'.'.c'.d 

To prove that a: C'.;h\ d 

ad = bc 
(The product of the extremes is equal to the product of the means.) 

a: c: :b : d 
(If the product of two quantities is equal to the product of two others, etc.) 
Hence, the principle, q.e.d. 

4. State as an equality of two fractions. See p. 214. 
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Proposition LXXX. Theorem 

In any proportion, the terms are in proportion by inver- 
sion; that is, the second term is to the first as the fourth 
term is to the third. 

Let aibwc'.d 

To prove that hxawdic 

bc = ad 
(The product of the extremes is equal to the product of the means.) 

a c 
(We divide both members by ac) 

b : a::d: c 

(We write in proportional form.) 

Hence, the principle, q.e.d. 

5. State as an equality of two fractions. See p. 214. 

Proposition LXXXI. Theorem 

In any proportion, the terms are in proportion hy com- 
position; that is, the sum of the first two is to the first' or 
second as the sum of the last two is to the corresponding 
term. 

Let a'.b\\c\d 

To prove that a-\-b'.b\'.c-\-d\d 

ad = bc 
(The product of the extremes is equal to the product of the means.) 

(a-f-&)d = (c + ^& 
(We add bd to each member and factor.) 

a-f-6:&::c-f-d:d 
(If the product of two quantities is equal to the product of two others, etc.) 
Hence, the principle, q.e.d. 

6. State as an equality of two fractions. See p. 214. 
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PSOFOSTIOH — PRUrCIPLBS 
Proposition LXXXII. Theobem 

In any proportion, the terms are in proportion hy divi- 
sion; tliat is, the difference of the first two is to the first or 
second as the difference of the last two is to the corre- 
sponding term. 

Let aihiicid 

To prove that a — h \h \ \ c — d: d 

<id = bc 

(a--b)d = (c-'d)b 

(We subtract bd from each member.) 

a — b:b::c — d:d 

(If the product of two quantities is equal to the product of two others, etc.) 

Hence, the principle, q.e.d. 

Proposition LXXXIII. Theorem 

In any proportion, the terms are in proportion hy com- 
position and division; that is, the sum of the first two 
terms is to their difference as the sum of the la^t two 
terms is to their difference. 

Let a\b\\G\d 

To prove that a-|-^:a — 6::c-|-d:c — d 

g 4- 6 _ c4- d ' a — b ^ c — d 

b " d b " d 

(By composition.) (By division.) 

a 4- b __ C'\-d 

a—b c—d 

(We divide the equations member by member.) 

a-\-b:a — b::C'\-d:c — d 
(We write in proportional form.) 
Hence, the principle, q.b.d. 
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Pboposition LXXXIV. Theobem 

In a series of equal ratios, the sum of the antecedents is 
to the suunv of the consequents as any antecedent is to its 
consequent. 
Let a:6 = c:d = e:/ 

To prove that a-|-c + e:6-|-d4-/::a:6 

ab =^ba 
(The product of two quantities is the same in whatever order arranged.) 

ad = hc af= be 

(The product of the extremes is equal to the product of the means.) 

(b-\-d +/)a = (a + c + e)6 

(We add the three equations.) 

a-\- c-\-e:b -\-d-\-f::a:b 
(If the product of two quantities is equal to the product of two others, etc.) 
Hence, the principle, q.e.d. 

Proposition LXXXV. Theorem 

In any proportion, like powers or like roots of the terms 
are in proportion. 

Let a:b:\c:d 

To prove that a" : 6" : : c" : d" 

ad = bc 
(The product of the extremes is equal to the product of the means.) 

a"d" = 6"c" 

(We raise each memher to the nth power.) 

a" : 6" : : c" : d" 

(If the product of two quantities is equal to the product of two others, etc.) 

Hence, the principle, q.e.d. 
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PROPORTION — PRINCIPLES 
Pboposition LXXXVI. Theorem 

In two or more proportions, the produucts of the corre- 
sponding terms are in proportion. 



d 
h 
dh 



Let a:b : : c 

and e: f : :g 

To prove that ae:bf::cg 

ad = hc 

ek=fg 

(The product of the extremes is equal to the product of the means.) 

ae X dh = bfx eg 
(We multiply the equations men^ber by member.) 

(ie:bf::cg:dh 
(If the product of two quantities is equal to the product of two others, etc.) 
Hence, the principle, q.e.d. 

Proposition LXXXVII. Theorem 

Equimultiples of two quuantities have the same raMo as 
the quantities themselves. 

Let a, 6, be the two quantities 

and ma, mb, be the equimultiples 

To prove that a:b:: ma : mb 

a__a 
b~b 

(We write the ratio equal to itself.) 

a_ma 
b mb 
(We multiply both terms of the second ratio by w.) 

a : 6 : : ma : mb 
(We write in proportional form.) 
Hence, the principle, q.e.d. 
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In a direct proof, the supposition is taken as a basis, and valid 
operations are performed until the desired conclusion is reached. 
In an indirect proof, the conclusion is taken as a basis, and valid 
operations are performed until some known result is reached. In 
the former process, since the supposition is true and since all the 
operations are valid, the conclusion must be true. In the latter, 
since the conclusion is true and since all the operations are valid, 
the supposition must be true. The one proceeds from the suppo- 
sition to the conclusion; the other, from the conclusion to the 
supposition. The proofs thus far given are direct. 

Prove indirectly : 

7. Prop. LXXVI 10. Prop. LXXXI 

a Prop. LXXVn 11. Prop. LXXXIL 

9. Prop. LXXIX 12. Prop. LXXXIII 

Ex.. 7. Assume that ad=^hc', dividing both members by ftd, - = - ; writ- 

h d 

ing in proportional form, a:h::cid. Since the conclusion is true, and since 
the operations are valid, the supposition must be true, q.e.d. 

Ex. 10. Assume that a + 6:6::c + d:d; placing the product of the ex- 
tremes equal to the product of the means, ad -\- hd = he -^ hd\ subtracting bd 
from both members, ad = he. Since the conclusion is true, and since the 
operations are valid, the supposition must be true, q.e.d. 

13. If a : 6 : : c : d, prove directly that 3a:26::8c:2d. 

Given a : 6 : : c : d ; writing in fractional form, ? = ^ ; multiplying both 

o 

_ » writinff in oroDOrtional 
2*26 2d 



memben by ? ^_3. ^2^\ writing in proportional form, 3a:26::3c:2d, 



Q.E.D. 

14. lia\hi:c:d, prove indirectly that 3 a : 2 6 : : 3 c : 2 d 

Assume that 3a:2&::3c:2(2; putting product of extremes equal to prod- 
uct of means, 6 ad = 6 6c ; dividing by 6, ad = he. Since the result is true and 
since the operations are valid, 3 a : 2 6 : : 3 c : 2 d, q.b.p. 
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PROPORTION — PRINCIPLES 

15. If three quantities are in continued proportion, the first is 
to the third as the square of the first is to the square of the second ; 
that iSyii a:b : : b: c, then a : c : \ a^ : W. Prove by each method. 

Direct Proof Indirect Proof 

6 c 

(In fractional form.) (^^"^^ °^ °»^*^ «^^^ P^^^^^ 

of extremes.) 



62 = ac 



a_a 
(An identity. ) (We divide by a. ) 



c^_^a a:b = b :c 

62 c 
,,„ , . , V (I^ the product of two quantities, 

(We multiply.) ^^^^ ^ ^ 

16. If four quantities are in continued proportion, the first is 
to the fourth as the cube of the first is to the cube of the second ; 
that is, if a:b = b: c = c:d, then a:d::a^:b\ Prove by each 
method. 

17. Prove that a^ — b^ia^ — Sabiic^ — d/^ic^ — Scdifa-.biicid. 

18. Prove that a^ + aft + fe^ : a^ — a54-&^: : c* + cd-hcP: c' — cd 
4- d^, if a : 6 : : c : d. 

19. Find the mean proportional to 12aaj* and 3 a^ 

20. Which is the greater ratio and by how much, 3 : 4 or*3* : 4* ? 

21. Find a fourth proportional to x\ xy, and 5 a^. 

22. Find a third proportional to - + -^ and -• 

y X y 

23. What is the test of the correctness of a given proportion ? 



RATIO AND PROPORTION . 223 

PROPORTION — SOLUTIONS 

In the solution of equations, the first impulse is to place the 
product of the extremes equal to the product of the means and to 
simplify the result. This impulse should be resisted because the 
process is often laborious. In every case, the example should be 
carefully inspected and the plan of attack formed before anything 
is written. 

24. Find the value of x in the proportion, 

a + Va : a — -y/x ::b -\- Vc : b — Vc. 

By composition and division, 2 a : 2 y/x : : 2 6 : 2 Vc ; dividing by 2, 

a : Vx : :b: Vc; squaring, a^.x: :b^ :c; x= — . 

b'^ 

25. Find the value of x in the proportion, 

a^ — 4: : x^ — 9 :': a^ — 5 X -{- 6 : x^ -{- 4:.x -{- S, 

Expressing the products of the extremes and means and factoring, 
(x + 2)(x-2)(x + 3)(x+ 1) = (a; + 3)(x-3)(x-2)(x-3); dividing by 
the common factors, x — 2 and x + 3, (x + 2)(x + 1) = (x — 3)"^ ; x =J. 
Also, X - 2 = and x + 3 = ; x = 2, - 3. See p. 189. 

Find the value of x : 

26. a;4-l:» + 4::2aj — l:a; + 6 

27. x-^a:2x — b::Sx + b:4:X — a 

28. -y/x + -y/b : y/x — -y/b :: a:b 

29. a^ — a^:x-\- a: :x -{-a:2 30. -y/x -{-a : -y/x — a = m:n 



31 Va? 4- g + 'Vx — a _ 22 a^ + a; — 2 __ 4ar^4-5a; — 6 

VaJ + a - V«"- a «-2 6x-^ 



33. Vaj^ — a? : "s/x — a : : Va; 4- a: x Va; 



34. a; 4- Vl —^ : x — Vl — ^ = a-\- -y/b^ — a^:a^ V6^ — a^ 
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PROPORTION — PROBLEMS 

Problems involving multiplication and division can be expressed 
in terms of ratio or proportion, and vice versa. 

1. (a) Three times A's age is 2 times B's age ; in 10 years, 4 
times A's age will be 3 times B's age. Find the age of each. 
State in terms of proportion. 

A^s age is to B^s age as 2 is to 3 ; in 10 years A^s age will be to B^s age 
as 3 is to 4. Find the age of each. 

(b) State in terms of ratio. 

The ratio of A*s age to B*s is }; in 10 years, the ratio of their ages will 
be f . Find the age of each. 

2. B has 8 times as many peaches as A. If A has 5 peaches, 
how many has B ? State in terms of a ratio. 

The ratio of B's peaches to A's is 3. if A has 5 peaches, how many 
hasB? 

It follows that most of the preceding problems may be solved 
in the phraseology of proportion, and that those in this exercise 
may be solved in terms of multiplication and division. 

3. The length of a room is to its width as 4 to 3, and the area 
of the floor is 588 sq. ft. What are the dimensions of the room ? 

4. Find two numbers such that the greater is to the less as 
their sum is to 6, and the greater is to the less as their difference 
is to 2. 

5. What two numbers are those whose sum is to their difference 
as 7 is to 1, and whose product is to the sum as 24 to 7 ? 

6. The length of a rectangular field is to its width as 5 is to 4, 
but if 4 rods be added to the length and 6 rods to the width, they 
will be to each other as 6 is to 5. Find the area. 

7. At simple interest, in what time will a dollars at r per cent 
gain as much as b dollars in t years at n per cent ? 
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a In a mile race between a bicycle and a tricycle their rates 
were as 5 to 4. The tricycle had half a minute start, but was 
beaten by 176 yards. Find the rates of each. 

Let 6x and 4x equal yards per minute of each, ^-^ = minutes for bicycle 

6x 

1 7flft 1 7ft 

to go a mile ; = minutes for tricycle ; — - = minutes by which tricycle 

4x 4aj ' 

1760 /I . 176\ 1760 



was beaten; iI52_fl + lZ?\ = 



ix J bx 

9. The product of two numbers is 15, and the cube of their sum 
is to the sum of their cubes as 64 is to 19. Find the numbers. 

as' + 3a;2y + 3«2/2 + y8 . ic8 _j. y8 . . 04 . 19 . whence, 3 xy(x + y) : «« + y» 
: : 46 : 19 ; whence, Sxy :x^ ^xy ■}■ y^ : : 46 : 19 ; and so on. 

10. The product of two numbers is 10, and the difference of 
their cubes is to the cube of their difference as 13 : 3. Find the 
numbers. 

U. Two wagons with their loads have their weights in the 
ratio of 4 to 5 ; parts of their loads in the ratio of 6 to 7 being 
removed, they weigh in the ratio of 2 to 3, and the sum of their 
weights is then 10. tons. What were the weights at first ? 

Let 4 X and 6 x = loads at first ; 6 y and 7y = parts removed. 

12. A and B are in partnership ; A's capital is to the whole 
capital as 5 to 8 ; but if A withdraws $ 2000 and B adds $ 2000, 
A's capital will be to the whole as 3 to 5. Required each man's 
share of the stock. 

13. A railway passenger observes that a train passes him, mov- 
ing in the opposite direction, in 2 seconds; but moving in the 
same direction with him, it passes him in 30 seconds. Compare 
the rates of the two trains. 

14. Find four proportionals such that the sum of the extremes 
is 21, the sum of the means is 19, and the sum of the squares of 
all four numbers is 442. 

ELBM. ALO. — 16 



VARIATION 



PRINCIPLES 



If A, By and G are three variables and m is a constant, the 
ratio of ^ to one or to both of the other variables combined may 
be expressed in four general forms : 



A 
A 

A 
A 



B = m,OT AccB, read, A varies directly as B, 

— = m,OTAQC—j read, A varies inversely as B, 
B B 

BC = m^ or Ace BC, read, A varies jointly as B and C, 

— = TO, or ^ Qc ^1 read, A varies directly as B and inversely as C. 



1. Illustrate the meaning of -4 oc jB, or -4 : jB = m. 

The amount of \vork varies directly as the number of men ; that is, if a 
work can be done by a number of men, m times the work will require m 
times the number of men. If ^ is the amount of work and B the number of 
men, Ace B, or A : B = m. 

2. Illustrate the meaning oiAocBC, or A : BG = m. 

The amount of work varies directly as the number of men and directly as 
the number of days ; that is, if a work can be done by a number of men io a 
number of days, mn times the work can be done by m times the number of 
men in n times the number of days. If A is the amount of work, B the 
number of men, and C the number of days, AccBC, or A: BC = m. 

3. Illustrate the meaning of -4 oc— , or ^ : — = m. 

B B 

The number of men varies inversely as the number of days ; that is, if a 
number of men can do a work in a number of days, m times the number of 
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men will require — times the number <^ days. If il is the number of men 

m 

and B the number of days, ^ oc— , or ^ : - = m. 

jB B 

4. Illustrate the meaning of -4oc— , or -4 :— = m. 

C C 

The number of men varies directly as the work and indirectly as the 
number of days ; that is, if a number of men can do a work in a number of 

days, mn times the number of men can do m times the work in - times the 
number of days. ^ 

5. The area of a circle equals ttt^. How does the area of a 
circle vary ? 

Let A = area : then ^ = rr* and — = r. Since r is a constant, the area 

fa 

of a circle yaries as the square of its radius. 

6. The volume of a sphere equals f xr^. How does the volume 
of a sphere vary ? 

7. The volume of a cone equals ir times the square of the 
radius of its base times one third of its altitude. How does the 
volume of a cone vary ? 

8. How does the distance passed by a wagon vary in terms of 
miles per hour ? 

9. How does the distance passed by a wagon vary in terms of 
hours? 

10. How does the distance passed by a wagon vary in terms of 
hours and miles per hour ? 

U. If the illumination of an object at a distance of 1 ft. from 
the source of light is m^ times the illumination at a distance of m 
ft, how does the illumination vary ? 

12. If the force of gravity at a distance of 1 ft. is m' times the 
force at a distance of m ft., and is n times as great for n lb. as for 
1 lb., how does the force of gravity vary in terms of distance and 
weight ? 
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SOLUTION OF PROBLEMS 

To solve a problem in variation^ it is necessary to find the general 
relation and to substitute two sets of values for the variables. 
Each substitution will give an expression for the constant, and 
these expressions may be placed equal to each other. 

1. li XQC ^, and a = 12 when y=2 and « = 3, find x when y = 2 
and 2 = 9. 

X'J=m x = 12x|x| 

z 9 2 

12:? = ic:? a; = 4 

3 9 

Sabstitutiiig the first set of valaes, 12 : } = n» ; substituting the second set 

of values, x:i = m; equating these expressions, 12 : } = a; : ). It is simpler, 

however, to equate the values as above without writiug m twice. 

2. If xaoy, and a; = 12 when y = 3, what is the value of x 
when y = 5? 

3. If a;x y, and a; = 6 when y = 2^, what will x equal when 
y = Ai? 

4. If XQC -, and y = 4 when x = 15, find y when x = 6. 

y 

5. A varies jointly as B and (7, and -4 = 6 when jB = 3 and 
C= 2. Find A when 5 = 5 and 0= 7, 

6. If A varies inversely as By and when A = 2 the correspond- 
ing value of B is 36, find the corresponding value of B when 
A = 9. 

7. If the square of x varies as the cube of y, and a? = 3 when 
y = 4, find the equation between x and y, 

Ex. 5. ^ :BC= m 

6 : 6 = ^ : 36 
^ = 36 

Writing ^ varies jointly as B and C hi different form, -4 : BO = w ; 
BubstituUng both sets of values, 6 : 6 = ^ : 35; ul = 36. 
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Every problem involving ratio, and hence every problem 
involving multiplication or division, may be solved by variation. 

a If 1 apple costs 2^, how much will 3 apples cost? Solve 
by variation. 

We must find the relation of a number of apples to their cost. The num- 
ber of apples varies directly as their cost. If iV = the number and C = their 
cost, iVx C. Then we can solve in the usual manner. 

NiC-m, 1:2 = 3:C, (7=6. 

9. If 3 men can do a piece of work in 6 days, in how many 
days can 9 men do it ? Solve by variation. 

Relation. The number of men varies inversely as the number of days. 

10. If 3 men can do a piece of work in 6 days of 8 hours each, 
how many days of 9 hours each will be required by 2 men ? 



Jfx 



Let M = number of men, D = number of days, ^= number of hours. Then 
1 



DH 



2X (a) A sphere is equivalent in volume to the sum of three 
spheres whose radii are 3 inches, 4 inches, and 5 inches. Find 
the radius of the large sphere. Solve by variation. 

Let V = the volume and B = the radius of the sphere, and let vi, V2, vz 
= the special values. We must find the relation of v to B, This is, v oc B\ 



V :^« = m (1) 216w:JB«=m 

«i : 3* = m, or «i = 27 m 216 m 

«a : 4' = w, or t;2 = 64 m B^ 

V8:6« =m, orv8 = 125TO 2?8=216 



= •» 



Adding, t? = 216 n» 



B =6 



Since vi : 3' = w, Vi = 27 ?» ; since «2 : 4' = w, t;2 = 64 m ; since t»8 : 5' = w, 
«8 = 125 m ; their sum = 216 m, or v = 216 m \ substituting this value of v 
in (1), 216 TO : JB« = TO, or i? = 6 inches. 

NoTB. vi, -02) and vz are used as different letters. They are read v sub 
one, V sub two, and v sub three. 
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SOLUnOV OF PS0BISM8 

(b) Solve by proportion. 

From geometry, we know that the Toliimes of two spheree ue to each 
other as the cubes of their ladii. 

27 « 



« : Oi : : 12* : 27, or «i = 

« : es : : 12* : 64, or vn = 

V : Vft : : li* : 126, or Vg = 



64 1» 
125 1> 



AAAl^^ - 216 « 

If* 

«18« = 216« 

1J« = 216 
1? = 6 

(c) Solve by the usual algebraic method. 

From geometry, we know that the volume of a sphere = - rli*. 

o 

4 4 

«i=^X 27 T « = -r5* 

8 3 

ej=ix 64r |ir^=|x216» 

V8=^xl26ir li* = 216 

V =-x216ir B = e 

3 

The remaining problems of this exercise may be solved in dif- 
ferent ways, but the pupil should solve them by variation. 

12. If 8 men earn 9 400 in 5 weeks, find how many weeks it 
will take 6 men to earn 9 240. 

Rblatiok. The number of men varies directly as the number of dollara 
earned and indirectly as the number of weeks. 

13. If 8 men earn 9 400 in 5 weeks, find how many men will 
earn $ 240 in 4 weeks. 
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VARIATION 

14. The area of a circle is equivalent to the sum of the areas of 
two circles whose radii are 3 in. and 4 in. Find the radius. 

15. The volume of a cylinder is equivalent to the sum of the 
volumes of three cylinders whose radii are 6 in., 8 in., and 10 in. ; 
the altitudes of the four are equal. Find the radius. 

16. If the volume of a pyramid varies jointly as the area of its 
base and altitude, what will be the altitude of a pyramid whose 
base is 12, equivalent to the sum of two pyramids whose bases are 
5 and 8, and altitude 12 and 6 respectively ? 

17. If the illumination from a source of light varies inversely 
as the square of the distance, how much farther from a candle 
must a book, which is now 15 in. off, be removed so as to receive 
just ^ as much light ? 

la The distance through which a body falls from rest varies as 
the square of the time it falls. If a body falls 64 ft. in 2 seconds, 
how far does it fall in 6 seconds ? 

19. If a body falls 576 ft. in 6 seconds, how far does it fall in 
2 seconds ? 

20. The velocity with which a liquid escapes from an orifice 
varies as the square root of the depth of the liquid above the 
orifice ; when the depth is 402 inches, the velocity is 160.8 inches. 
What is the velocity when the depth is 16.08 inches ? 

2L The square of the time of a planet's revolution varies as 
the cube of its distance from the sun. If the distances of the 
Earth and Mercury from the sun are 91 and 35 millions of miles, 
find in days the time of Mercury's revolution. 

22. The volume of a gas varies directly as the temperature and 
inversely as the pressure ; when the pressure is 15 lb. and the 
temperature 260** the volume is 200 cu. in. Find the volume 
when the pressure is 18 lb. and the temperature 390**. 



ARITHMETICAL PROGRESSION 



DBVELOPMBNT 

Quantities may increase or decrease by a common difference. 
The common difference is found by subtracting any term from 
that which immediately follows it. 

1, 3, 5, 7, ••• 

Oj 3j — 2) — 7j ••• 

a, a + d, a + 2d, ••• 

Each of the above is a series in arithmetical progression. In the first, the 
common difference is 2 ; in the second, — 6 ; in the third, d. 

Examining these series, we see that we may find the first term, a ; the 
last term, I ; the number of terms, n ; the common difference, d ; and the sum 
of the terms, 8. 

Pboposition LXXXVIII. Theorem 

Z = a + (n — 1) d 

In the general arithmetical series, a, a + d, a + 2 d, a + Sd, 

a = 1st term a + 3 d = 4th term 

a + d = 2d term 

a + 2 d = 3d term a -\-(n — l)d = nth term 

Examining these^ we see that each term is equal to a, plus d 

with a coef&cient one less than the number of the term. 

Hence, the principle, q.b.d. 
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PRINCIPLES 
Proposition LXXXIX. Theorem 

In the general arithmetical series, 

« = a + (a + d) + (a + 2d)+ ... + 1 
«=z I 4-(Z -d) + Q -2(2)+ ... + a 



By definition 
By definition 



Adding, 



28 = 



« = 



(o + + (« + + (« + 0+ ••• w times 
w (a + 



Hence, the principle, 



Q.E.D. 



Proposition XC. Theorem 

From the formnZtB for I and s, all the terms of an arith- 
metical progression may be found provided any three of 
them are given. 

Given l = a-\-(n-V)d (1) 



and 



n 



« = |(a + 



(2) 



If three of the four letters in (1) or if three of the four letters 
in (2) are known, there will result one equation with one unknown 
quantity. 

If three of the five letters in both (1) and (2) are known, there 
will result two equations with two unknown quantities. 

Hence, the principle, q.e.d. 

NoTB. Tlie pupil should memorize these two formulSB. 
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SOLUTIONS 

To solve examples in arithmetical progression, it is best to 
substitute the given terms in one or both the formulae and to 
simplify. 



Find the value of: 

X. l\ given a= 1^ d=a2, n=7 

2. a ; given Z=13, n=7y d=2 

3. n; given Z=13, a=l, d=2 

4. d; given 1=13, a=l, n=7 



5. a in terms of Z, n, d 

6. n in terms of Z, a, d 

7. d in terms of Z, a, n 
a Z in terms of a, n, d 



Ex. 2. Z = o + (n - l)d; substituting, 13 = o + (7 - 1)2, o = 1. 



-FVwd the value of: 

9. «; given n= 6, a=7, Z=22 
la n; given «=87, a=7, Z=22 

11. a; given «=87, n=6, Z=22 

12. Z; given «=87, n=6, a=s 7 



la n in terms of «, a, Z 

14. a in terms of «, n, Z 

15. Z in terms of s, n, a 
la 8 in terms of n, a, Z 



Ex. 11. « = 5 (a 4- Z) ; substituting, 87 = ? (a + 22), o = 7 
2 ^ 



i^md t^ voZi^ of: 



17. 


d; 


, ^ 


= 28, 


a = 3, 


8 = 


93 


la 


d: 

4 


; ^ 


= 28, 


n = 6, 


« = 


93 


19. 


d 


; a 


= 3, 


n = 6, 


8 = 


93 


2a 


8 


\ I 


= 28, 


a = 3, 


d = 


5 


Ex. 


19. 


Z = 


a+(n- 


l)(l 


(1) 








s = 


|(a + ^) 




(2) 



21. «; Z=28, n = 6, d = 6 

22. 8; a= 3, n = 6, d = 5 

2a d; given Z, a, 8 
24. 8 ; given Z, a, d 
Substituting, Z = 8 +(6 - l)d (1) 
03 = |(3 + Z) (2) 



ARITHMETICAL PROGRESSION 235 

Find the last term and the mm of the aeries: 

25. 2, 5, 8, 11, to 8 terms 

26. 2a-'b, 4a -3b, 6 a- 5b, - • • to n terms 

27. a?, 3 a?, 5 0?, to n terms 

2a 1, 4, f, to 1000 terms 

29. J, -J, -I, • • to 8 terms 

30. ^-"\ ^-^, 1zl5, to n terms 

n n n 

Oiven: 

31. a=s— 2, d=s4, « = 160; find w 

32. Z = 11, d — 3, n = 7 ; find s 

33. « = 200, n = 12, d = 5 ; find a 

34. d = -3, Z = -39, s=:-264; findw 

35. n = 8, a = 8, d = 5 ; find Z 

36. d = f, «s=58, a =5 2; find n 

Insert: 

37. 3 arithmetical means between 14 and 16 
3a 6 arithmetical means between 5 and 40 
39. 4 arithmetical means between 12 and 32 
4a 3 arithmetical means between 1 and 19 

41. 2 arithmetical means between 5 a — 6 b and 5 b — 6 a 

42. The arithmetical mean between (a + by and (a — b)* 
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SOLUTIOH OF PS0BLBM8 

In most problems it is best to let x equal the first term and y 
the common difference, but in some cases the equations are more 
readily solved by the use of the following expressions : 

... X — 2y, a5 — y, a5, X 4- y, as 4- 2y ••• odd number 

... a? — 3y, a; — y, « 4- y, a? 4- 3y ••• even number 

In a series of an odd number of terms, x is the middle term and y the 
common difference ; in a series of an even number of terms, z + y and x — y 
are the middle terms and 2 y is the common difference. 

1. (a) There are 3 numbers in arithmetical progression whose 
siun is 24, and the sum of whose squares is 224. Find the num- 
bers. Let x — y,x,x-{-y = the numbers. 

(b) Solve by letting x equal the first number and y the common 
difference. Why is it better to use the method of (a) ? 

2. Find four numbers in arithmetical progression whose sum is 
40, and the sum of whose squares is 480. Let a; — 3 ^, x —y, 
as 4- .y> aj + 3 y = the numbers. 

3. The sum of 5 numbers in arithmetical progression is 45, and 
the product of the first and fifth terms is f of the product of the 
second and fourth. Find the numbers. 

4. Divide 20 into 4 parts which are in arithmetical prc^ression, 
such that the product of the first and fourth is to the product of 
the second and third as 2 : 3. 

& Find the series in which the 27th term is 186 and the 45th 
term is 312. Let x = first term and y the common difference. 

& The 8th term of an arithmetical progression is 17 and the 
13th term is 27. Find the 10th term. 

7. The sum of 7 terms of an arithmetical progression is 63 ; the 
sum of 15 terms, 255. Find the series. Let x = first term and y 
the common difference. 

8. The sum of m terms of an arithmetical progression is 
m'4-2m; the sum of n terms, n*4-2n. Find the series. 
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9. The base of a right triangle is 12 inches and its sides are 
in arithmetical progression. Find the other sides. 

la A saves every year 9 25, which he puts at interest at the 
rate of 4 per cent a year. How long will it take for the interest 
to amount to $ 91 ? 

11. A person received a gift of $ 100 per year from his birth 
until he was 21 years old ; these sums were deposited in a bank 
and drew simple interest at 6 %. How much was due him when 
he became of age ? 

12. Find the difference between the sum of the even numbers 
and the sum of the odd numbers from 1 to 200 inclusive. 

13. The sum of n terms of the series 3, 5, 7 ••• exceeds the nth 
term by 63. Find the value of n. 

14. Find the series of which the mth term is m — n 4- mn, and 
the nth term m — n 4- n*. 

15. A man increased his capital stock $ 500 at the end of each 
year for 10 years, and then had invested $ 6500. What was his 
capital at first ? 

la The digits of a number of three figures are in arithmetical 
progression ; hundreds' digit exceeds the sum of tens' and units' 
by 1 ; and if 594 is subtracted from the number, the digits will 
occur in reverse order. Find the number. 

17. A travels uniformly 20 miles a day. B starts 3 days later 
from the same place and travels in the same direction, 8 miles 
the first day, 12 miles the second, and so on in arithmetical pro- 
gression. In how many days will B overtake A ? 

la A and B set out at the same time to meet each other from 
two places 118 miles apart ; their daily journeys are in arithmeti- 
cal progression, A's increase is 2 miles each day and B's is 
5 miles each day ; on the day at the end of which they meet, each 
traveled exactly 20 miles. Find the duration of the journey. 
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DEVELOPMENT 

Quantities may increase or decrease by a common ratio. The 
common ratio is found by dividing any term by that which 
immediately precedes it. 

2, 4, 8, 16, ... 

®» "» l» t» i» ••• 
a, ar^ ai^^ af*, ... 

Each of the above is a series in geometrical progression. In the first the 
common ratio is 2 ; in the second, J ; in the third, r. 

Examining these series, we see that we may find the first term, a ; the 
last term, I ; the number of terms, n ; the common ratio, r ; and the sum of 
the terms, $. 

Pboposition XCI. Theorem 

In the general geometrical series, a, ar, ar*, <»r*, a?^, ... 
a = 1st term at* = 4th term 

ar = 2d term 

ar^ = 3d term af^^^ = nth term 

Examining these, we see that each term is equal to a, multi- 
plied by r with an exponent one less than the number of the 
term. 

Hence, the principle, q.b.d. 
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PRINCIPLES 
Proposition XCII. Theorem 

rl — a 

In the general geometrical series^ 

a, a7*, ar^, ar^, ar^, ar^, ••• 

« = o + or 4- o*^ + ••• + ar^-* + Z By definition 
Multiplying by r, r« = ar -\- ar^ -^ "* -}- ar^-* + ^ + W 

Subtracting, a(r — 1) = ri — a 

. rl — a 
r — 1 

Hence^ the principle^ q.e.d. 

Note, af*-* x r = ar*"^ ; af*-^ = l. Hence, in tlio product, { is the next 
term after ar^K 

Proposition XCIII. Theorem 

From the formidcB for I and 8, all the terms of a geo- 
metrical progression may be found provided any three of 
them are given. 

Given I = af»-i (1) 

and s = ^i^ (2) 

r — 1 

If three of the four letters in (1) or if three of the four letters 
in (2) are known, there will result one equation with one unknown 
quantity. 

If three of the five letters in both (1) and (2) are known, there 
will result two equations with two unknown quantities. 

Hence, the principle, q.e.d. 

Note. The pupil should memorize these two formulae. 
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SOLUTIONS 

To solve examples in geometrical progression, it is best to sub- 
stitute the given terms in one or both the equations and to 
simplify. 

Find the value of: 

1. I ; given a = 2, r : 

2. a; given i = 54, r 
a n; given 2 = 54, a^ 
4. r ; given Z = 54, a 

Ex. 3. I = ar"^-^ ; substituting, 64 = 2 x 3"-i, (w -1) log 3 
= log27, n-l=log 27 -^log3 = 1.4314-- .4771 = 3; n = 4 



3, n = 4 


5. 


a in terms of Z, r, n 


3, n = 4 


& 


n in terms of Z, a, r 


2, r = 3 


7. 


r in terms of I, a, n 


2, n=4 


a 


Z in terms of a, r, n 



^*7id ^^ value of: 



9. 9 

10. r 

U. a 

12. Z 



given r =2, Z=40, a=^ 
given «=75, Z=40, a=6 
given 8=75y r = 2, Z=40 
given «=75, r = 2, a = 6 



la r in terms of 8, Z, a 

14. a in terms of s, r, Z 

15. Z in terms of «, r, a 

16. 8 in terms of r, Z, a 



Ex. 12. 8 = ^1^ ; substituting, 75 =^^, I = 40 



r-1 



Find the val^ie of: 



2-1 



17. 8 

la 9 

19. 8 

20. n 



given Z = 27, a = 1, n= 
given Z = 27, a = 1, r = 
given a=l, r=3, n = 
given Z = 27, a = 1, s = 



4 
3 
4 
40 



21. w; a = l, r =3, 5 

22. w; Z=:27, a=l, r 
2a n ; given Z, a, « 
24. 8 ; given Z, a, n 



40 
3 



Ex. 21. I = ar*-^ (1) Substituting, Z = 1 x 3"-i (1) 



< = 



rl — a 
r-1 



(2) 



40 = 



3?-l 
8-1 



(2) 
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Find the last term and the sum of the series : 

25. 3, 9, 27, to 8 terms 

26. 3, 1, J, to 7 terms 

27. .1, .5, 2,5y to 8 terms 

2a a, -, 4 *o ^ *«rm8 

r r 

29. V2, V6, 3 V2, . to 12 terms 

30. I, I, 1^, : to 4 terms 

Qiven : 

ZL a = 2y Z = 162, n = S; find r 

32. a = 2, 1 = 10^, n = 5 ; find « 

33. r = 2, n = 10, « = 5115; find Z 

34. n = 3, Z = 100, r = 5; find a 

35. a = 64, n = 6, Z = 2; finds 

36. « = 728, r = 3, Z = 486; find n 

37. 2 geometrical means between 8 and 125 
3a 2 geometrical means between 8 and — 1 

39. 4 geometrical means between 160 and 5 

40. 5 geometrical means between 3 and 192 

41. 2* geometrical means between a and a(a 4- by 

42. The geometrical mean between 18 a^ and 2 o^ 

ELEM. ALO. — 16 
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SOLUTION OF PROBLEMS 

In most problems, it is best to let x equal the first term and y 
the ratio, but in some cases the equations are more readily solved 
by the use of the following expressions : 

^> ^> y* 3 terms 

a^, a^y, xy', ^ 4 terms 

a?*, a^f aj*y*, x^, t/* 5 terms 

In these, - is the ratio and xK a^, a:*, the first term. 

X 

1. (a) The sum of three numbers in geometrical progression is 
26; the sum of their squares is 364. Find the numbers. Let 
05 = a and y = r. 

(b) Solve by letting a?, xy, y^ equal the numbers. Which do 
you prefer? 

2. (a) The sum of four numbers in geometrical progression is 
15 ; the sum of the first and last exceeds the sum of the other two 
by 3. Find the numbers. Let x^a and y = r. 

(6) Solve by letting o?^ a^y, a^^, ^ equal the numbers. Which 
do you prefer ? 

3. Find three numbers in geometrical progression ; the product 
of the first two is 75 ; the product of the last two is 675. 

4. Find four numbers in geometrical progression the sum of 
whose first and third terms is 40, and the sum of whose second 
and fourth term^ is 120. 

5. There are three numbers in arithmetical progression whose 
sum is 27 ; if the first is multiplied by 4, the second by 2, and the 
third by 1^, the results form a geometrical progression. What 
are the numbers? 

6. There are three numbers in geometrical progression whose 
sum is 57 ; if the first is multiplied by ^, the second by ^, and the 
third by 4> the results form an arithmetical progression. What 
are the numbers ? 
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ANNXnTISS, SINKING FUNDS, ETC. 

A sinking fund is a sum of money set apart annually for a 
special purpose. 

Thus, a county owes $ 60,000 and sets apart annually $ 6000 to pay this 
debt ; $ 6000 is a sinking fund. 

An annuity is a fixed sum of money, payable annually for a 
number of years. 

Thus, a man receives a yearly pension of 9 500 ; $ 500 is an annuity. 

In the case of annuities and kindred problems, it is customary to compute 
compound interest. A knowledge of compound interest, geometrical pro- 
gression, and logarithms is necessary. 



Proposition XCIV. Axiom 

At the close of the transaction, the sum of the amounts 
of the payments mMst equal the sum of the amounts of 
the receipts. 

7. A county owes $ 50,000. What sum set apart annually as a 
sinking fund will pay the debt in 6 years, if money is worth 5%? 

The close of the transaction is at the end of 6 years. It is necessary to 
equate the sum of the amounts of the payments ($ 6000 at the end of each 
year) and the sum of the amounts of the receipts ($ 60,000). 

Let X = number of dollars set aside annually, 0846.46 
05(1.05)* = amount of 1st reserve at end of 6 yr. 
a;(1.05)* = amount of 2d reserve at end of 6 yr. 
X = amount of 6th reserve at end of 6 yr. 

Since these 6 terms form a geometrical progression in which a=x, r=1.05, 

n = 6, { = x(1.05)*, we can find their sum from the formula, 8 = ^ ~ ^ . 

Substituting, 

x{\MY - g ^ a;(1.05fi ~ 1) ^jx 

.05 .06 ^ ^ 
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AKNUITISS, SINKING FUNDS, STC. 

The amount of the deht at the end of 6 yr. is $ 60,000 (1.05)«. 

Equating, g(1.06« - 1) ^ 5o,000(1.05)« 

.05 

Clearing, x(1.06« - 1) = 2600(1.05)« 

x = 2500(1.06)« . 

1.066 _ 1 ^ ^ 

We will now find by logarithms the value of 1.06*, substitute in (2), and 
simplify. 

log 1.06« = 6 log 1.06 X = 2500 x 1.3403 

.3403 
= .1272 

1.066 = 1.3403 X = 9846.46 

a What annual appropriation as a sinking fund must a school 
district make to pay a debt of f 15,000 due in 17 yr., money worth 
4% compound interest? 

9. What sum should be paid for an annuity of ^100 a year, to 
be paid for 40 years, money being worth 4:fc por annum ? 

The present worth is the sum that put at interest to-day will amount to 
the same as the annuities at the end of 40 yr. ; i,e, at the end of 40 yr. 
the sum of the amounts of the payments ($ 100 at the end of each year) must 
equal the sum of the amounts of the receipts (the present worth). 

Let X = the present worth ; x(lM)^ = the sum of the amounts of the 

receipts ; — ^ — ^ — — = the sum of the amounts of the payments. 

10. What is the present worth of an annuity of 9 1127 to con- 
tinue 3 years, allowing 7% compound interest? 

11. What should be paid for a perpetual annuity of ^200, 
interest at 2% ? 

A perpetual annuity is an annuity that is to be paid annually forever. The 
present worth is that sum which will gain $ 200 in one year at 2 %. 
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12. (a) A person borrows 95225. How much must he pay in 
equal annual instalments in order that the whole debt may be 
discharged in 12 years, allowing 4 per cent compound interest ? 
Solve by the United States rule for partial payments. 

6226 (1.04) - X = end of first year 

5226 (1.04)a - 1.04 « - « = end of second year 

5225 (1.04)8 - 1.042a; - 1.04 x - x = end of third year 

6225 (1.04)ia -"(irM)!! x"-'"" - 1.04 x - x = end of 12 years = 

X (1.04)12 - x ^ g225 (1.04)w 
.04 ^ ^ 

(6) Solve by the principle that the sum of the amounts of the 
payments must equal the sum of the amounts of the receipts. 

X (1.04)11 = amount of first payment ; x (1.04)io = amount of second pay- 
ment ; ••• ; X = amount of twelfth payment. 

13. (a) A man bought a house for $ 5500, paying $ 1000 cash 
and $ 50 at the end of each month until principal and interest at 
5fo were fully paid. In how many months did he own the 
property ? 

Let x= number of months. 50(1.00^) «-i= amount of first monthly pay- 
ment at end of x months ; 60(1.00^)«-2=amount of second ; ••• ; 60=amount 

»*!«*• «>(1-OOA)'-«>^4600(1.00A)- 

.00^ 

(b) His taxes were f 80 a year and other expenses for insurance, 
repairs, etc., 9 38 a year. How much did he invest each month 
in the property ? 

An8. $64 ; count the $60 that he might have received if he had put the 
# 1000 at interest. 

(c) If he had rented the house for $40 a month, had put the 
9 1000 at interest, and had invested 9 24 at the end of each month 
at 5%, in how many months would he have had $ 5500, or enough 
to buy the house ? Count compound interest at the end of each 
month. 
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DEVELOPMENT 

Eational numbers, surds, and imaginaries (pp. 132 and 171) 
may result from the solution of the equation, af^ = a. If a is a 
perfect power of the nth degree, x becomes a rational number ; if 
a is not a perfect power of the nth degree, x becomes a surd ; if n 
is even and a is negative, x becomes imaginary. The value of a 
rational number can be expressed as an integer or as a fraction ; 
the value of a surd can be expressed in fractional form true to 
any degree of approximation but never exactly ; the value of an 
imaginary cannot be expressed by any method thus far discussed 
without the use of an even root of a negative number. Thus, 

If 352 _ 4^ 35 = Vi = ^ 2, rational. 

If a;a = 2, x= V2 = (approx.) 1, JJ, J^, } JJ^, ... surd. 

If x^ = — 2,x = \/— 2= (approx.) 1 V^, J^V— 1, {^y/^--iy ••• imaginary. 

Imaginaries may be added and subtracted, multiplied and 
divided, raised to powers and depressed to roots, and treated 
in every way that rationals and surds may be treated because 
they result from valid operations upon real numbers. 

For the sdke of simplicity f it is customary to regard the even 
root of a nuinber as plus when the true sign cannot he determined. I 

Thus, 

I 

The valne of, VI6 + V9, is regarded as 7, although — 7, +1, and — 1 | 

are other possible values. | 
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When an even root of an equation is extracted, the plus and 
minus signs are both used with one merober of the resulting 
equ9>tion. Thus, 

If a;2 + 2a; + l=4 

x + 1 =±2 

When the sign of an even root can be determined, that sign 
may always be used. Illustrations occur in the solution of 
irrational equations. 

1. Find the value of x : 

a; + «* + J = 2 J 

x*= 1, or -2 
a; = 1, or 4 

If a; = 1, the sign of x^ is *+' ; if ac = 4, the sign of x^ is *-'. Substi- 
tuting the first value of x and the corresponding value ot x^, 14-1= 2. 
Substituting the second value of x and the corresponding value of oc^, 4— 2=2. 



2. Find the value of x: 



X 



-V25-a^ = 7 



3, Find the value of x: 
a;-V25-ar^ = l 



a;-7=V26-a;« 
x = 4, 3 

If a; = 4, the sign of V25 - x^ is 
* — ' because x — 7 = 4 — 7, o r — 3. 
If X = 3, the sign of V26 - x^ is * - ' 
for the same reason. 



x-l=V25-x« 
X = 4, - 3 

If X = 4, the sign of V25 - x^ is 
* + ' because x — 1 = 4 — 1, o r 3. If 
X =- 3, the sign of V26 - x'^ is »-' 
because x — 1 = — 3 — 1, or — 4. 



Note. The solution of Ex. 2 is commonly stated as impossible because 
neither 4 nor 3 will satisfy the equation. The solution of Ex. 3 is commonly 
said to yield the extraneous root, — 3, because — 3 will not satisfy the equa- 
tion. This is on the assumption that V26 — x* must be * + '. 
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XSRMS SmPLIFIBD 

According to the convention of p. 246, if a factor is removed 
from a radical of an even index, it is regarded when outside of 
the radical as having the '+' sign only. Thus, 

Vl8=v'0ir2=+3v^ 
V^=l8=V0x2x-l= + 3v^\/^ 

An imaginary is not in its simplest form until the factor con- 
taining the even root of the negative number is V— 1. 

Simplify : 

4. V^ a V-10 

a V^is 9. 3>/^=r54 

6. Vir32 10. -V^Z24 

7. V^^12 U. -3V^=^ 

Ex.4. ^Ar0=:V0x-l=\/0xV^=n: = 3V^. 
Ex.10. - >/^r2i = -v'4x6x-l=-2V6 yT^, 

It follows from the convention of p. 246, that if a ' — ' sign is 
outside of a radical of an even index, it cannot be placed under 
the radical, but must remain outside. Thus, 

- 3\/2 =- V0ir2 =-\/l8 



-3>A=^ = -V0x-2=-V-18 
Introduce under the radiccU : 



12. -2V^;^24 15. 6V-2 



13. -3V34 16. 3V-5 

14. -5V^=3 17. 2V^ 

Ex.12. - 2 \/^^24 =-V4x-24=:- V^^9Q. 

NoTS. The pupil should understand clearly that the above agreement has 
been reached for the sake of simplicity and that it should not be violated. 
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ADDITION AND SUBTRACTION 

The preparation for addition and subtraction consists in the 
reduction of each term to its simplest form. 

Add : Subtract : 



la a/^^^, V^=^48, V^=^ 22. V^HB from V^^HS 

la .V^^y V^^j V^n^ 23. V=^ from V^=T5 

20. V^=^, -V^ir32, -V^ 24. V^^^20 from V^^^ 



21. 3V^^^, 2V- 98, V-50 25. V^^28 from V- 63 

Ex.18. V^=^ = 3\/3>/^n! Ex.22. V^HS = 3v^ V^ 

v^ttb = 6>/3 v^n; \/2>/^n[ 

12V3V^ri 

NoTB. These operations could be performed by the reduction of each 
term to a form containing a common imaginary factor, but it is better to 
simplify. Thus, V^^^S - V^^ = 3v^=^-2V^^2 = V^I^. 

MULTIPLICATION AND DIVISION 

The preparation for multiplication and division consists in the 
reduction of each term to its simplest form. It is then possible 
to avoid the use of the case of exponents the same. 

Multiply : 

26. V^^ by V^ 3a - 3V27 by 2 V^r2 

27. V^^18 by Vl2 31. -V^Tg by -Zyf^T^ 
2a V-72 by - V^=^ 32. 2V^I^32 by 4V2 

29. V^=^ by V^^24 33. SV^I^S by -2V^r5 

Ex.26. \/^x\/^ = 2V3ix3V'^ = 6x(>/^)a = 6x -l=-6. 
V— 1 X V— 1 is the case when the bases are the same ; the result is 

(-l)J + i, or -1. 
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MULTIPUCATION AND DIVISION 

Before diyision by the irrational factor is performed, it is 
necessary to make the divisor rational. 

Divide : 

34. _ 6 by V^^ aa - 18 V^^ by - 3 V27 

35. V=r2l6 by Vl2 39. - 15V2 by - V^^ 
aa 12 by -V^^ 4a 64V^^ by 2V^^ 
37. - 4V3 by V=^ 41. 30V3 by 3 V^HS 

Ex.34. -6+V^==-^=A_==_Ili-==ZL3>0=:3V^==\/39. 

2V-1 V-1 -1 

Ex.35. V^=^'2l5 -i- Vi2 = ^^^ ^'~ ^ = 3V2 V^ = SyT^ = V^Ts. 

2V3 

Ex.36. 12-.~V3^= i? = 12>^^ = 6V2>/3T = V3^. 

NoTB. In every case, we multiply or divide both dividend and divisor by 
the same number. In Ex. 34, we divide both terms by 2, then multiply both 
terms by V^^, and so on. 

INVOLUTION AND EVOLUTION 

As a preparation, each term must be reduced to its simplest f ornL 



Baise V— 1 to: 

42. The 2d power 45. The 5th power 

43. The 3d power 46. The 6th power 

44. The 4th power 47. The 7th power 

Ex.43. (V:n[)» = (- !)*=(- l)^'*"* = -l>/^ = -V^. 

Ex.44. (V3T)4=(_i)t=(_i)a = +i. 

Ex.47. (V^^)T=(- !)*=(- l)*"^* = -lV^=n^=-V^. 

Note. (V^H^)' = (-!)* = >/(-!)» = V^, but this cannot be allowed 
by the convention of p. 246. (\^^ni)* = — 1; —1 x V— 1 = — V— 1 be- 
canae the * — * sign cannot be introduced under Uie radicaL 
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4a There must be three cube roots of 8 because the equation, 

aj* — 8 = 0, has three roots. Find them. 

If ac8-8=0, (x-2)(x2+2a;+4)=0; hence, x-2=0, and a»+2x+4=0; 
hence, x = 2, - 1 + V^, and - 1 - V^. 

49. By the binomial theorem, prove that — 1 +V— 3 is a cube 
root of 8. 

(_ 1 4. V3 V^ri)8 = (- 1)8 + 3(- 1)2 V3 v^:^ + 3(- l)(V3)2(>/^)« 

= -1 + 3x1 X V3'/^ + 3x-l x3 x-1 

+ 3V3x--\/^n[ 

= _ 1 + 3V3 VITi 4- 9 - 3V3 V^ 

=•8 

50. By multiplication, prove that — 1 +V— 3 is a cube root 
of 8. 

-I+VSV^ -2-2V3V'^ 

-l+V^V^^ -1+ \/3V^ 

1_V3V^ 24-2v^v^^ 

-V3v^=n + 3x-l -2V3v^:ri-2x3x-l 

l_2V3\/^n~3 2 +6 

- 2 - 2>/3 V^, 2d power 8, 3d power 

51. By the binomial theorem, prove that (— 1 — V— 3)' = 8. 

52. By multiplication, prove that (—1 — V— 3)' = 8. 
5a How many values has the 6th root of 64 ? 

Six, because o^ — 64 = is an equation of the 6th degree. 

Numerical expressions may be exactly represented by lines 
even when they cannot be expressed as integers aoid fractions. 
Thus, V2 may be represented by the diagonal of a square whose 
base is 1. There are devices also for representing imaginaries by 
lines, but their discussion does not fall within the limits of this 
treatise. 
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NB6ATIV£ AND FRACTIONAL EXPONENTS 

A rigorous proof of the binomial theorem is not attempted in 
this book, but in more advanced treatises the laws stated on p. 55 
are demonstrated for positive, for negative, and for fractional 
exponents. The pupil may apply these laws for the sake of 
practice in the various operations, and for the sake of a compre- 
hensive view of the scope of the binomial theorem. 

1. (a) Expand (a + 6)"^ by the binomial theorem. 

(a + 6)-i = a-i - a-^b -j- a-^b^ - a-*68 + a"^&* 

The exponents of a are — 1, — 2, — 3, — 4, ... ; of 6, 0, 1, 2, 3, 4, .... 

The coefficient of the 1st term is 1 ; of the 2d, — 1 ; of the 3d, — ^-^ — =, or 
1 ; of the 4th, ^ ^ "~ ^ or - 1 ; .... 

(b) Expand (a 4- 6)"^ by division. 

a-\-b)€fi (a-i-a-«6+a-'6* 

(a + 6)-i = — ^ Prop. VII €fi-\-a-^b 

a + b -■ 

—a^b 

^L_ Prop. VIII -a-i6_o-2&a 



a+b a+b 

ar^b^ 

2. (a) Expand (a -\- b)^ by the binomial theorem. 

(a + 5)i = a* + i oTh - i a'h^ + A «"*&' 

The exponents of a are J, — J, — f , — f, ••• ; of 6, 0, 1, 2, 3, 4, .... 
The coefficient of the Ist term is 1 ; of the 2d, J ; of the 3d, J x — 1 x 1, 
or - } ; of the 4th, -Jx-JxJ, or+^; .... 
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(b) Expand (a + 6)* by extracting the square root. 



(x + y)2 = xa -h 2 xy + S^ 
= x2+(2x + !/)y 



2a* + ia~*6 



2 a* + a"*6 - 1 a"*6a 



a + 6 a* + J a^b - 
a 

+ 6 + J a-ifta 


t o~*6a + 
-268 + ^a- 


••• 
-86* 


x = a* 


X = a* + i a"*6 
y = -Ja~*6a 


-Ifta 





3. Expand (a — 6)"* by the binomial theorem. 

(a + 6)-a = a-2 - 2 a-86 + 3 a-*b^ - 4 a-668 + - 
(a - 6)-» = a-2 + 2 a-^b + 3 a-*62 + 4 a-668 + ... 

We find the value of (a + 6)"^ and then, beginning with the second tenn, 
we change the sign of every alternate term. 



4. Expand (a — 6)"''* by the binomial theorem. 

(a - 6)-"» = a-"* 4- wa-(«»+i) 6 + ^^^ "^ ^) a-("*+2) ^,2 

w(m-t-l)(m + 2) („^8) ^8 . ... 
[3 ^ 

Note. [2 = 1x2; [3=1x2x3; see p. 29. - w* - 1 = -(w -j- 1) ; 
w» — 2 =— (w-l-2); .... 



Eoppand by the binomial theorem : 

5. (a + 6)"i 

6. (a — 6)i 



7. (a + 6)* 
a (a -6)"* 



INEQUALITIES 



DISCUSSION 



Affecting both members of an equation in the same manner 
does not disturb the sign of equality. Thus, 

The equality is not disturbed : when both members are increased, dimin- 
ished, multiplied, or divided, by the same number ; when both members are 
raised to the same power, or depressed to the same root ; and when the cor- 
responding members of two equations are added, subtracted, multiplied^ or 
divided. 

Affecting both members of an inequality in the same manner 

does not disturb the sign of inequality in some cases, but reverses 

it in others. Thus, 

Subtracting an equation from an inequality member from member does 
not disturb the sign of inequality, but subtracting an inequality from an 
equation member from member reverses the sign of inequality. 

8>6 6<8 10 = 10 10 = 10 

10 = 10 10 = 10 8>6 6<8 

Subtracting, -2>-4 -4<-2 2<4 4>2 

In advanced treatises on algebra, the different cases in inequali- 
ties are developed and proved. In this book, the pupil is advised 
to work with inequalities after the general method of working 
with equations, but to test each step before taking it, in order to 
ascertain whether the proposed operation will reverse the sign. 

1. If 4 is added to a number, the sum is greater than 10. Find 
the number. 

Let X = the number. a + 4 > 10 (1) 

x>6 (2) 
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If (1) were an equation, we should transpose and unite. Before taking 
this step, we must determine whether transposing a term will reverse the 
sign. We may take an inequality, as 10 > 6, and try the effect of subtracting 
from each member a number, as 2, that will leave each remainder positive, 
8>4 ; a number, as 8, that will leave one remainder negative, 2 >~ 2 ; a 
number, as 11, that will leave both remainders negative, — 1 >— 5. Having 
discovered that a term may be transposed without disturbing the sign, we 
transpose in (1) and obtain (2). 

NoTB. Since the value of x may approach but can never reach 6, 6 is said 
to be the limit of the value of x. 

2. If 10 is diminished by 3 times a number, the result is less 
than 4. Find the number. 

Let X = the number. 

10-3a;<4 (1) -3a<-6 (2) x>2 (3) 

We obtain (2) by tran£fposing in (1). If (2) were an equation, we should 
divide by — 3. Before doing so, we make various tests and discover that 
dividing by a negative number reverses the sign. 

3. Two times a number plus 3 times a second is greater than 
13 ; 5 times the first minus 2 times the second equals 4. Find 
the numbers. 

Let a; = 1st ; y = 2d. 
2a; + 3y>13 10x + 16y>65 10y>57 

5a;-22f = 4 10a;- 4y = 8 y>3; x>2 

Note. The pupil should satisfy himself that each step is admissible before 
he takes it. 

4. If 4 times a number is subtracted from its square, the result 
is greater than 5. Find the number. 

Let x = the number. 

x^-4x>6 (1) a;-2>3, orx-2<-3 

a;2-4a;4-4>9 (2) •x>5, ora;<-l 

Here, x has two limits, 5 and — 1 ; any number greater than 5 and any 
number less than — 1 will satisfy the conditions. 

Note. If y2>9, y>3or <-3; hence the square root of (2) isx-2>3, 
or a-2<-3. 



INFINITY AND INFINITESIMALS 



DEVELOPMENT 

A number may be finite, infinite, or infinitesimal. A number 
however large or small is finite when it is not greater and not 
less than an assignable number. A number is infinite when it 
is greater than any assignable number ; a number is infinitesimal 
when it is less than any assignable number. 

Thus, 1 with a sextillion ciphers, and a fraction whose numerator is 1 and 
whose denominator is 1 with a sextillion ciphers, are finite numbers because 
larger and smaller numbers may be named. The nnmber of drops in the 
ocean is finite because a larger number may be named. The number of 
seconds in eternity is infinite ; the fraction whose numerator is 1 and whose 
denominator is the number of seconds in eternity is infinitesimal. 

Infinity, an infinite number, is represented by oo ; an infini- 
tesimal, by 0. 

The symbol, oo, does not always represent the same number, 
but may have an infinite number of different values. In the 
same way, the symbol, 0, may represent any one of an infinite 
number of infinitesimals. 

Thus, the number of cubic inches in space is oo, the number of cubic feet 
In space is oo, the number of cubic yards in space is oo. It would be impos- 
sible to assign a separate symbol for every infinity and for every infinitesimal. 

The symbol, 0, is thus used for absolutely nothing and for an 
infinitesimal. Some confusion results, but no suggestion for sepa- 
rate characters has been generally adopted. 
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An infinitesimal has absolute zero for its limit ; infinity has no 
limit. 

Thus, if i is divided by 2, the result by 2, the last result by 2, and so on 
for an infinite number of times, the value of the fraction approaches, but can 
never become, absolute zero. Hence, absolute zero is the limit of the in- 
finitesimal. The number of seconds in eternity has no limit ; infinity has no 
limit. 

Infinity divided by infinity, oo -h oo, produces any number, finite, 
infinite, or infinitesimal. 

Thus, if the dividend is the number of seconds in eternity and the divisor 
is the number of minutes, oo -;- » = 60. If the dividend is the number of 
infinitesimals of time in eternity and the divisor is the number of seconds, 
00 -T- 00= GO. If the dividend is the number of seconds in eternity and the 
divisor the number of infinitesimals of time, oo h- oo = (an infinitesimal). 

An infinitesimal divided by an infinitesimal, -*- 0, produces 
any number, finite, infinite, or infinitesimal. 

Thus, if the infinitesimal whose numerator is 1 and whose denominator 
is the number of seconds in eternity, is divided by the infinitesimal whose 
numerator is 1 and whose denominator is the number of minutes in eternity, 
-^ = ^. As in the preceding paragraph, it may be shown that 0-t-0=60, 
-=- = 00, and 0-4-0 = 0. 

A finite number divided by infinity, a-^oo, produces an infini- 
tesimal; a finite number divided by an infinitesimal, a-r-O, pro- 
duces infinity. The pupil should prove these relations. 

If is an inji7iitesi7nal, find the value of: 

1. X 6. 00 X 00 

2. X 6 7. 00 X 6 



3. 



6 

6 










a 

9. 


6 

00 

00 


4. 













6 


5. 


6 


X 









10. 


00X6 






ELEM. 


ALG. 


— 17 







11. 


Oxoo 


12. 


ooxO 


13. 






14. 


00 
00 


15. 


0-f-oo 
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DEVELOPMENT 

In geometrical progression, the case of finding the sum of an 
infinite series when r < 1, involves infinitesimals and infinity. 

16. Find the sum of an infinite number of terms of the series 



a= 1 

r= i 

I = 

n = 00 



r-1 -i 



The sum is 2 minus an infinitesimal. The sum can never be exactly 2 
because an infinitesimal can never become absolutely nothing. Sometimes, 
the sum is said to be 2 ; the correct expression is, the limit of the sum is 2 ; 
i.e., the sum is constantly approaching 2 and comes to differ from 2 by less 
than any assignable value. 

Find the limit of the sum of an infinite number of terms : 
17. 1, i, ^, - 19. 36, 24, 16, ... 

la 2, i, i, ... 20. 04, 8, 1, ... 

The limit of the value of a repetend may also be found. 

• 

21. Find the limit of the value of .5, or .555 •••. 

.565 ... = .5 + .05 + .005 + .0005 H . .*. a = .5, r = .1, ? = 0, n = oo ; 

8 = = = — : .5 = - minus an infinitesimal ; the limit of the 

-.9 .9 9 ' 9 

value is f. It is customary to say that f = .5555 + ••., but the ' + ' must be 
understood as meaning an infinite number of 5's together with an infinitesimal. 

22. Find the limit of the value of .634, or .634634634 .... 

23. (a) If an insect at the end of a board 20 feet long could 
jump half the length of the board, then half the distance that is 
left, then half of the remaining distance, and so on, how many- 
jumps would be required to cover a distance of 19.99 feet? 

(b) What is the limit of the sum of an infinite number of such 
jumps ? 



PROPOSITIONS REVIEWED 



The first part of this book closes with indeterminate equations, p. 126, but 
the propositions of this part are applicable to examples discussed farther on. 
In order that pupils may review the first part before beginning the second, 
and that the logical treatment may be preserved, up to Prop. L, all examples 
belonging to the first part are printed in large type, and all examples belongj- 
ing to the second part in small type. 

I 

1. The area of a triangle is equal to V5(s — a)(« — 6)(5 — c), 
where 8 is the half sum of its sides and a, b, and c are its sides. 
Express without the use of letters. 

2. In percentage, the base multiplied by the rate is equal to 
the percentage. Express this truth by means of letters. 

II 

1. If by agreement, + 3 a means that a is used 3 times as an 
addend, what must — 3 a mean ? 

2. If by agreement a^^ means that a is used 3 times as a multi- 
plier, what must a~^ mean ? 

III-V 

1. Why does + 3 a mean a H-a + a, or that a is used 3 times 
as an addend ? 

2. Why does — 3 a mean — a — a — a, or that a is used 3 times 
as a subtrahend ? 

3. Why does a mean that a is used the same number of times 
both as an addend and as a subtrahend ? 
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VI-VIII 

1. Why does a"*"' mean a x a x a, or that a is used 3 times as a 
multiplier ? 

2. Why does a"^ mean - x - x -, or that a is used 3 times as a 
divisor? a a a 

3. Why does a^ mean that a is used the same number of times 
both as a multiplier and as a divisor ? 

IX-X 

1. Add: +6, +8; -3, -4; +8, -6; -8, +6. 

2. Add : — (XX, -\- bx, -\- ex ] (a — 6)aj, (a + 6) a:, (a — 3 6) x, 
a Add- a^ + 2<^ + ^' a2_2a5 + y 

4. Add : \/27, V76, \/48 ; a/J, - SVj, y/^ ; V^^2i, - V^ - V^=^54. 

5. Add : go, 6 ; oo, ; oo, oo . 

XI-XII 

1. Subtract: 8 from 6; — 8 from — 6; 2 from —6; 6 from —2. 

2. Subtract : bx from gut ; — c?aj from ex, 

a Subtract: (a^ - 2a6 + 62)a: from (a« + 2a6 + b^x. 

4. Subtract: ^L=^ from 5L±^. 

a + 6 a— 6 

5. Subtract : V50 from \/72 ; - v^ from ViS. 

6. Subtract : Vf from V^. 

7. Subtract : V^ from V- 18 ; - V- 12 from - V-27. 

8. Subtract 6 from oo ; from oo ; oo from oo . 

XIII-XVII 

1. Multiply: -|-6by+8; -6 by -8; -6 by +8; +8 by -6. 

2. State the case in multiplication: 5^ x 6'; 4* x 6®; 4' x 8**, 
2*x2«. 
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3. Multiply : 5^ by 6^ 48 by 6*; 5- by 5*; 6- by 3-. 

4. Multiply : 2« by 4^ ; 3* by 9^ ; 8^ by 2^ ; 2« x 2». Reduce to 
the case when the bases are the same. 

5. In Ex. 4, reduce to the case when the exponents are the 
same, and multiply again. 

6. Multiply; 2^ by 3^; 4^ by 5*; 9* by 4. Can you readily 
reduce these to the case when the bases are the same ? 

7. Multiply: 3aj*-2a^H- 3/^ by 2a:2-3aJ2^-62/». 

8. State the case in multiplication : v^ x y/2 ; \^ x \^ ; \/3 x v^ ; 

9. Place the factor under the radical : Sy/Q; 2\/i; 2y/E. What case in 
multiplication is this ? How do we proceed ? 

10. Place the factor under the radical : — 2V3. Why is the answer 
regarded as — Vi2 and not as 4-\/l2? 

U. Multiply: >/l2by3V6; -V8by-2\/2; V6-3by V6-2. 

12. Place the factor under the radical : 3V--1 ; — 3\/— 1. 

13. Multiply : V— 4 by V— 9. Is the answer ever regarded as VSQ ? 
Why not ? 

14. Multiply : CO by 6^ GO by CO ; GO by 0. 

XVIII-XXII 

1. Divide: 16 by -2; -8 by -2; -18 by 6. 

2. State the case in division : 8«-5-82; 88^28; 43-^3*; 4»-^4». 

3. Divide : 8« by 8^; S^ by 2^; 8« by 8*; 8« by 2«. 

4. Divide : 2^ by 4^ ; 27^ by 9^ ; 8* by 4^ ; 4» by 4«. Reduce to 
the case when the bases are the same. 

5. In Ex. 4, reduce to the case when the exponents are the 
same, and divide again. 

6. Divide : 6^ by 5* ; 9* by 2* ; 5* by 2^. Can you readily 
reduce these to the case when the bases are the same ? 

7. Divide: 9 a?* + 2 aj^y* + y* by S o(^ - 2 xy -^ f. 
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a state the case in division : v^-s-v^; \/l2-^v/4; v^-f-v^; >/2~V2. 

9. Remove the factor from under the radical : v'54 ; \/32 ; -x/SO. What 
case in division is this ? How do we proceed ? 

10. Remove the factor from under the radical: — Vl2. Why is the 
answer regarded as — 2\/3 and not as +2\/3? 

U. Divide: >/72by-V2; - V8 by -\/2 ; 12 - 5^6 by V6 -3. 

12. Remove the factor from under the radical : V— 9 ; — V— 9. 

13. Divide : V36 by V— 9. Is the answer ever regarded as V— 4 ? 
Why not ? 

14. Divide : oo by 6 ; 6 by oo ; oo by oo ; oo by ; by oo. 

XXIII 

1. Declare the square of : a — b-\-c — d. 

2. Declare the square of : (a + y) — (a? — y). 

3. Factor: a^ -{-b^ -^c^ -2 ab -{-2 00-21)0. 

4. Declare the square of : 3 — >/2 + V3. 

5. Declare the factors : 5 — \/24. 



6. Declare the square of : V— 3 — V— 2. 

7. Declare the factors : — 5 -j- 2 VS. 

XXIV 

1. Declare the product of : 4 a6 + 3 cd and 4 a^ — 3 cd. 

2. Declare the product of : aj* + a^ + J^ and oi^ — xy-\-y^, 
a Declare the product of : a-\-b — c and a — b-\-c. 

4. Declare the product of : (x — y) (x + y) {^ -\-'f){7^-\- y*). 

5. Declare the factors of : 9a^ — 42*. 

6. Declare the factors of : a* + a^b^ -\- b*. 

7. Declare the factors of ; a* — 6* — c* — 2 6c. 

a Declare the factors of : 4 aj^yZ _ (aj2 _|_ ^2 _ 22^2^ 

9. Declare the factors of : a® — 6^ 

10. Declare the product of : a/8 + \/2 and V3 — V2. 

U. Declare the product of : V— 3 -j- V— 2 and V— 3 — V— 2. 
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XXV 

1. Declare the product of : a — 6 and a -f 5. 

2. Declare the product of : 3xy — b and 3xy-^2b. 

3. Declare the factors of : qc^^5x-{-6, 

4. Declare the factors of : (a — by — 5 (a — 6) + 6. 

XXVI 

1. Declare the product ; (x + yy ; (x — yy, 

2. Declare the product : (2 a; + 3 2/)* 5 (2 a? - 3 yy. 

3. Declare the product : {x + y)*" ; {x — 2/)*". 

4. Declare the product : (x + y)-^ ; (« — y)-!. 

5. Declare the product : {x + y)""^ ; (a; _ y)"^. 

XXVII 

1. Declare the quotient of : a^^ — ^'^ by a? + y, by a — 2^. 

2. Declare the quotient of : x^^ — y^^ by aj* + ^, by oi? — jf, 

3. Declare the quotient of : x^^ — y^^ by '3?-\-]y^ by aj* — 2/^. 

4. Declare the quotient of : 0^'^ — y^^ by «* + y*, by a;* — 2/*. 

5. Declare the quotient of : oP — y^^ by aj^ + 2/^ by x^ — jf, 

6. Declare the quotient of : x^^ + y^^ by a;* + 2/*? ^J ^ + 2/^- 

7. Declare the quotient of : a:** -f- 2/" by a; 4- ?/, by x^y. 
a Declare the quotient ofix^ — y"* hy x-\-y, by a; — 2/. 

XXVIII-XXXII 

1. Write the formula for any number in the decimal system. 

2. State which of the following numbers are exactly divisible 
by 2 : 36874 ; 96285 ; 7382, 

3. State which of the following numbers are exactly divisible 
by 3 : 68454 ; 7283 ; 4386 ; 576. 
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4. State which of the following numbers are exactly divisible 
by 4 : 6276 ; 3214 ; 6284 ; 9326. 

5. State which of the following numbers are exactly divisible 
by 11 : 3462 ; 3784 ; 235 ; 682. 

6. Prove that the remainder found by subtracting the sum of 
its digits from a number is exactly divisible by 9. 

XXXIII-XXXVI 

1. Find the H. C. F. : 36 a^?/^ 16 xyz, 32 x'fz', 

2. Find the H. C. F. : ^{x'-f),^{x-y)\4.{:x?Jt^-'^f)' 

3. Find two expressions which have the same H. C. F. as : 
2a^-llaj + 15 and 3ar^-6aj-12. 

4. Find lower expressions which have the same H. C. F. as : 
2aj2-13aj + 15 and 4 aj* - 16 a? + 15. 

5. Find the H. C. F. : 11 a?* - 9 aar^ - aW - a* and 13aj*-10aa^ 
— 2 a^aj^ — a*. 

XXXVII 

1. Find the L. C. M. : 18 x'y, 32 xjfy 27 a^. 

2. Find the L. C. M. : a? ^f, 7^ -\-2xy -{-fy a? -2xy + f. 

3. Find the L. C. M. : 4.0? - bxy + f, ^^ -^7?y ^xtf -y^, 

XXXVIII-XLV 

75 x^v^ 2 aj' 4- 3 t^v v^ 

1. Eeduce to lowest terms : ^ ; ^ — ^« 

125 ary 4 ar + xy^ — y^ 

2. Reduce to equivalent fractions having the L. C. D. : 

aj — 3 a;-f-2 a: — 1 



x — 5 x — 5 x^ — 25 

(X? — 4- Ob 4- X -4- 4 

3. Reduce to a whole or a mixed number : — — — — « 

a?-3 

4. Reduce to a fraction : x — 5 ^^— 

x-S 



PROPOSITIONS REVIEWED 265 



5. Add: -7 -7 — -' 

X — 2 a? + 3 arH-ic — 6 

6. Subtract: ~ from "~ 



ic — 4 X — 3 

7. Multiply : — ^ -^ by — 



aj2_a;_2 -^ x2-9 



a Divide : 4^ by ^;-^^ + < 



X — o -f- 



_ „. ,.„ X — 2 x — a X -f a 

9. Simplify: 



X 



_5_^±_1/ _!: 



X — 2 a^ -- a^ x^ 4- a^ 



XLVI-XLIX 

1. Preparatory to finding the value of x, transpose and unite : 

ax — b = — a-{-bx. 

2. Find the value of X : ?Lz_? _ ^jt^ = 3. 

3 4 

3. Find the value of x: -^ + ^:::i^ = ^+1 + ^^• 

X — 2 X — 7 X — 1 X — 6 

4. Find the value of x : t^ll^+1 _ t+ll^ = 29_. 

X— 2 xH-3 x^-fx — 6 

5. Find the values of x and y by addition and subtraction : 

3x-22/ = ll 
ox-3y = 19 

6. In Ex. 5, find the values of x and ?/ by comparison. 

7. In Ex. 5, find the values of x and y by substitution. 

3 4 5 2 

8. Find the values of x and ?/ : = 1 and - + - = 6. 

a? y X y 
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9. Find the values of x, y, and z: ^ 3x — y -\-2z = 7 

. 6x — y — z = l 
10. Find the values of x and y in positive integers : 2x—3y=6, 

L-LIII 

1. Raise : a* to the 2d power ; a® to the — 2d power ; c^ to the 
^ power ; a® to the — ^ power ; a' to the ^ power ; c^ to the — f 
power. 

2. Depress : a*, to the 2d root ; a~* to the — 2d root ; a to the 
^ root ; a~^ to the — ^ root ; a^ to the f root ; a~* to the — f root. 

a Extract the cube root of • ic« - 6 a^ + 40 ar* - 96 a? - 64. 

LIV-LVI 

^. Separate 1522756 into periods of two figures each. How 
many figures will there be in its square root ? 

2. How many figures of the square root of 1622756 may be 
obtained by extracting the square root of 152 ? 

3. Extract the square root of 1522756. 

4. How should .00001728 be pointed off for the extraction of 
the cube root ? 

5. Extract the cube root of .00001728 true to 4 decimal places. 

6. Find the value : V| ; V|| ; V|. 

LVII-LXII 

1. Find the characteristic of the log : 73865 ; 73.865 ; .0073865. 

2. Find the mantissa of the log : 73865; 73.865; .0073865. 

3. Find the lojr : 738G5 ; 73.865 ; .0073865. 
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4. Find the colog : 73865 ; 73.865 ; .0073865. 

5. Find the antilog : 3.8765; 0.8765 j 8.8765-10. 

6. Find the value : .96823 x 8.64831 ; .83251 -- 6.4372. 

7. Find the value : ^7621x^5^328', -v^giSsJ -f- V:06297. 
a Find the value of x : 1.234' = 7.235 ; .1234' = 7.235. 

LXIII-LXIV 

1. By factors, express the amount of $ 100 for 7 yr. 3 mo. 18 da. 
at 4% compound interest. 

2. By factors, express the amount of $ 100 for 4 yr. 6 mo. 6 
da. at 8%, compound interest payable quarterly. 

3. Find the amount of f 100 for 100 yr. at 5% compound 
interest. 

4. What principal will amount to f 1,000,000 in 250 yr. at 6% 
compound interest ? •^ 

LXV-LXVII 

1. Write with positive exponents : — f^i — - — -] — -.. 

2. What is the meaning of : 6 x | ? 6 -^ | ? 16* ? 

8 2 S 

3. Express with radical signs : x^\ a*] 6~^. 

4. Express with fractional exponents : V^ ; V^V '•> V^'. 

5. Find the value of 16* ; 16"* ; ^/27 ; - •v^27. 

LXVIII 

1. If 27 — 10V2 = i» — 2Vxy H-y, what does x-\-y equal? 
what does — 2^/xy equal ? 

2. As just suggested, extract the square root of 27 — 10 V2. 
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LXIX-LXXII 

1. Find a;: 6a^ — 5x = — l, Complete the square by the first 
method. 

2. Find X. Complete the square by the second method. 

3. Find x. Use the method of factoring. 

4. Finda: — ?_+-^ = 5. 

x — 5 X — 3 

5. Find x: a? + a;-* = 2. 



6. Find a;: V2a; + 8-2Va; + 5 = 2. 



7. Find x 



Va; + 3+Va; — 3 _^ 
V3a; + 3 



a Find a;: aj^ - 7 aj -f- Vaj^ — 7 aj + 18 = 24. 

LXXIII-LXXIV 

1. In o^ — 6 ar^ + 5 a? + 12 = 0, how many values has x ? 

2. Using synthetic division, find by trial the roots of as" — 6 aj* 
-f-6aj + 12 = 0. 

LXXV 



f aj2 + 2/2 = 5 
xy = 2 



1. Solve by substitution : 

2. Solve by letting y = vx. 

3. Solve by letting x = u -^-v and y = u — v, 

4. Solve by finding the values of x + y and x — y. 

LXXVI-LXXXVII 

1. If a :h:: c:d, what is the result by alternation ? by inver- 
sion ? by composition ? by division ? by composition and division ? 

2. If a : 6 : : c : d, prove directly that 

2a + 3 6:2a-36::2c + 3d:2c-3d. 

3. Prove indirectly. 
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4. a?-3: VaJ^-9::l:2. Find «. 

5. The radii of two circles are 3 in. and 4 in. respectively. 
Find the radius of a circle whose area is equivalent to the sum of 
the areas of the other two. Solve by proportion. 

6. Solve by variation. 

7. Solve by the usual algebraic method. 

LXXXVIII-XC 

1, State the fundamental formulae in arithmetical progression. 

2. Given a = 2, d = 3, 8 = 57. Find w. 

a Given a, d, s. Find n. 

4. The sum of three numbers in arithmetical progression is 15 ; 
the square of the second exceeds the product of the other two 
by 4. Find the numbers. 

XCI-XCIII 

1. State the fundamental formulae in geometrical progression. 

2. Given a = 2, r = 3, « = 80. Find n. 
a Given a, I, s. Find n, 

4. The sum of three numbers in geometrical progression is 28 ; 
the sum of the first and third exceeds the second by 12. Find 
the numbers. 

XCIV 

1. A man bought a farm for f 4212.36, agreeing to pay for it 
in five equal annual payments, interest at 6%. How much was 
each payment ? Use the U. S. rule for partial payments. 

2. A man bought a farm for $4212.36 and paid f 1000 at the 
end of each year for 6 yr., interest at 6%. How much did he 
owe after the fifth payment ? Use the U. S. rule. 
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TERM 


p. 


DEFINITION 


Absolute term 


202 

18 
18 
16 

7 

124 
216 

18 

43 
243 
213 
143 

7 

232 

243 
12 

64 

16 
16 
20 

143 
19 

143 

111 


A term which does not contain an un- 


Addends 


known quantity. 
Terms in addition. 


Addition 

Aggregation — 

Algebra 

Alliiiration 


Procens of uniting numbera into one. 

Collection into one expremion. 

The science of numbers expressed by letters 

and other symbols, and considered with 

reference to direction. 
Process of ascertaining cost per unit of 


Alternation 

Amount t , t , - » 


mixtures of different ingredients. 

Four quantities are in proportion by 
alternation when the means are inter- 
changed. 

Sum of several numbers; principal plus 
interest. 

An indirect method of solving problems. 


Analysis .-.,..,--- ^ 


Annuity 


A fixed sum of money payable annually. 
First term of a ratio. 


Antecedent , , , 


Antilngrarithm , , , , x t 


The number corresponding to a loga- 
rithm. 

The science of numbers expressed by the 
Arabic notation and without reference 
to direction. 

A series of numbers increasing or de- 
creasing by a common difference. 

A self-evident truth. 


Arithmetic 


Arithmetical progression . . 
Axiom T T 


Base 


A quantity used several times as an addend, 

or as a factor. 
An algebraic expression of two terms. 
n, signs of aggregation. 
' ], signs of aggregation. 
Subtraction of a number from its equal ; 

division of both dividend and divisor by 

the same number. 
The integral part of a logarithm. 
The part of a term which shows how 

many times its unit is used as an addend. 
The cologarithm of a number is minus its 

logarithm. 
The method of elimination of an unknown 


Binomial 


Braces 


Brackets 


Cancellation 

Characteristic 

Coefficient 


Colofi^arithm 


Comnarison 




quantity by placing two expressions of 
its value equal to each other. 
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TERM 


p. 


DEFINITION 


ConiDOsition 


218 

166 

213 
213 
214 

131 
139 
144 

94 
182 
197 
202 

76 

18 
65 

29 
28 

29 
108 

16 

220 

132 

127 

14 

214 
48 


Four quantities are in proportion by com- 
position when the sum of the first two 
terms is to the first or second term as 
the sum of the la^t two terms is to the 
corresponding term. 

A conception of interest by which the 
amount at the end of each period bears 
interest during the next period. 

A ratio of a ratio. 


Compound interest 

Comi>oiind ratio - ^ . ■ 


Consequent 

Continued proportion 

Cube 


Second term of a ratio. 

A proportion in which the consequent of 

each ratio is the antecedent of the next 

ratio. 
The product of three equal factors. 
One of the three equal factors of a number. 
A fraction written with the aid of a 


Cube root 


Decimal 


Degree of an equation .... 
Desree of a term 


decimal point. 
The degree of the term which is the 

highest with reference to unknown literal 

factors. 
The sum of the exponents of the literal 

factors of a term. 
The part of a fraction which is a divisor : 


Denominator 


Difference 


the number showing into how many 
parts a unit is divided. 
Kesult obtained in subtraction. 


Dieits 


The symbols, 1, 2, 3, 4, 6, 6, 7, 8, 9 ; the 
numbers denoted by these symbols. 
, A number to be divided. 

Process of finding the other of two num- 
bers when one of them and their product 
are given. 

A number bv which to divide. 


Dividend 

Division 


Divisor 


Blimination 


Process of removing an unknown quantity 

from a system of equations. 
Two expressions of the same value con- 


Ekination 


£ciuimultiples 


nected by ' = .' 
Products of numbers by the same multiplier. 
An integer exactly divisible by 2. 
Process of findins a root of a number. 


Even number , , t r , 


Evolution 


Exuonent. . ■ 


A number showing how many times the 
base of a term is taken as a multiplier, 
or as a divisor. 

First and last terms of a proportion. 

An exact divisor of a number. 


Extremes 


Factor 







272 



DEFINITIONS AND INDEX 



TERM 


p. 


DEFINITION 


Figures 


136 


The symbols, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0. 
A number that is neither greater nor lefw 
than an assignable number. 


Finite number 


256 






Formulas 


233 


General propositions expressed by letters. 


Enaction 


76 


An expression of division in which the 
dividend is written above and the divisor 










below a horizontal line ; one or more of 






the equal parts of a unit. 


Geometrical progression . . 


238 


A series of numbers which increase or 
decrease by a common ratio. 


Homogeneous equation . . . 


202 


An equation in which each term except 
the absolute term is of the same degree 




> 


with respect to the unknown quantities. 


Imaflrinarv 


171 


An even root of a negative number. 
Equations which cannot be reduced to the 


Independent equations . . . 


107 






same equation. 


Indeterminate equations . . 


121 


A set of equations less in number than 
their unknown quantities. 


Index of a root 


128 


The number which shows what root is to 




be extracted. 


Ineaualitv 


16 


Two expressions of unequal values con- 
nected by ' > ' or ' < .' 






Infinitesimal 


256 


A number less than any assignable number. 


Infinitv 


256 


A number greater than any assignable 
number. 






Intecer 


121 


A whole number. 


Inversion 


217 


Four quantities are in proportion by inver- 
sion when the antecedents become con- 










sequents and the consequents become 






antece3ents. 


Involution 


127 


Process of finding a power of a number. 
Numbers which cannot be exactly ex- 


Irrational numbers 


171 






pressed by integers or fractions. 


Known quantities 


8 


Quantities whose values are known at the 
beginning of a computation. 


Limit of a number 


267 


A value which another number may con- 
stantly approach but which it can never 
reach. 


Logarithm 


127 


The exponent of the power to which a 
base must be raised to produce a given 










number. 


Mantissa 


143 


The decimal part of a logarithm. 

One of the means of a proportion in which 


Mean proportional 


214 






the means are equal. 


Means 


214 


Second and third terms of a proportion. 
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TEBM 



Members 

Minuend 

Minus 

Mixed number 

Monomial 

Multiple 

Multiplicand 

Multiplication 

Multiplier 

Negative 

Notation 

Number 

Numeration 

Numerator % 

Numerical expression 

Odd number 

Parentheses 

Percentage 

Periods 

Plus 

Poljmomial 

Positive 

Power 

Prime factors 

Principle 

Problem 

Product 

Proof 

Proportion 

Proposition 



p. 



16 
18 

18 
81 
54 
68 

28 
28 



28 
14 



7 
7 

76 



178 
132 
16 
91 
137 
18 
22 

14 

128 

68 

76 
26 

28 
26 

213 

8 



DEFINITION 



Parts of an equation connected by * = .' 
The term from which another is to be 

subtracted. 
The name of the symbol of subtraction. 
An integer plus a fraction. 
An algebraic expression of one term. 
Number which contains another an integral 

number of times. 
Number to be multiplied. 
Process of finding the sura when the same 

number is used several times as an 

addenda 
Number by which to multiply. 
The opposite of positive ; its symbol 

is * - .' 
Art of writing numbers and their relations 

by symbols. 
A number is the answer to how many. 
Process of naming or reading numbers and 

their relations. 
The part of a fraction which is the divi- 
dend ; the number showing how many 

parts are taken. 
An algebraic expression without letters. 
An integer not exactly divisible by 2. 
( ), signs of aggregation. 
Computations with per cent. 
Groups of figures. 

The name of the symbol of addition. 
An algebraic expression of more than one 

term. 
One of two opposite conditions ; its symbol 

is * + .' 
A product obtained by using the same 

number several times as a multiplier. 
Factors that cannot be separated into 

other factors with integral exponents. 
A fundamental truth. 
An example in which the operations are 

not stated. 
Result in multiplication. 
Operation checking accuracy of a calcu- 
lation. 
An equality of ratios. 
Statement of a truth. 



ELEM. ALO. — 18 
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TEKM 



Quadratic equation 

Quantity 

Quotient 

Radical sign 

Ratio 

Rational number 

Real number 

Reduction 

Remainder 

Root 

Sign 

Simultaneous equations. 

Sinking fund 

Solution 

Square 

Square root 

Substitution 

Subtraction 

Subtrahend 

Sum 

Surd 

Symbol 

Symmetrical equation . . . 

Synthetic division 

Terms 



p. 



182 
9 

29 
172 

213 



171 

246. 
79 

18 

128 
8 

107 

243 

26 

48 

49 

112 

18 



18 

18 

171 

214 
202 



169 
12 



DEFINITION 



An equation of the second degree. 

Anything to which mathematical processes 
are applicable. 

Result in division. 

The symbol ' V ' indicating the extraction 
of a root. 

An expression of division in which the 
dividend is written before, and the 
divisor after, a colon. 

A number that can be exactly expressed 
by an integer or by a fraction. 

A number that is not imaginary. 

Process of changing the form of an ex- 
pression without changing its value. 

The result in subtraction ; the part left 
undivided in division. 

One of the equal factors of a number. 

A symbol denoting an operation or a 
relation. 

Equations which are satisfied by the same 
values of the unknown quantities. 

A sum laid aside at stated intervals for the 
payment of a debt. 

Process by which the answer to a problem 
is obtained. 

The product of two equal factors. 

One of the two equal factors of a number. 

The putting of an expression in the place 
of its equal. 

Process of finding the other of two num- 
bers when one of them and their sum 
are given. 

A number to be subtracted. 

The result in addition. 

The root of a positive number that cannot 
be exactly obtained. 

A sign of an operation or of a relation. 

An equation in which each unknown 
quantity is used in exactly, the same 
way as each of the others. 

Division by the use of coefficients only. 

Algebraic expressions consisting of co- 
efficient, base, and exponent ; the numer- 
ator and denominator of a fraction ; 
nomenclature in the various operations. 
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TERM 


p. 


DEFINITION 


Theorem 


12 
94 

67 

19 

8 

226 

16 
81 

12 
14 


A proposition to be proved. 


TrAnsT>0Aiii7 , , 


Transferring a term from one member of 

an equation to the other. 
A particular expression made up on the 

same plan as many other expressions. 
All of a term except its coefficient ; a 


TvDe 


Unit 


Unknown quantities 

Variation 


single thing. 
Quantities whose values are unknown 

until the end of a computation. 
A ratio whose value always remains the 

same whatever the values of the terms. 
, sign of aggregation. 
An integer or number made up of units 

which are not fractional. 
A coefficient showing that the base is used 

the same number of times both as an 

addend and as a subtrahend. 
An exponent showing that the base is used 

the same number of times both as a 

multiplier and as a divisor. 


Vinculum . . 

Whole number 


Zero coefficient 


Zero ezDonent 





ANSWERS 



pp. 9 to 18 



pp. 18 to 15 



pp. 16 to 21 



p. 9 ff. 

8. «^«=«x^ 
b d b c 

g axc _a 

bxc b 

10. Maltiplying the nu- 
merator multiplies a 
fraction. 

11. Multiplying the de- 
nominator divides a 
fraction. 

12. Dividing the nu- 
merator divides a 
fraction. 

18. Dividing the de- 
nominator multiplies 
a fraction. 

14. Multiplying both 
terms by the same 
number does not 
change the value of 
a fraction. 

15. Dividing both terms 
by the same number 
does not change the 
value of a fraction. 

24. 20; 30; 40; 5a 



81. -20; -16; -6a 

82. -6x; —6x3 

84. No 

85. That 6 is to be used 
the same number of 
times both as an ad- 
dend and as a sub- 
trahend. 

87. 1 

88. -1 

89. +la+S or la^ 

40. — 4 a' means —cfi— 
cfi—cfi—cfi, or that a 
is used 6 times as a 
multiplier, and the 
result 4 times as a 
subtrahend. 

41. 2«; a^ 

42. 4a0; -4a« 

48. 626 ; 125 ; 3125 ; 26 
44. 9 ; 18 ; 27 

46. i; i; A; Ti3; i 

47. i ; 1 ; 3 

49. No 

50. That 6 is to be used 
the same number of 
times both as a mul- 
tiplier and as a di- 
visor; 6°=1. 



51. 8-H9=a-6 

52. 8-4>7-6 
58. 8-|-3<16-2 
64. 6(a-6-c) 

55. (6a-7 6)Ca-6) 

56. 36 

57. 26 

58. 4 

59. 18 

60. 10 

61. 31 

62. 60 
68. 43 

64. 24 

65. 108 

66. 131 

67. 816 

68. 607 

69. 729 

70. 28 

71. 32 

p. 20 ff. 

1. -5; 2; 6; -13; 
-1 ; -2 ; 12 

2. -2; -11; -17; 
17; 1; -1; 4 

4. Ox; —36 ; —y; 
—ah; -Hxyz 
— 10 xyz 
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pp. 21 to 24 



pp. 24 to 88 



pp. 88 to 39 



5. 15 y ; — c ; —10 by; 
0; ab; abed 

6. (a— 6)a; 2acy ; 
(ac— 6d)«; 0; 

— (abc-\-bcd)x ; 

7. 3a2+3 62; 

-9ab+2; 2a^b^; 
3a;2 

8. 6a^+ab 

9. 2a;2+2y2 

10. ia^-b 

11. -9a^-10a;2-2a; 
+ 13 

12. llaj8-7a;2-2a;-8 
18. -5a*+14a2-17a 

-4 
14. -9a2-6a6+62 
16. 7a;2-a5y+7y2 

16. 3a;24.6xy+3y2 

17. 3^-Ua* 

18. 7a'»-3a26+6a62 
-7 6« 

19. 27a;2+lly2 

20. 16a3+26a2ft+32a62 
+2 6» 

21. -10; 5; -13; -4; 
4 ; 14 ; 4 

22. 12; 16; -16; -3; 
11; 6; -4 

23. -7x; -3a; — 15y; 
— 26 ; 6a;; — 6a6c 

24. y; -8 c; -8 a; 
18 «; 3 aft; IS bxy 

2ft. 16a; — lly; -4 6; 
46; — 10a6 ; 16aa;y 
27. 4a6 



28. 2a'2x2-4a6a:+2 62 

29. -4a8-3a26-2a62 
-5 6« 

80. -a6-ac-2 62-2c2 
31. 6a86+2a62+8a68 

-3 6* 
82. 8a*-2a»+4a2 

-16a+14 
38. a6cxy— 3a6y+6 6a; 

-3 
84. 
87. (10a-6+8c)a; 

38. (a-6)a;-(6-c)y 

39. (-a-5 6)a 

40. (a-5 6+3c)a; 

41. 4a;8+9x2y-4a;y2 
-3y8 

42. 4a*-f7a8-2a-4 
48. -a262-18 6c-19 62 

+ 1 
44. -x*+9a:8y_(.i2a52y2 

+8»y8-3y* 

p. 27 

4. $30 

5. $76 

6. $1600 

7. 11 cows 
8 $206 

9. 110 sheep 

10. 25 marbles 

11. $600 

p. 30 ff. 

1-37. The answers to ex- 
amples 1 to 37 in 
multiplication are 



found in the state- 
ments of the cor- 
responding exam- 
ples in division, 
and vice versa. 

88. 72 ; 162 

39. 200 ; 2304 

40. 4096 or 2^2 ; 32 or 2^ 

41. 6561 or 9* or 38 ; 243 
or36 

43. -7m+38n 

44. a+4 6+3c 

4ft. 33i»2-38win+9n2 

46. 62-d2 

47. 

48. -12a-8 6+6c 

49. 6a26+6a62+2 68 

51. Sx+y 

52. 11x2+2; 

53. -6x+5 

54. 2a8+6a62 

5ft. 

p. 86 ff . 

1-87. The answers to ex- 
amples 1 to 37 in 
division are found 
in the statements 
of the correspond- 
ing examples in 
multiplication, and 
vice versa. 

38. 54 ; 36 

89. 1260 ; 216 or 68 

40. 16 or 42 or 2* ; 128 
or 27 

41. 3 ; 27 or 3» 
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pp. 40 to 48 



pp. 48 to 47 



pp. 47 to 50 



43. 6(-x+y);-6(x-y) 

44. a{b—c); 
-a(-6+c) 

4ft. ai-h+c); 
— a(6— c) 

46. 3a6(-a+l); 
-3a6(a-l) 

47. 3 6c(6-c); 
-8 6c(~6+c) 

48. x(-a-6+l); 
-a;(a+6-l) 

49. a6(H-a6-6«); 
-a6(-l-a6+62) 

61. b(^x-y)-c(x—y) 
52. 6(x+y) + c(x+y) 
68. x2(a+6)+ya(a+6) 

64. x\a-b)-y\a-b) 
66. a;2(a-?>)+y2(a-6) 

57. ix-y)(b-c) 

58. (x+2/)(6+c) 

59. (a;2+y2)(a+6) 

60. (X2_y2)(a_5) 

61. (a;Hy2)(a_6) 

62. a-hb-hc 

68. 3a2-4a6+66a 

64. 3a2+4a&+62 

65. a+x 

66. a;2-a2 

67. iB8-a;2y-a;y2+y» 

p. 48 ff . 

5. 9 colts 

6. 36721 

7. Since a dividend is 
equal to the product 
of divisor and quo- 
tient, no.=63x667. 



8. 7 years 

9. 45 women 

10. 60 horses 

11. 7 dimes, 28 dollars 
18. 4 marbles 

14. Length of pole, 51 ft; 
1st part, ft. ; 2d, 
27 ft. ; 3d, 15 ft. 

15. 32 rods square 

17. Since the sum of four 
consecutive nos. is 
94, the sum of the 2 
middle nos. is ^ of 
04 or 47 ; the 2 mid- 
dle nos. are 23 and 
24; the others 22 
and 25. 

18. 25, 29, 33, 37, 41 

19. 3, 9, 1, 13 

20. 33, 34, 35 

21. 20, 25, 30 

22. 12, 17 

28. «19 

24. 200 pages 
26. 28, 32 

29. A, «13; B, $22 

80. Man, 172 lbs. ; wife, 
143 lbs. 

81. A, $2600; B, $2400 

82. A, 66 yr. ; B, 40 yr. 
88. $40 

84. A, 44 lbs. ;B, 24 lbs.; 
C, 32 lbs. 



85. ^-^^ 



a-b 



2 2 

86. A, 21 yr.; B, 9yr. 



6. 
9. 



87. A, 40 yr. ; B, 30 yr. 
38. A, $110; B, $50 
89. Chain, $68; watch, 
$117 

40. 30; 10; 223 

41. A, 72 years ; B, 24 
years 

42. 24 
48. $7500 

44. $26 

45. Carriage, $60; 
horse, $ 192 

p. 49 ff. 

25a*-20a26«+4 6* 

-2ac+2bc 

10. a2-f62+c2-2a6 
-f2ac-2 6c 

11. a2+&*+c2+cP-2a6 
-2ac-2ad-\-2bc 
+2 bd+2 cd 

12. a2+6*+c2+cP+2a6 
-2 ac+2 ad'-2 be 
+2 6d-2c(J 

20. (7a6-4c<f)* 

21. (2a;«y-6y2af)a 

22. {5xy+Qzy 
28. (a-6-c)2 
24. (a+b-cy 
26. (a+6 + c)2 

86. aH2ac+c«-6« 
36. a2-2a6+62-c^ 

87. a*+a26*+&* 

88. a*+a2+l 

89. a:*+a;2+l 
40. x*+xV*+y* 
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pp. 51 to 52 



pp. 52 to 56 



pp. 56 to 60 



45. (a-2+&0(«+^) 
ia-h) 

46. (a8+6»)(a8-6?) 
These can be fac- 
tored. See p. 60. 

47. (a*+6*)(a2+62) 
(a+6)(a-6) 

48. (a*4-l)(a2+l) 
(a+l)(a-l) 

58. (z-{-a—h)(x — a-\-b) 
64. (a+6+c)(a + 6-c) 

55. (2ac+a+&+c) 
(2ac— a — 6— c) 

56. (a+6+c+d)(a + 6 
-c-d) 

67. (a-6 + c-d)(a-6 
-c+d) 

58. (x-y+z)(x-y-z) 
69. (ac+2?+y)(a;+;3-y) 

61. (a+6+c+cf) 
(a+6-c-d) 

62. (a-6+c-d) 
(a-6-c+d) 

68. (a-y+x+2?) 
(a— y— X— 2?) 

64. (a+y+x4-2) 
(a+y-JB-a?) 

66. la-{-b-c)(^a-b-\-c) 

67. (2a6+a2+62+c2) 
(2a6-a2-62_c2) 

68. (2a6 + a-^-62_c2) 

(2a&-a2-|-&Hc«) 

69. (a+cH-6)(a+c-6) 
(6 + a— c)(6— a+c) 



71. (a2 +06+62) 
(a2- 06+62) 

. 72. (l + 2a;2+2a;) 
(l+2a;2_2x) 

78. (2a2+6a6+362) 
(2 a2-6 06+3 62) 

74. (2o2+6a6-8 62) 
(2 a2-6 06-3 62) 

75. x2+3x-40 
80. »2+a;y-6y2 

82. 62x2+2 6xy-8 2/2 
88. 4x2-2 6x-6 62 
84. 9a*+3a262-12 6* 
86. 9a2-|.6a6-15 62 
86. 16x*-20x2y2 
-14 2/* 

97. (ox-8 6)(ox-2 6) 

98. (a-5 6)(a + 2 6) 

100. (a6+6c)(a6 + 5c) 

101. (o-6 6c)(o+5 6c) 

102. (l-6a6c) 
(1+6 o6c) 

108. (a6c-6)(o6c+6) 

104. (a6+2x)(a6 + 6x) 

105. (a«+4)(o8-l) 
See p. 60. 

106. (c*+20)(c*-6) 

108. (X-J/+6) 
(X-2/-2) 

109. a»+3a26+3a62 
+ 68 

114. xW+10x92/+46x82/2 

+ 120xV+210x«2/* 
+262x^+210x*2/® 
+ 120x82/^+46x22/8 

+ 10x2/»+2/^o 



118. w6+10m*w 
+40m8w2+80m2n8 

+80mn*+32n5 

119. 8x?-36x22/+64x2/2 
-27 2/8 

120. o"»+»io«-i6 + 

+ 

m(m-l)(m-2) ^^.g^. 



+ 
w(w-l)(m-2)(m-3) 



a"»-*6*+... Seep. 28. 

122. (0+6)8 

123. (x-2/)7 

124. (a +1)8 

125. (0-6)6 

126. (0+1)8 

127. (x+2/)(x2-X2/+2/2) 

128. (x-2/)(x2+x2/+2/2) 
180. (x+2/)(x*-x82/+ 

X22/2-X2/8 + 2/*) 

131. (x-2/)(x*+x?2/+ 
X22/2+X2/8+2/*) 

182. (x + 2/)(x2-X2/+2/2) 
(x-2/)(x2+xj/+2/2) 

188. (x+2/)(x«-x52/+ 
ac*2/2-x82/8+x22/*- 

«2/^+2/®) 

136. X8-2/8 

137. x*-2/* 

138. x*-2/* 

139. X6-2/8 

140. X8-2/8 
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pp. 60 to 61 



pp. 61 to 68 



pp. 68 to 64 



142. {x-{-y){x^^xy+y^) 
148. (ic*+2/*)(x2+y2) 

146. (2a4-3 6)(16a*- 
24a86+36a252_ 

64a68+816*) 

147. (2x-3)(8x8+ 
12x24- 18 x+27) 

148. (3x-4j/)(9x2+ 
12x2/+ 16 y2) 

160. (l-m)(l4-w+m2) 
151. (l + wXl-m+m2) 
162. (l+x2)(l+x) 
(1-x) 

154. (x+l)(x6-x64-aj* 
-x84-3c2~x4-l) 

155. (x-l)(x*+x8+x2 

+X + 1) 

166. (x+l)(x2-x+l) 

(a;-l)(x24-x+l) 
158. (x2+2/2)(a;8-x«y2 

+ X*2/*-x2j/6 + y8) 

160. (x2+l)(x*-x24-l) 

161. (X2+1)(X8-X6 + X* 

-a;24-l) 
162. (x*+l)(x8-x*+l) 
168. (!K2^-y2)(aJl2_a.l02,2 

164. (x2+y2)(a;i6_a;i42,2 

+xi2y4-xi02/«+a^y^ 

- x«2/^° -f «*y^2 

— x2yi* + yi8) or (x^ 



166. (x*+y*)(xw-xi2y4 

-t-xSyS-xVHy^®) 

166. 7(a-6)(a2+a6+ 

62) 

167. 4(a2-3a6+4 62) 

168. 3(a-2 6)(a-2 6) 

169. 6(a-6)(a-6) 

171. 12(x2+xy4-y^) 
(x2-xy+2/2) 

172. 6(a+6)(a*-a86 

4-a262_a68+6*) 
178. 3(x+7)(x-5) 

174. 2a(2x-3y)2 

175. 10x2y2(xy-2 2/2 
+3x2) 

177. (x+y)(a-y) 

178. (x+y)(6-x) 

179. (6c— x)(oc+x) 

180. (x-y)(a-6) 

181. (x2+y2)(o_|.ft) 

(a- 6) 
182. (x+6)(x+a) 

188. (x+y)(x+2) 
(x2-x2;+2?2) 

184. (y-\-z)(y-z) 
(x+2;)(x— «) 

185. (a -6) (a -6) 
(a2+a6 + 62) 

186. (3x2-2y2)(2a2 

-6) 

187. (2/-n)(x+2m) 

189. 9x2«-2/2« 

194. 16m6-36n2 
198. x*-6x2+l 

199. a2«+2n__J^2m+2n 

201. a*-6* 



202. x8-2/« 
208. a^-b^ 

207. (x+y)2-22 

208. (o+6)2-4(a+6) 
-21 

209. (x-2/)2-2;?(x-y) 
-152 

210. 26x2-16 
218. a* -6* 

214. a2+62+c2-2a6 

+2ac-2 6c 
216. a2+62+c2+d2 

— 2a6— 2ac— 2ad 
+2 6c+2 6d+2cd 

216. (x-c)(x+a) 

217. x2(x2-6)(x+l) 
220. (a+ll)2 

5a+26+2c) 
6a-26-2c) 
y+a)(y-d) 
y+6)(y-6) 
a2+3a-10) 
a2+3a-4) or 
a+5)(a-2) 
a+4)(a-l) 
a2-62+«»+n) 
a2-62-m-n) 
a+y)(a+y+2) 
a6+9c)(a6-5c) 
a — 6+c— d) 
a-6-c+d) 
a— 6+n— m) 
a — 6 — n+m) 
4a+56)« 
230. 4an^^(2an^ 
-3nx2+ax8) 



222. 



228. 



224. 

225. 
226. 
227. 

228. 

229. 
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pp. 64 to 69 



pp. 69 to 74 



pp. 74 to 79 



231. (m2+3m-10) 
(w'^+3m— 4) or 
(w+6)(m-2) 
(wi+4)(w-l) 

282. (a+6 + c-d) 
(a+6-c+d) 

238. (x-y+S) 
(x-y+6) 

234. a;(a-6)(a;+2/) 

285. (x+l)8 

286. (a+6-c)(a-6); 
multiply and re- 
arrange the terms ; 

— h^—ac-^bc, etc. 

287. (3x2+42/2+8x2/) 
(3x2+42/2-8x2/) 

288. (3x2-4j/2+8x2/) 
(3x2-42/2-8x2/) 

240. 4x22/(7x-6)(x+3) 

243. (x+2/)2(x2-X2/ 

+y''^)2 

244. (x2+x-2)(x2+x 

-6) or (x+2) 
(x-l)(x+3) 
(x-2) 
246. (3x3+1) (1+23/) 
(1-2 2/) 

p. 69 ff. 
2. 6ax2 
4. x-1 
6. a26x2 

6. a-b 

7. x+4 

8. 4ox2(a-6) 

9. a-b 



10. x+2 

11. x-1 

12. x-3 

13. x-1 

14. a-b 

15. x+2 

16. a(x-l) 

20. 2x-3 

21. x2-2x+6 

22. a2-2o+6 

23. a^-a-hl 

24. 2a-7 
26. 2a-3 

26. x-2 

27. 3a2_aaj-2x2 

29. 60x82/3^8 

30. 420 a^x^y^ 

31. 100x82/82^8 

33. 12(x-3)(x+3) 
(x-2) 

34. 24a^x^(a-xy 
85. x(x-2)2(a;2_9) 

86 12(x+2/)(x-2/)2 

(X2-X3/ + 2/2) 

87. a8-68 

89. 12x*+2ax8-4a2jc2 
-27a8x-18a* 

40. (4a-6)(a-6) 
(3a2+62) 

41. 2x*-14x8+31x2 
-31X+12 

42. (x3-0x2+23x-16) 
(x-7) 

43. 24x8+22x2-177x 
+ 140 



44. (x-3)(3x-4) 
(5x-2)(x+l) 

p. 75 

1. Let ax and ^x be the 
nos. and x their H. 
C. F. Find their 
L. C. M. by Prop. 
XXXVII and by 
this principle. 

6. 6 times. Let x = 

times A; —^ = times 



B; 



10 X 
15 



12 
= times C ; 



the least value of x 
that makes each a 
positive integer is 6. 
7. The no. of min. be- 
fore all are together 
is L. C. M. of 10, 12, 
and 16 or 60. A 
goes around 6 times. 

p. 79 ff . 

1. 22/ 



2. 



3. 



3x2; 
2 



5. 



6. 



3a62c8 

a—b 

0+6 

a-b 

+ 6 

q-3 

+ 5 

0-6 
o2-a6+62 

+ 6 
o2+o6 + 62 
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pp. 79 to 80 



pp. 80 to 82 



pp. 82 to 85 






9 



10. 



11. 



a'2 + 62 
X— 6 



x+3 

3(x-j/) 

13. 

7(x2-xyH-y2) 

8(x4-x82/+xV-xy8+2/*) 
x2+y2 



14 



16. 



x*+x2y2+2/* 
a— 6 + c 



yj qH-6-c 
a+6+c 



18. 



21. 



22 



a—h-\-c—d 
x-3 
X— 6 
q2-a-l 
2a2+a+l 
5x+2 



7x-4 

24 175 x2y2 42x8 
' 106x3i/2' 105x82/2' 

45 y 
105 x8y2 

3x+9 9 

3(x2-0)' 3(x2-0)' 
5X-16 
3(x2-9) 



26. 



26. 



15 



6 



6(1 -x2)' 6(1 -x2)' 
4+4 X 
6(l-x2) 

giy a2-2a6+&^ a-\-h 

q8-t-a62+a26.f68 
a2_62 

5-lOx 3x+6x2 
• 1-4x2' 1-4x2' 
4-13x 
1-4x2 

80. Ca;-2)(x-3) 
(x+4)(x+2)(x-3)' 

(x4-2)2 
(x+4)(x+2)(x-3) 

81-86. The answers to 
Exs. 31 to 36 are 

37-42. found in Exs. 37 
to 42, apd con- 
versely. 
a+3 



44. - 



24 



45 5 b^+4 a2 

120 ab 
43 63^ 
105 



47. 



48. 



12 
13 a 



12 c 

49. 15^±2 
6 

37 ox 



50. 



36 



51. 


25X-61 


56 


52. 


2y—x—z 


30 


Rft 


81a-4 6 



84 
54. 

4bcd-{'QacdSabd-2abc 



56. 
57. 
58. 
59. 



48 a&cd 
4m 



1-6x2 

1-4x2 

2x+4a 

X— 2 a 

1 



1-9x2 



61. 



62. 



63. 



(x2-y2)2 

4a 



a+x 
1 

X8-1 



32rt2 



(l-2a)2(l+2a) 



65. 
66. 



x2-y2 
67. 

69.^ 

x-3 

70. g'-jgy+y' 

x^—xy 
78. a 

74. i 

75. a+b 



ANSWERS 



283 



pp. 86 to 87 



pp. 87 to 91 



pp. 91 to 93 



76 y(^-i2) 

* x(y+12) 
6a+9 



77. 



78. 



6a-8 
x—y 



x+y 
79. x-y 

—2mn 

81. ^±2 

82. «*+a2a.2^flj4 

2a;-3y 

84. 5w-^ 

X 

85. 1 

86. ^^ 

x-\-S 

8a 
2aS-2 



88. 



a*+a2+l 

or ^lonli. 
a^-a+l 



13-18a; 



g9 

• (a;+l)(aj+2)(x-8) 

90. 

91. 

p. 87 ff . 

1. ?^.? = ioo 
2 3 

4. 24 

5. 60 

6. 35 ft. 

7. 16 



8. 70 

11. f 1000 

12. F, 40 yr.; 
S, 16 yr. 

13. 4:48 a.m. 

14. $65 
16. 42 yr. 

16. Wine, 85 gal.; water, 
35 gal. 

17. 4 

18. 75 gal. 

19. 4 persons 

20. 30 yr. 

21. Horse, $480; colt, 
$280. Let x = value 
of horse. 

22. 840 

23. 6 

27. Apples, If; eggs, 
12J2J 

28. 9 5)^, 15 2/!5, 25 1)f 



80. 12 oranges 

31. 16^. Let a; = sell. p. 
in ^ of all 

32. i^ 
0—6 

36. 10% 

36. 20% 

37. $10,000 

38. 

B=-; 2?=^ =40% 
B 150 '^ 

39.5=-; 5=— =150 
B .40 

40. 5,\% 



41. R.R., $11,250; state, 
$5400. Let a; = cost 
in $ of 1 R. R. share. 
1-2 X = cost in $of 1 
state share. 125 = 
no. shares R.R. 50 
= no. shares state. 
125 x + 60 a; = cost 
in $ all. .06jJy x 
185 a; = 1000. 

42 100(a-6) y 

46. $300 

46. $300 

47. $200 

48. $80 

49. $1000 

50. $360 
61. $400 
52. $900 
63. $540 

65. 6% 

66. 3 years 

67. 9 rao. 18 da. 

68. $125 

69. 10% 

60. 5% 

61. $260 

62. 2 yr. 3 mo. 18 da. 

63. f % 

64. mAzzH years 

Pt 
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pp. 95 to 98 



pp. 98 to 101 



pp. 101 to 106 



p. 95 ff . 



1. X 

2. X 



= 1 



a-\-b—c 



8. «= 



.Sc 



4. x= 



a— 2c 



6. X: 

8. X: 

9. X: 



10. x= 

11. x= 

12. X'. 

14. X: 

16. X: 

16. X: 

17. X: 

18. X: 

19. X: 

20. X: 

21. X: 

22. X: 

24. X: 

25. X: 

26. X: 

27. X: 

28. X: 

29. X: 
80. X: 
82. X: 
88. X: 
84. X: 



6-1 
be 

a 
12 

n+gc 

aH-6 
m+a6 



a+c 

:2 

24 

:-2 
:5 

3 

:10 
:-6 

:4 
:11 

m — n 

:-2 
:-2 
:2 
:2 

:-l7 

■■n 

:6 
:11 



85. x= 

86. x= 

88. x= 

89. x= 

40. x= 

41. x= 

42. x= 
48. x= 

44. x= 

45. x= 

46. x= 

47. x= 

48. x= 

49. x= 

50. x= 

51. x= 



3 
8 


36 
a 
4 
3 
2 

* 

-« 
15 

8 

2rr^ 

3n 

10 

1 



62. x=-? 



a— 6 

o 

6 



58. X: 

54. X: 

55. 8 

56. x= 

57. x= 

58. x= 

59. x= 

60. x= 

61. X: 

62. X: 
68. X: 

64. X: 

65. X: 

66. X: 



:2 

6 
-3 

:9 

A 

:-7 

g+l 
c 

3 

12 

6 

:30 

■dm 



67. x= «^(^-^) 
5(5_a)>_2a2 



68. 
69. 
70. 

71. x=.2 

72. a+b 



x=4 



78. 9J 

p. 102 ff 
2. 21 days 
8. 18 days 

4. Worked, ^5^±^ da. : 
6+c 

idle, ^^^=:^ da. 
6+c 

6. 11^ hours 

7. 76 min. 
a6c 



8 



da. 



a6+ac+6c 
9. 4^ hours 
10. 26f days 
12. 2 mi. per hour 
18. 112} mi. 
14. 36 mi. 15. 14f mi. 

16. mi. 

a+6 

18. Hound, 220 leaps; 
fox, 264 leaps 

19. No; no 

20. 4^ hours 

21. 3 : 16^ ; 3 : 32^ 

1st 
Let x=sp. A to C 

— =sp. B to C 
12 

W+^=xAns.S:W^ 
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pp. 106 to 110 



pp. 110 to 114 



pp. 114 to 118 




2d 
Let x=sp. A to D 



X 



— =sp. B to C 
16+^+16=x 



apr 



Am. 3:32,8^ 
; 480 mi. 



p—r 

23. 6: 46 A 

24. A, 32 mi. ; B, 25 mi. 

25. 1 mi. per hour 

26. 4:41^^ 

27. First horse, 420 
leaps; second horse, 
350 leaps 

p. 110 ff. 

2. a;=3, y=2 

3. a;=2, «=3 

4. a;=4, y=—\ 
6. y=12, «=18 

6. a;=-2, y=4, »=1 

7. a;=5, 2/=— 6 

8. x=— 1, y=— 2 

9. a;=2, y=2 

10. x=16, j/=12 

11. «=!, 2/=2, «=3 

12. To find 3 equations 
with 3 unknown 



quantities, 2 with 2, 
and 1 with 1. 

13. 1 and 2, 1 and 3, 1 
and 4, 2 and 3, 2 and 
4, or 3 and 4. 

14. Any two not already 
used, but every equa- 
tion must be used at 
least once. 

17. y+2;2+3to=6 (6) 
2y-z+4w=6 (6) 
Sy-^z-^-lw-ll (7) 

18. 5«+2to=7 (8) 
6z-\-2w=7 (9) 

19. 0=0; both of the 
unknown quantities 
disappear. 

20. x=l, y=l, «=1, 

10 = 1 

21. Yes 

22. Yes; yes 

23. No 

24. By addition or sub- 
traction. 

26. x=3, y=2 

26. x=4, y=2 

27. x=2, y=l 

28. x = l, 2/=4 

29. a: = flr, y=ib 

bp 



31. x 



an-^bm 



y= <'P 
an-{-bin 



32. X 



a+6 



y.= 



— a6 



a-hb 

33. a;=a + 6, y=o— 6 
36. a;=3, y=2, «=1 

36. x=2, y=l, «=0 

37. x=l, y=l, z=l 

38. a;=2, y=2, 2=2 

39. JC=6, 2^=7, 2=8 

41. x=l, y=2, 2=3 

42. x=4, 2/=3, 2=2 

43. x=38, 2/=20, 2=5 

44. a;=18, y=Q 

46. x=l, y=l, 2=1 
46. a;=3, y=2, 2=1 

p. 117ff. 

4. (a) The sum of two 
numbers is 5 ; their 
difference is 1. Find 
the numbers, 
(c) Twice the larger 
of two numbers is 
their sum plus their 
difference ; twice the 
smaller is their sum 
minus their differ- 
ence. 

6. (6) Let X = cost 1 
calf in $, then 

^^~^^ =C08tl8heep 

in$ 

6. C, 60 f; 0., 86^; r., 

7. Apple, 1 ^ ; pear, 2 f ; 
peach, 3 ^ ; orange. 
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pp. 118 to 120 




pp. 128 to 126 




pp. 126 to 181 


8. 


Ton dm-bn, 
ad— be 


82. 


x=43, 31, 19, 7 


19. 


H, 11 ; C, 15 




y= 4, 9, 14, 19 


20. 


C, 1, 2, ..., 16 




an— cm 


88. 


x=5, 8, 11, ••• 




S, 47, 44, ..., 2 




sugar, 

ad- be 




Iff 

y=4, 12, 20, ... 




f f f 9 

L, 52, 54, ..., 82 


9. 


A's, $ 6000 ; B's, 


84. 


x=13, 27, 41, ... 


21. 


3's, 34, 37, 40 




^4000; C's, $7000 




y= 2, 5, 8, ... 




5's, 13, 8, 3 


10. 


Horse, $252.60; 


85. 


x=16, 10, 6 




8's, 1, 3, 5 




carriage, $ 200 ; 




y= 2, 4, 6 


22. 


A, 14, 12, ..., 2 




harness, $47.60 


87. 


a;=22, y=3, z=S 




B, 5, 5, .*., 5 


11. 


Horse, $150; 




p. 124ff. 




C, 1, 2, •.., 7 




sheep, $5; 


2. 


Oats, 4, 8, 12, ... 


28. 


23, 22, ..., 17 




number of cows, 20 




Bar., 35, 40, 45, ... 




14, 12, ..., 2 


12. 


65,24 


8. 


9 bu. at $ 1 ; 6 bu. 




3, 6, ..., 21 


18. 


$ 180, $ 120 




at 90 f. The equa- 


24. 


5's, 1, 2 


14. 


50 yr. ; 30 yr. 




tions are not inde- 




4's, 3, 1 


15. 


5,2 




terminate. 




3's, 1, 2 


16. 


1st, <^-^); 


4. 


2 bu. of blue grass 




p. 181 


mk^^m 


1.0V, 1 




to 1 of clover 


7. 


A power of the 




od &(c-a) 


5. 


10 lb., 4 lb., 6 lb.; 




product of factors 




6 — a 




5 1b., 11 lb., 4 lb. 




is equal to the prod- 


17. 


A, $22; B, $26 


6. 


10 gal. water; 20 




uct of their powers ; 


18. 


12,48 




gal. wine 




a power of the quo- 


19. 


A, 40 da. ; B, 60da.; 


9. 


52, 46, 40, ..., 4 




tient of two factors 




C, 120 da. 




3, 9, 15, ..., 51 




is equal to the quo- 


20. 


A, 60 da. ; B, 75 da. 


10. 


505 




tient of their powers. 


21. 


x+lOy+lOO^; 


11. 


^h 68 


8-17. See p. 133. 




2J+10j/+100x 


12. 


974 


18. 


In raising to powers, 


w49« 


56 28. 236 


18. 


12, 11, 10, ..., 1 




the exponents may 


24. 


75 




2, 2, 2, •*., 2 




be used in any order. 


25. 


523 




1, 2, 3, ...,12 


19. 


a8+6*+c«+3aa6+ 


26. 


4337 


14. 


3, 1, 29 ; or 1, 2, 30 




3a2c+3 62c+3a62-|- 


28. 


$250 


15. 


9 ways 




3ac2+3 6c«+6a6c 


29. 


^^-«^ dollars; 


16. 


h i. h •" 


21. 


(a+c)*-4(a+c)86 




m — n 


17. 


P, 5 ; S, 10 ; C, 15 




+6(a-|-c)262- 




100(0-6) 0/ 


18. 


C, 26, 22, ..., 2 




4(a+c)&»+6* 




, /o 
bm—an 




S, 3, 6, ..', 21 


28. 


81a8-732a«6+ 
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pp. 181 to 136 



pp. 135 to 144 



pp. 144 to 151 



864 a*62_768 a^b^-^ 
256 64 

24. 243x10_406ik8+ 
270a^-90x*+16x2 
-1 

25. •••by the square of 
each of the terms 
that follow it, and 
six times the prod- 
uct of each two 
terms by each of the 
others. 

p. 183ff. 
7. A root of the prod- 
uct of factors is 
equal to the product 
of their roots; a 
root of the quo- 
tient, etc. 
8-17. See p. 131. 

18. In depressing to 
roots, the exponents 
may be used in any 
order. 

19. a-b 

20. a-\-b 

21. a-b 

22. 2x-Sy 

24. x-2 

25. x-2 

26. 2x2_x+l 

28. x^-Sx-h2 

29. Ux^-Sx^y + ^xy^ 

30. X--X+1 
81. x^-x+l 



82. No ; 6th root 

86. 698 

36. 1132 

37. 231 

88. 14 

89. 12 

40. 248832 

42. Vj; v/if; v/ff 

43. 3265; 1,000,000; 6; 

6 

44. 3 and 265 

45. 3 and 265 

46. No 

48. 3; .014^ 

49. Vii; VMQ^; y/M 

60. MM±, .816+ 
1.732+ _ 

61. V|, iV6, J X 2.449, 

. 816+ 

62. V.666606+, .816+ 

54. A^ 

65. 3.535+ 

56. .384 

67. 6.2 

58. 1.2599+ 

p. 144ff. 

8. 2 

9. 1 

10. 

11. 3 

12. 2 

13. 1 

14. 1 

15. 2 



16. 3 

18. 2364.5 

20. 236450000 ; 23.645 

21. 23645; 236450 

22. -lor 9-10 
28. -2 or 8-10 
24. -3 or 7-10 
26. -1 or 9-10 

26. -2 or 8-10 

27. -3 or 7-10 

28. -2 or 8-10 

29. -3 or 7-10 
80. -4 or 6-10 

83. .5114 

84. 7.9698-10 
36. 8.5442-10 

36. 9.8451-10 

37. 8.8451-10 

88. 9.9372-10 

89. 8.9372-10 

40. 9.9860-10 

41. 7.5437-10 

42. 6.5310-10 

43. 7.4781-10 

44. 896.40 

45. 3.2464+ 
41 .03508+ 

48. .7 

49. .07 
60. .86540 
51. .086540 

62. .96825 

63. .0034969+ 

64. .00033961+ 
56. .0030066+ 
67. 8.1528-10 
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pp. 151 to 163 



pp. 158 to 156 



58. 9.0785-10 

59. .4149 

60. 9.9046-10 

61. 8.4371-10 

62. 

68. .4219 

64. 6.1362-10 

65. .0620 

66. .0322 

67. 7.1286-10 

69. log ()=log 26843 
+ log .38669 

70. log ( ) =log 17.846 
+log .0036947 

71. log ()=log .038065 
+log .039826 

78. log ()=log 24789 
+colog .017846 

74. log ()=log .034069 
+ colog .013758 

75. log ()=log 632.96 
-fcolog .369481 

77. log ()=| log .73296 

78. log 0= J log. 086345 

79. log ()=Jlog. 004839 

80. log ()=log6+2 
logc+cologd+2 
colog m; log ()=2 
log a+2 log 6+2 
colog c+3 colog d 

81. log ()=2 log a+ 
log c+3 colog 6 + 
colog d; log () = 
3 log a + 3 log 6+ 
colog c + colog d 

88. log()=i(2 1ogm 



+2 log w+log x+ 
3 colog x+ 2 colog y 
+colog2j);log() = 
i(4 log a+2 colog 6 

+3 colog c) 

88. .12626+ 

89. 4984.4 

90. 19.850 

91. .36160 

92. .000051462+ 

93. .00031753+ 

94. 28.386+ 

95. .005036 

97. 3.87+ 

98. 6.77+ 

100. -.0868+ ; with 
positive mantissa, 
-1.9132 
logr 



101. 



102. 



p log a-hq log h 

logq 



2 log n + colog m 
103. -1.111+ ; with 
positive mantissa, 
-2.889 
p. 156 ff. 

1. $(1.06)18 

2. $100(1.06)18 

3. $750(1.04)60 

4. $.01(1.04)«o 

6. $100(1.06)8(1.03) 

7. $100(1.06)6(1.031) 

8. $125(1.05)7 
(1.030/^) 

9. The amount of $100 
for 13 yr. 8 mo. 24 



pp. 157 to 166 

da. at li%int. comp. 
annually. 

10. The amount of 
$826.67 for 4 yr. 6 
mo. 14 da. at 2% int. 
comp. annually. 

11. $2.8637 

12. $285.37 

13. $7864 

14. $.10471 

15. $122.66 

16. $137.93+ 

17. 181.16+ 

18. $122.80 

19. $903.20 

25. Because the princi- 
pal remains the same. 
37. $1.14 

28. $.01(1.06)i«»=$132 

xlO« 

29. I X 3.14W X 92,000, 
0008 X 62808 X 62i x 

19.2 X 7000 x^ = 

$17384x1087 

30. More than 70,000 

p. 163 ff. 



1. 

2. 
3. 



C2' &♦* X2' y2 

a+ft; 1 

6* &* 81.4 

a2' a** 



mt^ 



iS' 



®- Vofi X v^ X Vz 
»• v^x\/68x\/c2 
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pp. 166 jbo 169 



pp. 169 to 172 



pp. 178 to 175 



10. 



Vw 



11. ■v^^a^xVft 

12. v^xv^x""v^?^ 

14. ah^ 

15. X* XX* 

16. «AyA 

m n 

17. a^ft" 

TO n— 1 

18. a«^6~^ 

20. ±243; 16 

21. 9; -1024 

22. ±243; -8 
28. 626 ; 36 
84. 266 ; 266 

' 3 a%^^ ' x26 

26. i^; ^^^ 
xy^ ' 6 m^n* 

3 b»(fi ^ m2n*r« 



27. 
28. 



lOacP' 6 
m*s8 . 3 aH 



6r8n2' 4c268 
. a~i ; 1 ; x"^ ; 
ar^b^e^; x 

80. a»; a*; a^; xy; 

-x»y*; -1 

85. a~' ; x^ ; abc ; a"* ; 

86. ai;a*; a'^b"^ ; x^y^ ; 



87. (a6)-«; 2-2; 

(«+y)-^ (a2-62)-i 
89.. See £x. 42. 
40. See Ex. 43. 
42. See Ex. 39. 
48. See Ex. 40. 

45. Exponents the same. 

46. Neither bases nor 
exponents the same. 

47. Either bases or ex- 
ponents the same. 

58. v^, V2 

54. \/3; V5 

55. V7; y/l 
M. y/9; y/2 
57. 6zyy/2y 



58. 4a^bWSa; 
3xV*\/6x 

59. 2ab^y/2i; 
Sx^y/Sy 

60. VSab; y/ToR 

61. ZaPhV^ab) 
3x\/2a 

62. {a-b)Va 
68. (a+6)\/2 

64. (a+6)Va6 

65. 2a-6& 

66. (2x-2a)Va 

67. {a-b)Va 

68. (a+6)v^ 

70. (x+y)v^ 

71. 2Vx+2y 



78. JV3 ; i^9 

74. T^V33; A>!^3993 

75. JVI6; Jv^90 

76. iVeO; \V^ 

77. iV60; ^y/TQ 

78. iv^; ^Vlb 

79. J\/18; f\/2 

81. aby/Tb 
a—b 



66 



\/l66 



88. y/cfl--^ 

84. J\/24a 

85. y/x^-^ 

86. --— V(a2-xa)ax 
a— X ^ -^ 

89. 3\/2 



90. 18a«62>/256 

91. xVV2xy 

92. 11 VS 

98. 3v^ 

94. (4x+6y)V3x 

95. (x-6y)V3 

M. Vi; ^; ^ 

99. v'1332, Vi26 

100. ^, ^, Vj 
102. (6 0*6)* 

104. V900 a^b\ or 
30 aSfta 

105. v^626x«y, or 
6xV6y 
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ANSWERS 



pp. 176 to 176 



pp. 176 to 178 



pp. 178 to 187 



106. 7* 

107. (6a»6)« 

108. \/9, or 3 

109. Vio^P, or 2 ab 

^ X X 

111. (72)* 

112. 20481^, or 2^* 

118. lev'eTs 

114. \^3206 

118. \/72a^, or a\/72a 

lie. ;H 

117. v^ 

^26 

119. \/60 

122. \/760x; V48x 
188. i/864a*; y/lH 

124. V^; \^ 

125. v^8Ta6;v^a*c8+a8c* 

126. v^; 
V3aj«+6x2y+3a:y2 

187. VlSOxV; 



128. J^i^Zjjl; 



4 



180. 33 






181. 4a-16>/a6-46 

182. a2\^-(P\^, or 
a^hVb-cPy/d ' 

188. 4-2\/l0 
138. v^; \^^ 

186. >/2a; \^4^ 

187. V6-V3; >/5+V3 

188. \/x-V^; v^+Vy 

189. x-\-Vy; Vx-^Vy 

141. |V6; i\^ 

142. V2a; ^V2a 

2a 

148. — V2x; -\^6w 
2x2 m 

144. ~v^; v^2c 
3c 



146. 



2V6-3V2 



147. 6-2V6 

148. 4+>/l6 

149. g-2Vxy-Hy 

X— y 

160. 1.414+ ; 1.442+ 

161. 2d part, 2.884+ 

162. .702+ ; .480+ 
168. 2.121+ ; 1.164+ 
164. .172; 6.828+ 
166. 2d part, .102+ 

166. 2.236+ ; 1.710+ 

167. 6.708+ ; 3.420+ 

168. .447+ ; .684+ 

169. .894+; 1.169 
160. .669+ ; .220+ 



161. -.0543+ 

162. (jfi; cfi; a'hr^; 

a-«6»c?d-«; (a -by* 

168. a*; J; a~*6*; d^; 

a—b', a 
166. 3-V2 

166. >/2+>/5 

167. 3-V3 

168. V6+>/ll 

169. >/2-V3 

170. 2+vCl 

171. 3-V^ 

172. 2+3V6 

p. 188 ff. 
8-48. The answers are 
the examples of the 
same numbers pp. 
190 to 192. 

60. x=±6 

61. x=±2a 

62. x=±y /aTb 
68. x=±Va-\-b 

54. x=±-i- 
a— 6 

65. x=l, 2 

66. x=l, -2 

67. x=2, 3 

68. x=a, 2 a 

69. x=a, —2a 

61. x=i, -3 

62. x=l, -1 
68. x=f -J 

64. x=-, -a 

2 
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pp. 187 to 191 



pp. 191 to 191 



pp. 191 to 198 



65. x=a, — 
3 

74. x=-J, -J 
76. x=-^f^ 

76. a=6, -4| 

77. x=-, -- 

78. a;=a, -^ 

15 

82. x= + l, -1 

84. x=3, 2 

86. x=-8, 7 

86. x=6, -6, 2, -2 

87. x=7, 2 

88. x=20, 16 

89. x=±l, ±>/^ 

91. x=-4, ±1 

92. x=-l, ±2 

98. x= -2, -3, 1, 2 
94. x=±a, ±6 
96. x=±a, —a, 

2 2 

96. x= —a, —6 

97. x=a, 2 a 

98. x=-2, -2, -2 

99. x=), i 

100. x=±V2, ±iV6 

p. 190 ff . 
8. x=3, -1 
4. x=-V» 4 
6. x=V, 4 

6. x=a« 

1— a 

7. x=-» — 

a c 



8. x=-l±jV6 

9. x=J(l±Vl46) 

10. x=±3V2 

11. x=l, -} 

12. x=5, 1} 
18. x=2, y 
14. x=7, 2 
16. y=±i 

16. x=±2V^ 

17. y=6, -I 

18. x=^ -^ 

a & 

19. x=2a±6 

20. x=4, - f 

21. x=l, -2 



. X 



__1±>/T7 



8 



28. x=l, -J 
24.x=2, -1 

26.x=?±^ 
4 



26. 



-izfcVlii 



14 



27. (xH12)i=2, -3 
x2+12=4, 9 



(3x2+x-5)*=3, -4 
3x2h-x-5=9, 16 
36 a;«+ + 1 = 169,253 
x=2,-},K-l±V^63) 

29. x=±2, ±VJf 

80. x=ll±6\/3 

81. x=+4, i3\/3 



x2-7x+18=36, 49 



x=9, -2, i(7±>/l73) 
88. x=±l, ±3 
84. x=l, -2 

86. x=2, 1, 1±^ 

2 

86. x=}, -1, -JV3, 
-iV3 

87. x=14V26, lOv^ 

88. x=±V^^ 

39. x=4 

40. x=4, Y 

41. x=39, -1 

42. x=4, i 

48. x=2^ 

44.x=5±^ 
28 

46. x=l, -i 

46. x=2, }} 

47. x=5, -3, 1 

48. x=l, -1, 6, -8 

49. 5, -2 

50. 3, -J 

61. 1, i 

62. 4x?-()+9=169 
2x*-3=±13 
x*=8, -5 

xi=2, V:^ 

x=4, v^ 
68. 5,-1 
54. 4, 1 
66. }, 1 
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pp. 192 to 196 



pp. 196 to 210 



pp. 210 to 210 



56. 6, -1, 2±>/6 
67. 0, ±\/l3 

p. 194 ff . 
4. (^+x) + 

6. 14, 6 

6. 12.36+ and 7.64+ 

7. — a+aV5and 
3 a— aV5 

8. ±91, ±7 

9. ±Vab and ±-y/ab 

a 

10. 60 

11. 900 sq. rd. 

12. 3rd. 

13. lird. 

Observe that the 
other root, 13}, 
although positive, 
does not satisfy the 
problem. 

15. $80 or $720 

16. $100 

17. $140 

18. $300 

19. $6 

2Q 6000 o 
' 6000-a 

21. 24 da. ; 18 da. 

22. 12 pieces 
28. 12 men 

24. 20 sheep 

25. 26 



26. 18, 10 

27. 30 da. 

28. 24 da. 

29. 70 mi. 

30. 26, copper; 2, sil- 
ver 

p. 200 ff . 

5. 12 8. 

6. 9. 24 
7.-6 10. 72 

12. 

18. ; 31 ; -2 

14. -47 ; -44 ; 1 

15. -6; -24; 11 
22. 35=3 

p. 208 ff . 

14. The equations are 
symmetrical ; let 
x=u+v&ndy=u—v 

15. Raise (2) to the 
second power. 

17. x=±2, y=±l; the 
. other values are 

omitted. 

18. x=±3, ±2; 
y=±2, ±3 

22. x=2, -1; 
y=-l, -2 
27. x=2, 1 ; y=l, 2 
80. a;=2, 1 ; y=l, 2 
38. «=±1; y=±2 

85. x=2, 3f;y=3^_-li 

86. x=±6, ±3V-1 
y=±2, ±8V^ 



87. a;=3,2, i±iV'-161 

38. aj=3, -2;y=2, -3 
89. x=4, -2;y=2, -4 

40. x=8, 4; y=4, 8 

41. x=4, 2; y=2, 4 

42. x=4, -i; y=0, 

-H 

48. x=4, 2, 

i(-7-V=36) 
y=2,4 

44. x=12, -9; y=9, 

-12 
46. x=±4, ±3, ±(V22 

±ViO) 

y=±3, ±4, ±(v^ 

tVIo) 

46. x=2, 1; y=l, 2 

47. x=l.i; y=J, 1 

48. x=±3; y=±l 

49. x=6, -2; y=2, -6 

50. x=:±3; y=±l 

51. x=l, -5; y=— 1, 
-7 

52. x=2, H; y=3, 3J 
58. x=18, 12i; y=8, 

-2i 

64. x=3, 3.6844+, 
-2.8049+, 
-3.7795+ 

The pupil may be 
excused from finding 
the decimal parts. 

55. x=5; y=4 
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pp. 210 to 215 



pp. 216 to 222 



pp. 222 to 225 



66. a;=2, 3, 4; y=3, 4, 
2 ; 0=4, 2, 3. 

p. 211 ff. 

X 

(6) 16-iKa 

+Ili=^^=io 

x^ 

(c) ±8, ±2 

(d) xy+y2=10 
xy+x^=lb 

3. 4,3; 3,4. 

4. 6, -2 ; 2, -5 
6. ±5, ±2 

6. 4, -2 ; 2, -4 

7. 3, 2 ; 2, 3 

8. 05+^=8, icy=12 

9. ±8; ±6 

10. 20 S. at $8 

11. 400 A., 200 B. 

12. 160 yd., 90 yd. 

13. 20 ft.; 15 ft. 

14. 30 ft. 

16. 128 8q. ft, 72sq.ft, 

200 sq. ft. 
16. 12 ft., 16 ft. 

p. 215 ff. 

2. If the product of two 
quantities is equal to 
the product of two 
others, one pair may 
be made the numer- 
ator of one of two 
equal fractions and 
the denominator of 
the other, and the 



other pair the corre- 
sponding terms. 

4. If two fractions are 
equal, the numera- 
tor of one may 
change places with 
the denominator of 
the other. 

6. If two fractions are 
equal, the sum of 
the terms of the first 
divided by the nu- 
merator or the de- 
nominator is equal 
to the sum of the 
terms of the second 
divided by the corre- 
sponding term. 

oca 

ci_a 

b^b 

a_b 

b^c 

a__c 

b~d 



68' 



abc__a 
bed d 



17 «=^. «?=^. 
' b d' b^ (f2' 

a^-b'^ia^: :c2- 



a^ 



c2 



3 a& 3 cd 
a2-3a6:a2:;c2 

-3cd:c2 



19. QaH 

20. 3:4 is the greater 
ratio ; by ^ 

21. 5ys 

22. ^ 

23. That the product 
of the means shall 
equal the product of 
the extremes. 

26. ViO 

27. a+6, ^^ 

2 

23 6(ag+2a6-H&g) 

a2~2a6+62 
29. 3 a, -a 

31. «i£!±D 

2c 

32. 0,-2 

33. 1 

84. ±1 



p. 224 ff. 

3. 28 ft. X 21 ft. 

4. 8,4 
6. 6, 8 

6. 2000 sq. rd. 

7. — jr. 
at 

8. B., 440 yd. per min. ; 
T., 352 yd. per min. 

9. ±5, ±3 

10. ±6, ±2 

11. 16T.,20T. 
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pp. 225 to 231 



pp. 281 to 234 



pp. 285 to 286 



12. A, $50,000 
B, $30,000 
18. 8:7 
14. 6, 9, 10, 15 

p. 227 ££. 

6. WQcr* 

7. vccBxA 

8. DxB; ^=ini. per 
hr. 

9. DazT; 7= hours 

10. Doc Ex T 

11. 1 Qc — ; illumination 

varies inversely as 
the square of the 
distance. 

12. Gx — ; force varies 

directly as the weight 
and inversely as the 
square of the dis- 
tance. 

p. 228 ff . 

2. 20; 12:3=a;:5 

3. llf , 

4. 10; 15:J=6::^ 

5. ^=36 ^ 

6. B=8 

7. 64a;2=9y« 
9. 2 da. 

10. 8 da. 
12. 4 wk. 
18. 6 men 
14. 5 in. 
16. 12 in. 
16. 9 in. 



17. 15(V3-1) in. 

18. 676 ft. 

19. 64 ft. 

20. 32.16 

21. 88 da. approx. 

22. 250 cu. in. 

p. 234 ff. 

1. 1=1S 
8. n=7 

4. d=2 

5. a = 2— (n— l)d 



6. n. 



7. d= 



d 
I— a 



n-1 

8. l=a + {n-\)d 

9. «=87 

10. n=6 

12. 1=22 
2s 



18. 71 = 

14. a = 
16. 1= 



a+l 
2 s— nl 

n 
2 8— an 

n 



16. 8=^(a+0 

17. d=6 

18. d=5 

20. s=93 

21. s=93 

22. «=93 



28. d= 



n-a^ 



28~l—a 



24. 



8 



2d ^ ^ 



25. 2=23; 8=100 

26. 2=6+2 an-2 6n 
8=an-\-an^—bn^ 

27. 2=(2n-l)x 
s=n%c 

28. l=-^^ 

29. 2=-V 
8= -12 

80. 2=0 

8=r^ 

2 

81. n=10 

82. s=14 

88. a=-V 

84. n=16, 11 

85. 2=43 

86. n=8 

87. 14i, 15, 15J; a =14, 
w=5, 2=16 

88. 10, 15, 20, 25, 30, 35 

89. 16, 20, 24, 28 

40. 5i, 10, 14^ 

-- 4a-76 7a— 46 

41. r » r — ^ 

3 3 

42. a2+6' 

p. 286 ff . 

1. 4, 8, 12 

2. 4, 8, 12, 16 
8. 3, 6, 9, 12, 15 
4. 2, 4, 6, 8 
6. 4, 11, 18, ... 

6. 21 

7. 3, 5, 7, ... 31 

8. 3, 5, 7, ... 
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pp. 287 to 240 



pp. 240 to 241 



pp. 242 to 249 



9. 16 in., 20 in. 

10. 13 yr. 

11. $3486 

12. 100 
18. 8 

14. f», f»+n, m+2n, 

15. $1600 
\6. 852 
17. 10 da. 
1^. 4 da. 



1. I 

2. a 

4. r 

6 



a = 



p. 240 ff . 

64 
2 
3 
I 



6. n= 



fn—l 

log I— log a 



n— 



7. r = 

8. I 

9. 8 

10. r 

11. a 

18. r 

14. a 

15. I 

16. « = 

17. » 

18. 8 

19. s 

20. n 



logr 

:75 

2 
5 

r(l-8)+8 

, g(r--l)+a 
r 

r-1 

:40 
:40 
:40 

A 



fl 




log(s— a)+colog(«— Z) 
24. 



8 = 



25. I =6661 ; s =9840 

26. 2=JLj,= 15?3 

243 243 

27. Z = 7812.5; s=9766.6 

2.. .=<,(!)- 



8 



^^•V^/ 



n-1 



•a 



1-1 



29. Z=243\/6 
=695.107+ 
s=1406+ 

80. z=A;«=V 

81. r=3 

82. s=26f 

38. 2=2560 
84. a=4 

36. 8=126 
86. n=Q 

37. 20, 50 
88. -4,2 

39. 80, 40, 20, 10 

40. 6, 12, 24, 48, 96 

41. a(a+b)y «(« + &)« 

42. 6a;2y2 



p. 242 tt. 

1. 2, 6, 18 

2. 1, 2, 4, 8 
8. 5, 15, 45 

4. 4, 12, 36, 108 

5. 3, 9, 16 

6. 12, 18, 27 

8. $1234.+ 

9. #1977.+ 

10. $2958.+ 

11. $10,000 
12(a) $567.+ 

18 (a) 31.26(1.00A)* 
=50; a;=93 
(c) 1000(1.003«i)» 
=amt. 1000 
24(1.00A)'-24 

=amt. pay 
The sum of these 
=5500 a;=100 
p. 248 ff. 

6. 4\/2\/^ 

7. 2V3V^ 

8. Vl5\/^ 

9. 9V6^/^ 

11. -15V2\/^ 



13. -y/Z^S6 

14. -y/^^ 
16. V^^ 
16. y/'^^ 



17. V^^ 



19. 9v/-T 

20. -V2V^ 
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pp. 249 to 257 






pp. 257 to 261 




pp. 261 to 264 


21. 37V2V-I 




10. 


00 


12. 


V-9; -y/^ 


28. SVS-n/— 1 




11. 


Any no. finite, in- 


13. 


See p. 249. 


24. VsV-l 






finite, or infinites- 
imal 


14. 


00 ; » ; any no. 


25. V7\/-l 




12. 


Same as Ex. 11. 




xviii-xxn 


26-41. The answers 


( to 


13. 


Same as Ex. 11. 






examples 26 to 


33 


14. 


Same as Ex. 11. 


11. 


-6; 2; V6-2 


inc. are contained 


15. 





12. 


3V-1; -3\/-l 


in the data for 


ex- 


17. 


i-0 


13. 


See p. 260. 


amples 84 to 41 inc., 


18. 


4-0 


14. 


00 ; ; any no. ; on ; 


and vice versa. 
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A History of English Literature 

By REUBEN POST HALLECK. M.A. (Yale) 
Cloth, 12mO| 499 pages. With numerous illustrations. Price $1.25. 



Halleck's History of English Literature is a concise and interesting 
text-book of the history and development of English literature from the 
earliest times to the present. While this work is sufficiently simple to 
be readily comprehended by high school students, the treatment is not 
only philosophic, but also stimulating and suggestive, and will naturally 
lead to original thinking. 

The book is a history of literature and not a mere collection of bio- 
graphical sketches. Only enough of the facts of an author's life are 
given to make students interested in him as a personality, and to show 
how his environment affected his work. The author's productions, their 
relation to the age, and the reasons why they hold a position in literature, 
receive treatment commensurate with their importance. 

One of the most striking features of the work consists in the way in 
which literary movements are clearly outlined at the beginning of each of 
the chapters. Special attention is given to the essential qualities which 
differentiate one period from another, and to the animating spirit of each 
age. The author shows that each period has contributed something 
definite to the literature of England, either in laying characteristic foun- 
dations, in presenting new ideals, in improving literar)' form, or in 
widening the circle of human thought. 

At the end of each chapter a carefully prepared list of books is given 
to direct the student in studying the original works of the authors 
treated. He is told not only what to read, but also where to find it at 
the least cost. 

The book contains as a frontispiece a Literary Map of England in 
colors, showing the counties, the birthplaces, the homes, and the haunts 
of the chief authors, specially prepared for this work. 



Copies of Halleck's History of English Literature will be sent^ prepaid^ 

to any address on receipt of price, 

American Book Company 

New York « Cincinnati « Chicago 

(90) 



An Introduction to the 

Study of American Literature 

BY 

BRANDER MATTHEWS 

Professor of Literature in Columbia University 

Cloth, 12mo, 256 pages - • • Price, $1.00 



A text-book of literature on an original plan, and conforming with 
the best methods of teaching. 

Admirably designed to guide, to supplement, and to stimulate the 
student's reading of American authors. 

Illustrated with a fine collection of facsimile manuscripts, portraits 
of authors, and views of their homes and birthplaces. 

Bright, clear, and fascinating, it is itself a literary work of high rank. 

The book consists mostly of delightfully readable and yet compre- 
hensive little biographies of the fifteen jjfreatest and most representative 
American writers. Each of the sketches contains a critical estimate of 
the author and his works, which is the more valuable coming, as it does, 
from one who is himself a master. The work is rounded out by four 
general chapters which take up other prominent authors and discuss the 
history and conditions of our literature as a whole ; and there is at the 
end of the book a complete chronology of the best American literature 
from the beginning down to 1896. 

Each of the fifteen biographical sketches is illustrated by a fine 
portrait of its subject and views of his birthplace or residence and in 
some cases of both. They are also accompanied by each author's 
facsimile manuscript covering one or two pages. The book contains 
excellent portraits of many other authors famous in American literature. 



Copies of Brander Matthews* Introduction to the Study of American 
Literature will be sent prepaid to any ctddress^ on receipt of the price^ 
by the Publishers : 

American Book Company 

^' ^' *' # Cincinnati • Chicago 



Biology and Zoology 



DODGE'S INTRODUCTION TO ELEMENTARY PRACTICAL 
BIOLOGY 

A Laboratory Guide for High School and College Students. 
By Charles Wright Dodge, M.S., Professor of Biology 
in the University of Rochester $1 .80 

This is a manual for laboratory work rather than a 
text-book of instruction. It is intended to develop in the 
student the power of independent investigation and to 
teach him to observe correctly, to draw proper conclusions 
from the facts observed, to express in writing or by means 
of drawings the results obtained. The work consists 
essentially of a series of questions and experiments on 
the • structure and physiology of common animals and 
plants typical of their kind — questions which can be 
answered only by actual investigation or by experiment. 
Directions are given for the collection of specimens, for 
their preservation, and for preparing them for examination; 
also for performing simple physiological experiments. 

ORTON'S COMPARATIVE ZOOLOGY, STRUCTURAL AND 
SYSTEMATIC 

By James Orton, A.M., Ph.D., late Professor of Natural 
History in Vassar College. New Edition revised by 
Charles Wright Dodge, M.S., Professor of Biology in 
the University of Rochester $1.80 

This work is designed primarily as a manual of 
instruction for use in higher schools and colleges. It 
aims to present clearly the latest established facts and 
principles of the science. Its distinctive character con- 
sists in the treatment of the whole animal kingdom as a 
unit and in the comparative study of the development and 
variations of the different species, their organs, functions, 
etc. The book has been thoroughly revised in the light 
of the most recent phases of the science, and adapted to 
the laboratory as well as to the literary method of teaching. 



Copies of either of the above books will be sent, prepaid, to any address 

on receipt of the price, 

American Book Company 

New York « Cincinnati « Chicago 

U67) 



Text-Bboks in Physics 



ROWLAND AND AMES'S ELEMENTS OF PHYSICS 

This is an elementary text-book designed for high schools and college 
preparatory schools. It treats the various branches of the science in an 
elementary manner and gives full descriptions of the laboratory experi- 
ments necessary to illustrate the text. 

AMES'S THEORY OF PHYSICS $1.60 

For junior classes in colleges or technical schools. The ivork is 
arranged in five parts treating, respectively, Mechanics, Sound, Heat, 
Electricity and Magnetism, and Light. Each part is systematically 
subdivided and treated, and the book fully indexed. 

AMES AND BLISS'S MANUAL OF EXPERIMENTS IN PHYSICS. $1.80 

A course in laboratory instruction for college classes, thoroughly 
practical, and designed to offer the most approved methods of demon- 
stration from a modem standpoint. 

HOADLEY'S BRIEF COURSE IN GENERAL PHYSICS 

A brief course in General Physics for high schools, academies, and 
other preparatory schools, combining the latest results of scientific 
progress with the best methods of teaching the science. 

COOLEY'S STUDENT'S MANUAL OF PHYSICS . . . $1.00 

A new text-book in Physics for high schools, academies, and colleges. 
It embodies a full and thorough treatment of the laws of physics, the 
best methods in science teaching, the latest discoveries and applications 
in physics, and a full course in laboratory practice. 

APPLETONS' SCHOOL PHYSICS $1.20 

A modem text-book which reflects the most advanced pedagogical 
methods and the latest laboratory practice. 

STEELE'S POPULAR PHYSICS $1.00 

A popular text-book in which the principles of the sciences are pre- 
sented in such an attractive manner as to awaken and fix the attention. 

HARRINGTON'S PHYSICS FOR GRAMMAR SCHOOLS . 50 cents 

Based on the experimental method, elementary enough for grammar 
schools, and affording a thorough preparation for advanced study. 

HAMMEL'S OBSERVATION BLANKS IN PHYSICS . . 30 cents 
A pupil's laboratory manual and notebook for the first term's work. 



Copies of these books will be sent^ prepaid^ on receipt of the price, 

American Book Company 

New York ♦ Cincinnati ♦ Chicago 

(155) 



Tfext-Books in Geology 

By JAMES D. DANA, LL.D. 
Late Professor of Geology and Mineralogy in Yale University. 

DANA'S GEOLOGICAL STORY BRIEFLY TOLD . . . $1.15 

A new and revised edition of this popular text-book for beginners in 
the study, and for the general reader. The book has been entirely 
rewritten, and improved by the addition of many new illustrations and 
interesting descriptions of the latest phases and discoveries of the science. 
In contents and dress it is an attractive volume, well suited for its use. 

DANA'S REVISED TEXT-BOOK OF GEOLOGY . . . $1.40 

Fifth Edition, Revised and Enlarged. Edited by William North 
Rice, Ph.D., LL.D., Professor of Geology in Wesleyan University. 
This is the standard text-book in geology for high school and elementary 
college work. While the general and distinctive features of the former 
work have been preserved, the book has been thoroughly revised, enlarged, 
and improved. As now published, it combines the results of the life 
experience and observation of its distinguished author with the latest 
discoveries and researches in the science. 

DANA'S MANUAL OF GEOLOGY $5.00 

Fourth Revised Edition. This great work is a complete thesaurus of 
the principles, metho4s, and details of the science of geology in its 
varied branches, including the formation and metamorphism of rocks, 
physiography, orogeny, and epeirogeny, biologic evolution, and paleon- 
tology. It is not only a text-book for the college student but a hand- 
book for the professional geologist. The book was first issued in 1862, 
a second edition was published in 1874, and a third in 1880. Later 
investigations and developments in the science, especially in the geology 
of North America, led to the last revision of the work, which was most 
thorough and complete. This last revision, making the work substantially 
a new book, was performed almost exclusively by Dr. Dana himself, and 
may justly be regarded as the crowning work of his life. 



Copies of any of Dana* s Geologies will be sent^ prepaid^ to any aeUress om 

receipt of the price. 



American Book Company 



New Yor-k • Cincinnati • Chicago 



Mythology 

GUERBER'S MYTHS OF GREECE AND ROME 

Cloth, 12mo. 428 pages. Illustrated $1..'0 

GUERBER'S MYTHS OF NORTHERN LANDS 

Cloth, 12hno, 319 pages. Illustrated 150 

GUERBER'S LEGENDS OF THE MIDDLE AGES 

Cloth, 12mo, 340 pages. Illustrated 1.50 

By H. a. GUERBER, Lecturer on Mythology. 



These companion volumes present a complete outline 
of Ancient and Mediaeval Mythology, narrated with 
special reference to Literature and Art. They are uni- 
formly bound in cloth, and are richly illustrated with 
beautiful reproductions of masterpieces of ancient and 
modern painting and sculpture. 

While primarily designed as manuals for the use of 
classes in schools where Mythology is made a regular sub- 
ject of study and for collateral and supplementary reading 
in classes studying literature or criticism, they are equally 
well suited for private students and for home reading. 
For this purpose the myths are told in a clear and charming 
style and in a connected narrative without unnecessary 
digressions. To show the wonderful influence of these 
ancient myths in literature, numerous and appropriate 
quotations from the poetical writings of all ages, from 
Hesiod's ** Works and Days" to Tennyson's **Oenone," 
have been included in the text in connection with the 
description of the different myths and legends. 

Maps, complete glossaries, and indexes adapt the 
manuals for convenient use in schools, libraries, or art 
galleries. 

Copies of the above books will be senty prepaid ^ to any address on receipt 

of the price by the Publishers : 



American Book Company 



New York ♦ Cincinnati • Chicago 

(135) ^ 
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